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lOi n6i d'Au 


^up cho hoc sinh \{rp U cd them tai lieu tir hoi dir&Jig, ndng cao vd ren 
lui/etJ ki rmig gini tomi theo chmmg trinh phdn ban m&i. Trung tdm sdch giao due 
ANPHA xi}i Iran trong giai thieii quy ban dong nghi^ vd cdc em hoc sinh cuon: 
"Bdi duaig hoc sinh gioi loan Hinh hoc 11" ndy. 

Cuo'y sdch }id\f ndni trong bo sdch 6 cuoii gdni: 

- 3di du'ffng hoc sinh gioi todn Hinh hoc 10. 


- 36i duang hoc sinh gioi todn Dai so' 10. 

- 3oi dumig hoc sinh gioi todn Hinh hoc 11. 

- 3di dumig hoc sinh gioi todn Dai so'- Gidi t'lch 11. 

- 3di duang hoc sinh gioi todn Hinh hoc 12. 

- 3di duang hoc sinh gioi todn Gidi tich 12. 


do nfd gido uxi tu, Thqc si Le Hodnh Phd to chuc bien soqn. Noi dung sdch 
dime biei soqn theo chuang trinh phdn ban: ca bdn vd ndng cao mai ciia bo 
GD D'i', trong do mot sovd'n de duqc ma rong v&i cdc dang bdi tap hay vd kho 
dephuL' VI cho cdc em yeu th'ich muon ndng cao todn hoc, c6 died kien phdt trim 
toi nhd\ kid ndng cua niinh. Cuon sdch Id su ke'thua nhung him biel chuyen mdn 
vd kinh n'hiem gidng day cua chinh tdc gid trong qud trinh true Hep dung lap bdi 
duang (cht hoc sinh gioi cdc lap chuyen todn. 


• ^ • -k 


V&i not noi dung sue tich, tdc gia da cd gang sap xep, chon loccdc bdi todn tieu 
bieu cho t'mg theloqi khde nhau ung v&i noi dung cua SGK. Mot sdbdi tap cd the 
kho nhumt edeh gidi duqc dua tren nen tang kien thuc vd ki ndng ca bdn. Hoc sinh 
can tu mhh hodn thien cdc ki ndng cung nhu phdt trim tu duy qua viec gidi cdu 
bdi tap icdhrong sdch tnr&c khi doi chieii v&i l&igidi cd trong sdch ndy, cd the mot so 
lai gidi €d trong sdch con cd dong, hoc sinh cd the tu minh Idm ro hem, chi tie! hem, 
cung nhutu minh dua ra nhung edeh lap luqn m&i hem. 


Chun' toi hy vqng bg sdch ndy se Id mot tdi lieu thiet thuc, bo ich cho ngu&i 
day vd hgi, ddc biet cdc em hoc sinh yeu thich mdn todn vd hoc sinh chudn bi cho 
cdc ky thi }uoc gia do bg GD & DT to chuc sdp t&i. 




• y \ ^ » 


Tromgqud trinh him soqn, cuon sdch ndy khong the trdnh khoi nhihtg thieu 
sdt, chung tdi rat mong nhqn duqc gdp y cua ban dgc gan xa debg sdch hodn thien 
hem troHglan tdi bdn. 

Moiy kien dong gop xin lien he: ^ , - 

- Tiung tarn sach giao due Anpha 
225C Nguyen Tri Phiromg, P.9, Q.5, Tp. HCM. 

- Cdig ti sach - thiet b| giao due Anpha 
SONguyen Sang, Q. Tan Phu, Tp. HCM. 

Bl: 08.62676463,38547464 . 

JEnail:.alphabookcenter@yahoo.com . > 

X in clan thanh cam orn! 

Tac gta. 




CHl/ONG I: 

PH^P Ddl HlNH VA PH^P d6nG DANG 

TRONG MAT PhAnG 

_____ • 


§1. PHEP BIEN hInH 



§2. PHtP Ddl HINH 

A. K|£N thug Cff BAN 






























- Phcp doi xirng qua duang thang d la phep bien moi diem M ciia mat 
phang thanh diem M' doi xung \'ai M qua d. Phep doi xurng do g(,u la phep 
doi xung true, ki hieu la Dj. 


- -Duong thang d goi la true doi xung eua hinh (H) neu phep doi xung 
true Dd bien (H) thanh ehinh no. 

- Phep doi xung qua diem O la phep bien moi diem M th^h di6m M' doi 
xung voi M qua O. Phep doi xung do goi la phep doi xung tarn, ki hieu la 

Do- ^ 

Diem O goi la tarn doi xung eua hinh (H) neu phep doi xung tain Do bien 
(H) thanh ehinh no. 

- Phep quay tarn O goe quay (p, bien diem O th^h O va bien moi diem 
M khae 0 thanh M' sao eho OM' = OM, (OM, OM') = (p, ki hi?u Q( 0 ;^)- 

- Cae phep dong nhat, phep tjnh tien, phep doi xung tarn, phep doi xung 

% 

true, phep quay deu la phep doi hinh. 

- Hai hinh duge goi la bang nhau neu eo phep doi hinh bien hinh nay 
thanh hinh kia. 


B. PHAN DANG TOAN 



• De ehimg minh phep bien hinh F la mot phep doi hinh, ta lay 2 diem M 
va N bat ki, xae dinh 2 anh M' va N' roi ehung minh M'N' = MN theo eae 
huong sau day: 

- dung quan he hinh hoe; 

- dung he thue ve veeto de suy ra quan he do dai; 

- dung phuong phap toa do. 

• Hop thanh eua hai phep doi hinh lien tiep: 

Fi: M I- > M' va F 2 : M' I-> M" .Xae djnh quy tae bien M th^h M" 

theo eae huong sau day: 

- Neu M" luon trung voi M thi hop th^h la phep dorig nhat. 


_ Neu MM " = V : xae dinh thi hop thanh la phep tjnh tien theo veeto v . 

I - Neu doan MM" eo trung diem O eo dinh thi hop thanh la phep doi 
xung tarn O. 

- Neu trung true eua MM" la d eo djnh thi hop thanh la phep doi xung 
true d. 

— Neu eo mot diem O eo dinh va goe lugng giae (p khong doi ma OM = OM 
va (OM, OM") = (p thi hop thanh la phep quay tarn O voi goe quay cp. 








> V' 


6 













9 9 9 

du_l: Chirnu minh cat nhcp tinh ticn, cloi xirn^ tarn, doi xirn^ true va 
phep quay deu la cac plicp ddi hinh. 

iiai 

9 — ^ 

- Phep Unh lien thee) x ecla v bicn M thanh M', N thanh N' ihi: 


MM ' = NN' = V 


• MN + NM’= NM'+ M'N' 
MN = M'N'. 


r> MN = M'N' 

Vay phep tinh ticn la phep ddi hinh. 

- Phep doi xirng tarn () hiC'n M thanh M', bien N thanh N' thi 
OM + OM’=0,ON + ON’=0 
OM - ON + OM ' - ON' = 0 . 


NM + N’M’ = 0 


MN =-M'N' 


MN 


9 

Vay phep doi xung tarn la phep ddi hinh. 

9 9 

- Phep doi xung triic d. Cdion he true Oxy ma d la true ho^h, bien 
M(Xi; yi) thanh M'(xi; -yi), N(.X 2 ; > 2 ) thanh N'(x 2 ; -y 2 ) ta c6: 



N 


M'N' = ^(X2 -X,)“ +(-y2 +yi)" = ^/(x2 -Xj)^ +(y2 -Yi)^ = MN 
Vay phep doi ximg true la phep ddi hinh 

phep quay Q( 0 ;ip) bien diem M thanh M' va bien diem N thanh N'. 
l a c6: OM = OM'; ON = ON' 
va (OM, OM') = (ON, ON') = cp. 

Theo he thuc Sa-lo ve goe lirgng giae: 

(OM, ON) = (OM, OM') + (OM', ON) 

= (ON, ON') + (OM', ON) = (OM', ON') 

Suy ra MON = MWJ' 

• Khi O, M, N khong thang hang thi hai 
tarn giae MON va M'ON' bang nhau, do 
do M'N'=MN. 

Khi O, M, N thang hang thi M'N' = MN. 

Vay phep quay la phep ddi hinh 

Vi du 2: Trong mat phang toa do Oxy, phep bien hinh nao sau day la phep 
ddi hinh: 

a) Phep bien hinh Fi bien mdi diem M = (x; y) thanh diem M' = (y; -x). 

b) Phep bien hinh F 2 bien moi diem M = (x; y)thanh diem M' = (2x; y), 

Giai 

Lay hai diem bat ki M = (xi; yi) va N = (xi; y 2 ), ta c6: 

MN = ^/(x, -X2)^+(y, -y2)“ 

a) Anh eua M, N qua F 1 Ian lirgt la M' = (y 1 ; -xi) va N' = (y 2 ; -X 2 ) 

Ta ed: 


M'N'^^ J(yi -ya)^+(-Xi+X2)^ = x/(yi -y2)^ +(xi-X 2 ) 


w* 


1 

























Do do M'N' = MN, vay Fi la phep doi hinh. 
b) Anh cua M, N qua Ft laii lirot la M' = (2xi; yi) va N' = (2x2; y 2 ) 


Ta ccS: M'N' = ^4(x, -x.^)‘^ +(yi -y^) 


2 


Do do neu xi X 2 thi doan M'N' khac MN, vay F 2 khong phai la phep doi 
hinh. 

Vi du 3 : Trong mat phang toa dp Oxy, vai a, a, b la nhCrng so cho triroc, xel 
* phep bien hinh F bien moi diem M(x; y) thanh diem M'(x'; y') trong do: 

x' = xcosa - y sin a + a 
y ' = x sin a + y cos a + b 

a) Chirng minh phep F la phep dai hinh. 

b) Khi a = 0, chung minh F la phep tjnh tien. 

Giai 


a) 


Phep F bien diem M(xi; yO thanh diem M'(x'i; y'l), diem N(X 2 ; y:) thanh 
diem N'(x' 2 ; y' 2 ) 


Xj = Xj cosa - yj sin a + a 


X 2 = X 2 cos a - y 2 sin a + a 


yj = Xj sin a + yj cosa + b y 2 “ ^2 ot + y 2 cosa + b 

Ta c6: MN = yjix^ - +(yi -ya)^ 


va 


M'N'= 7(x',-x',)"+(y',-y'2) 


= ^[(Xj -X 2 )cosa-(yj -y 2 )sina] +[(Xj -x.,)sina + (yj -y 2 )cosa] 
= J[(x, -x^fco^a+iy^ -y 2 )^sm^a-Kx, -X 2 f sm^a<yj -y^fca^a 
= ^/(Xi -X 2 y'^ +(y, -y 2 )^ = MN. 


Vay phep F la phep dai hinh 


b) Khi a = 0 ta CO 


X = X + a 
y' = y+ b 


Vay F la phep tjnh tien theo vecta u (a; b). 

Vi du 4: Chung minh phep dai hinh bien mot dirang tron thanh mot dirong 
tron bang no. 

Giai 

Gia su cho duang tron (O; R) va phep dai hinh F. Gpi O' = F(0) va vai 
mpi diem M e (O; R), goi M' = F(M). Vi F' la phep dai hinh ncn 
O'M' = OM = R. Vay M' e (0; R). 

Ngirgc lai, cung dung nen phep dai hinh F bien dirang tron (O; R) thanh 
dirang tron (O'; R) bang no. 
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Vi du_ 5: Chirnu niinh laim phcp d(Vi hinh 
^ » 

bicn hai dirang thang song song da clio 
ihanh hai dirang thang song song, sao cho 
khoarg each giCra hai dudng thang song 
song Ja cho bang khoang each giira cac 
aiih cua chung. 

C l • • 

fiai 



/ y 

Gia sir phep dai liinh 1- bicn hai dirong thang song song a va b thanh hai 

y f y 

dirong. thang a' \’a b'. l a lay dubng thang c nac do vuong gee vci a va b, 
Ctit a a b Ian lircrt tai A va B. Khi do F bicn A thanh A' nam tren a', bien 
B thanh B' nam trcMi b'. Vi a J. AF^ va b _L AB nen a' _L A'B' va b‘ X A'B'. 
Va>' d // b' va vi AI^ = A'B' nen khoang each giua a va b bang khoang 
each dua a' va b'. 

7 ' ' 

Vi diijS: Mot diem goi la bat dong neu no trung vai anh ciia no qua phep 
bien Finh. Chung minh mot phep dai hinh c6 hai diem bat dong la mot 

Sr ^ ^ 

phep Jong nhat hoac la mot phc'p doi xung true. 

Giai 

Goi F la phep ddi hinh c6 hai diem bat dong A, B: F(A) = A, F(B) = B. 
Lay rrot diem C khong thang hang vai A, B va goi C = F(C). 

Nen C = C thi F co ba diem bat dong khong thang hang. Gia su F khong 
phai li phep dong nhat thi c6 mot diem M ma anh M' Ichac M ta c6: 
AMI = AM', BM = BM', CM = CM' nen A, B, C each deu M va M' nen 
nini ten trung true cua MM' do do chung thang hang: vo li. Vay F la 
phep Jong nhat. 

N^n C khong trung C thi AC = AC va BC = BC nen AB la tmng true cua 
CC". Khi do F chinh la phep doi xung true, vai true la duang thang AB. 

f r ^ 7 ^ 7 

Ket. qja: Neu phep ddi hinh c6 ba diem bat dong khong thang hang thi 
phep Jdi hinh do la mot phep dong nhat. 

Vi du 7 : Chung minh rSng neu phep ddi hinh F bien moi dudng thang a 
thanh dudng thang a' vuong gde vdi a thi F c6 mot diem duy nhat bien 
thanh chinh no. 

Giai 


r 7 7 

Tru'd( het, F khong the eo hai diem ph^ 
biet Fien thanh chinh no vi khi do dudng 
thang di qua hai diem do phai bien thanh 
chinh no, trai vai gia thiet la F bien dudng 

7 7 

thang thanh dudng thang vuong goc. 

7 \ 7 ^ 

De clung minh su ton tai cua diem bien 

f 7 

thanh chinh no, lay mot diem A nao do va 
goi A^F(A),A 2 = F(A,). 


A, 


A 


■ J 


4 -h 

K 


AS 













Ncu A trung Ai thi A la diem bien thanh chinh no. bai vay ta gia su rang 

^ f * y ^ 

A khac Ai. Khi do ta c6 doan thang AA| bien thanh doan thang Ai Ai nen 

AA| = A1A2, ngoai ra co AA| _L A1A2 nen tarn giae AA1A2 vuong can tai 
A|. 

Lay diem A3 sao cho AA1A2A3 la hinh vuong va diem A'3 la diem doi 

xijng vdi A3 qua diem A2. Khi do, F bien diem A2 thanh diem A3 hoae 

diem A'3. Ta ehirng minh rang neu F bien A2 thanh A'3 thi v6 li. That 

' . ' * 
vay, neu ta goi I, J, K Ian lugt la trung diem eua cae doan thang AAi, 

A1A2, A2A'3 thi F bien I thanh J va bien J thanh K ma IJ khong ^u6ng 

goc vai JK, v6 li. Vay F bien A2 thanh A3 va cung tircmg tu F bien A3 

/I y 

thanh A. Nhir vay F bien doan thang AA2 thanh doan thang A1A3, suy ra 
F bien trung diem eua AA2 thanh trung diem eua A1A3, tire la bien tam O 

f 

eua hinh vuong AA1A2A3 thanh chinh no. Vay F c6 duy nhat diem O 
bien thanh chinh no. 

Vi du 8; Gia su phep ddi hinh F bien diem I da cho thanh chinh no va bien 
mot diem M khac I thanh diem M' khong trung vdi M. 

a) Tim nhung dirdng tron bien thanh chinh no qua phep ddi hinh F. 

\ 0 y 0 

b) Chung to rang neu dudng thang a khong di qua I thi F bien a thanh 
dudng thang a' khong trung vdi a. 

Giai 

a) Phep ddi hinh F bien mdi dudng trdn (O, R) thanh dudng trdn (O', R), 

y y 0 

trong do diem O' la anh eua diem O. Neu hai dudng trdn dd trung nhau 
thi O phai trung vdi O' va do dd trung vdi I. Vay cae dudng trdn dugc 
bien thanh chinh nd khi va chi khi chung cd tarn la I. 

b) Gia su a la dudng thang khong di qua I. Ha IH ± a, H e a. Khi dd F bien 

H thanh H', bien dudng thang IH thanh dudng thang IH' va bien dudng 

y y 

thang a thanh dudng thang a' di qua H' va vuong gdc vdi IH' tai H'. C’hu y 
rang vi a khong di qua I nen H khong triing vdi H'. Tu dd, suy ra a' 
khong trung vdi a. 

y y % 

Vi du 9 : Cho dudng thang a va mot diem I nam tren nd. Goi F la phep ddi 
hinh bien a thanh a va I la diem duy nhat bien thanh chinh nd. Chung 

y 0 y 0 y y 

minh rang F bien diem M bat ki thanh diem M' sao cho I la trung diem 


MM'. 


G « • 

lai 


a 


Lky diem M bat ki nam tren a va khac I, 
phep ddi hinh F bien a thanh a nen bien 
diem M thanh diem M' tren a, IM = IM'. 

Ngoai ra vi M khac M' nen I la trung 
diem eua MM'. 

Goi b la dudng thang di qua I vmdng gdc 

' * / y 

vdi a thi F bien b thanh dudng thang di qua I va vuong gdc vdi a. Do dd b 





N 

a _ 

p 

“1 

n 


M 

1 




N' 

□ 




b 




IJ p. 












Vi 


bien tlianh b. C’ung lap luan iilnr trcn, ncu N nam Iren b thi F bicn N lhanh 

I *» ^ 

N' sao clho I la triing diem cua NN'. Gia sir diem P khong nam Iren a va b. 
Ha )‘M _L a va PN ± b (M g a. N g b). I heo tren M bien thanh M', N bien 

^ 9 

thanh N" sao cho I la irung diem cua MM' va NN'. Suy ra P bien thanh 

diem )*' .sao cho M'lN'l’’ la hinh chur nhat va do do I la trung diem cua PP'. 

•* \ 

du K) : Co hay khong mol phep ddi hinh F sao cho moi dirong thang deu 


Vi 


bien tha.nh dudng thang song song vcVi no? 

(jiai 

Neu F l.a phep ddi hinh c6 tinh chat da cho thi F khong c6 diem bien 

r ** / ^ / 

thanh chinh no, vi neu I la diem nhir the thi dudng thang a di qua I bien 
thanh dudng thang a' cung di qua I nen dudng thang a' khong song song 
vdi a. 

Ta lay miot diem A bat ki, goi A' = F(A) va A" = F(A') thi dudng thang a 
di qua A va A' bien thanh dudng thang a' di qua A' va A"-, do do a va a' 
ciit nhau tai A', v6 li. Vay khong c6 phep ddi hinh F c6 tinh chat da cho. 
du 11 : Cho 2 tarn giac bang nhau ABC va A'B'C. Chung minh c6 phep 


ddi hinh bien tarn giac ABC thanh tarn giac A'B'C. 

Giai 

Xet pheip bien hinh, F bien moi diem M 

^ 9 

tlianh diiem M' sao cho neu 


B 


CM =pCA +qCB 



thi CM' =pC'A' +qC'B'. ^ -a 

la chumg minh F la phep ddi hinh. Gia su F bien N thanh N', neu 

(IN =k:CA -f tra thi C^' =kC^' +t^. 


Ta c6 MN = CN - CM = (k - p)CA + (t - q)CB 

r> MN'^’ = MN ■' = (k - p)2CA‘' + (t - q)''CB2 + 2(k - p)(t - q) ^ . CB 

Tuimgttu: M'N''-^ = M'N’^ 


= (k - p)‘'C'A'‘'' + (t - q)‘'^C'B'2 + 2(k - p)(t - q) C' A'. C' B' 

Vi hai tarn giac ABC va A'B'C bang nhau nen CA = CA', CB = C'B' va 
CA . CB = C A' .C'B'. Do do MN = M'N' hay F la phep ddi hinh, bien 


Vi 


A, B, C 1 ^ lugt thanh A', B', C => dpcm. 

du 12 : Cho hai tarn giac bang nhau ABC va A'B'C (AB = A'B', BC = B'C, 
AC = A'C). Chung minh rang c6 khong qua mot phep ddi hinh bien tarn 
giac ABC thanh tarn giac A'B'C. 

Giai 


w _ 

(iin sir CO hai phep ddi hinh khac nhau Fi va F2 cung bien tarn giac ABC 
thanh turn giac A'B'C. Khi do, c6 it nhat mot diem M sao cho Fi bien M 
thanh va F2 bien M thanh M'2 khac M'l. Khi.do ta c6: 





% 
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AM = A'M'i va AM = A'M'2 nen A'M'i = A'M'2 hay A' nam tr^n clirang 

_ ^ ^ 

trung true cua doan thang M'iM'2. Tuong tu B', C cung nam l-en trung 
true do. Suy ra ba diem A', B', C thang hang, vo If. 

Vi du 13 : Chung minh rang hop thanh eua hai hay nhieu phep del iiinh la 
mot phep doi hinh. 

Giai 

Vi moi phep doi hinh deu khong lam thay doi khoang eaeh giuahai diem 
$ 0 

bat ki, nen hop thanh eua ehung eung eo tinh ehat do, boi vay lap thanh 

^ * ■ 

eua 2 hay nhieu phep doi hinh eung la phep doi hinh. 

• ' ' ' 
Vi uu 14 : Chung minh rang hop thanh eua mot so huu han eae phep tjah tien 

la mot phep tinh tien. 

viai 


Cho phep tjnh tien T| theo veeto Uj va phep tjnh tien T2 theo \eeta 14 . 

Goi F la phep hop thanh eua T1 va T2. Gia su T1 bien diem M thinh diem 
Ml va T2 bien diem Mi thanh M2, tire la: 


MMj = Ui ; M1M2 = U2 

> ^ ■■■ » 

Suy ra: MM2 = Uj + U2 : xae djnh 
Vi phep hop thanh F bien M thanh M2 


u. 


u 


M 



M, 


nen F la phep tinh tien theo veeto : Uj + U2. 

1 0 

Mot eaeh tong quat: Hop thanh eua mot so huu han phep tinh tim la mol 

0 1 0 

phep tinh tien theo veeto tong eua eae veeto tjnh tien eua eae phep tjnh 
tien do. 

Vi du 15: Chime minh: 

0 0 

a) Hop thanh eua hai phep doi xung true eo eae true doi xirng smg song 
la mot phep tjnh tien. 

0^ 0 \ 1 0 ^ 

b) Moi phep tjnh tien deu eo the xem la hop thanh eua hai phep lot xung 

/ ^ ^ 

true eo true doi xung song song bang nhieu eaeh. 

Giai 

0 

a) Gia su Da va Db la eae phep doi xung true 
eo true la a va b ma a // b va F la hop thanh 
eua Da va Db. Lay hai diem A, B Ian lugt 


nam tren a, b sao eho AB ± a. Voi diem M 

bat ki. Da bien M thanh Mi va Db bien Mi 

0 1 

thanh M2. Neu goi H va K Ian lugt la trung 
diem eua MMi va Mi M2 thi : 


M 




II 


MM2 = MM, + M,M2 


= 2(HM, + M,K) = 2HK - 2AB : xae djnh 


□. 


X 


3. 


y- 


M 


B 



K M. 


Vi phep hop thanh F bien M thanh M2 ma MM2 ~ - ^ phep 


- tinh'tien^theo veeto 2 AB 































^ $ —♦ 0 f 

b) (jia sir T la plicp ijiih lien thco vcctcr u . Lay mot duong thang a nao do 

*■ •» 0 

vuong goc voi u va duong thang b la anh cua a qua phep tjnh tien theo 

I • ' X. 

vecter — u ihi plicp tinh tiCm 1 la hop thanh cua phep doi xirng true Da va 

0 \ 

phep doi xirng true Dh. Vi c6 nhieu each ehon dirong thang a, nen c6 
nhieu phep doi xirng Da va Db c6 hop thanh la T. 

Vi du 16 : Chung minh; 

0 ^ 0 0 

a) Dgp thanh ciia mot so chan cac phep doi xirng c6 true doi xung song 

song la mol phep tjnh lien. 

0 0 0 

b) Hop thanh cua mot so Ic cac phep doi xirng c6 true doi ximg song 

0 

song la mot phep doi xirng true. 

• o • 

siai 

0 0 

a) Hop thanh cua hai phep doi xirng c6 triic doi xung song song la mot phep 

0 0 0 

tjnh tien. Vi vay, hop thanh cua 2 n phep doi xung true c6 true doi xung 

/ 0 

song song la hop thanh cua n phep tinh tien, do do cung la phep tjnh tien. 

0 0 

b) Gia sir F la hop thanh cua 2n + 1 phep doi xung. Goi phep doi xung Cnu 

0 ' 

nhat la Da c6 true la duong thang a, 2n phep doi xung con lai c6 hop 

* 0 0 

thanh la phep tjnh tien T. Ta c6 the xem T la hop thanh cua hai phep doi 

xirng ma phep thir nhat la Da va phep thu hai la Db. Vay F !a hop thanh 

0 

cua ba phep doi xung: Da, Da va Db. Nhimg vi hop thanh cua Dg va Da la 

\ 0 0 ^ 

phep dong nhat e nen F chinh la phep doi xung Db. 

^ 0 ^ 0 _ 

Vi du 17 : Cho phep doi xung true Dg qua duong thang a va phep tjnh tien T 

theo vecto v vuong goc vdi a. Chung minh rang hop thanh cua Da va T 

0 0 

la phep doi xung true, hop thanh cua T va Da cung la phep doi xung true. 

G * o • 

lai 

J 0 0 

Co the xem phep tjnh tien T la hop thanh cua hai phep doi xung true Db 

va Dc. Vi vecto tjnh tien vuong goc voi a nen a // b // c. Do do, ta dugc 

0 

hiyp thanh cua ba phep doi xung c6 true song song. Vay ta dugc mot 
phep doi xung true. 

Cachkhac: Su dung djnh nghia de tim quan he giu'a M va anh M”. 

Vi du 18 : Chung minh hgp thanh cua k phep doi xung tarn la phep tjnh tien 

0 

hoac doi xung tarn. 

Giai 

0 ^ 0 

Ta CO hgp thanh cua 2 phep doi xung tarn A va B la phep tjnh tien theo 

■ ■ $ 0 

vec to 2 AB . Do do, hgp thanh cua k = 2 n phep doi xung tarn A|, A2, ..., 

^ - ♦ - • ■ ■ ■ • 


• I If A A • 

■ ■ $ 0 

vec to 2 AB. Do do, hgp thanh cua k = 2 n phep doi xung tarn A|, A2, ..., 

, - ♦ " ♦ ' ■ ■ * 

A2n la phep tjnh tien theo vecto 2(AjA2 + A3A4 +... +A2n_iA^) 

M’ 



M 
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_ . ' ' 

Ta CO hgp thanh ciia phep tinh ticn v va phep doi xirng tarn I la phcp doi 

xung tarn J sao cho IJ = -— v. 



M 


Auiij^ lain j 2 ^ ' 

Do do hgp thanh cua k = 2 n + 1 phep doi xung tarn A|, A2, A:n+i la 
phep doi xung tarn O sao cho: 

^ -(A 1 A 2 + AgA^ + ... +A2n_iA2„) 

Vi du 19 : Chung minh: 

a) Hgp thanh cua hai phep doi xung true c6 true cat nhau la mot phep 
quay. 

b) Moi phep quay deu c6 the xem la hgp thanh 
cua hai phep doi xung true c6 true cat nhau, 
b^g nhieu each. K 

Giai 

Gia su cho hai phep doi xung true Da 
va Db CO true a va b cat nhau tai O, 
con F la hgp thanh cua Da va Db. L% 
hai diem A, B khac O Ian lugt nam 
tren a, b sao cho goc AOB khong tu 

va dat (p = (OA, OB). Vdi moi diem 
M khac O, gia su Da bien M thanh Mi 
va Db bien M| thanh M2. 

f \ 1 

Khi do, neu goi H va K Ian lugt la trung diem cua MMi va Mi M2 thi ta 

do: OM = OMi = OM, 

va (OM, OM2) = (OM, OM,) + (OM„ OM2) 

= 2(OH, OM,) + 2(OM„ OK) 

= 2(OH, OK) = 2(p. 

Vay phep hgp thanh F la phep quay tarn O goc quay 2 cp. 
b) Gia su Q la phep quay tarn O goc quay 9. Ta lay duong thang a nao do di 

qua O va b la anh cua a qua phep quay tarn O goc quay — thi hgp thanh 

2 

hai phep doi xung true Da va Db chinh la phep quay Q. 

Vi du 20: Chung minh: 

a) Hgp thanh cua mot so chan cac phep doi xung c6 true doi xung dong 
quy la mot phep quay. 

b) Hgp thanh cua mot so le cac phep doi xung true c6 true doi ximg dong 
quy la mot phep doi xung true. 

Giai 

a) Neu F la hgp thanh cua 2 n phep doi xung c6 true doi xung dong qiiy tai 
O thi F la hgp thanh cua n phep quay c6 tarn O va do do F la mot phep 


quay. 









(iia sir F la hop ihanli ciia 2n ' 1 phcp doi xirng true c6 cac true deu di 

f \ f 

cpKi (). Ggi I);, la phcp ddi xi'riig dau lien, thi 2 n phep doi xirng true eon 
lai eo hop lhanh la phcp tiua\ Q tarn O. l a xem Q la hirp thanh cua hai 
phcp doi xirng true, trong do phep thir nhat la Da va phep thu hai la Db. 
Nhir vay F la hop lhanh eua ha phcp doi xirng true: Da, Da va Db. Vay F 
chinh la phcp doi xirng Iruc Ob. 


DANG 2: PHEP TINHTIEN 



- phep tjnh tien thco veeto u la mot phep 

•A^ ^ 

bien hinh bien diC'm M thanh diem M' sao 
cho MM ' = u . 

Phep tinh tien theo veeto u thubng dirge ki hieu la T hoSc T-, • Vecta u 

^ .• .V, 

dugc goi la veeto tinh tien. 

Phep tjnh tien bien ba diem thang hang thanh ba diem thang hang va 
khong lam thay doi thu tu ba diem do. 

Phep tinh tien bien dubng thang th^ dubng thang, bien tia th^ tia, bien 
doan IhSng doan thang bang no, bien tarn giac th^ tarn giac bang no, bien 

* * ♦ X ' / 

dubng trbn thanh dubng tron co cung ban kinh, bien gbe thkih goc bang no. 


V 




- u 





- Trong mat phang Oxy cho diem M(x; y), v (a; b).' 

Goi dibm M'(x'; y') = T- (M). ■ ■ • . : 

V 

.y' = y + b 

Chu y: - De xac dinh anh ta co the dung dinh 

/ / 

nghTa hay cong thuc toa do ket hop cac tinh chat ‘ 
chung ciia phep doi hinh; 

- De xac dinh diem ta thubng tim tuong giao. Thong thubng"diem.can 
tim thugc mgt dubng da biet va mot dubng la anh qua phep tjnh'tieri, do do 
diem can tim la diem chung. Bai toan dung hinh day'du c6 4 bubc: phan tich, 
dung hinh, chung minh va bien luan, tuy nhien c6 the luge gi^ dh ‘ 

- De tim quy tich (tap hgp diem), neu co phbp tjnh tien'biM diem M 
thanh M' va (C) la tap hgp diem cua M thi anh (C') la t^p'hgp di^ cua M'. ; 

Vi du 1 : Cho phcp tjnh tien veeto u bien M thanh M', bien N thanh N'. 
Chimg minh M'N’ = MN . 




p • 



Thco djnh nghTa ta eo: MM ' = u = NN ' 

Dodo^MN +'m['= NM'+ i^'nen MN = M'N' 


• • • • 























Vi du 2 : Chung to rang qua phep tinh tien, mot dirang thSng a bicn thanh 
dirdng thang a' song song hoac trung vdi a. 

iiai 

Cho phep tinh tien T- bicn dirong thang a thanh duang thang a'. Ncu 
duang thang a song song vai vecta v thi moi diem thuoc a lai bicn thanh 

y f 

mot diem thuoc a, vay a bicn thanh chinh no hay la a' trung vdi a. 

' y f 

Neu dudng thang a khong song song vdi v thi ta lay hai diem A, B nao 
do nam tren a va goi A', B' la anh cua A, B qua phep tjnh tien 1 - . tire la 


AA' = BB' = V . Khi do anh cua dudng thang a la dudng thang a' di qua 

A' va B'. Vi AA'B'Ei la hinh binh hanh nen a' // a. 

Ket qua: Dudng thang va anh cua no khong cat nhau. 

** _ f 

Vi du 3 : Cho hai dudng thang song song a va a'. Tim tat ca nhung phep tinh 
tien bien a thanh a'. 

Giai ^ 


Lay diem A bat ki tren a thi vdi moi 
diem A' tren a', phep tjnh tien theo 

vecta AA' bien a thanh a'. 




Do la tat ca nhung phep tinh tien can tim. 

Vay c6 v6 so phep tjnh tien. 

Vi du 4 : Cho tarn giac ABC, ve ra ngoai hinh chu nhat BCDE. Cac duOmg 
thang qua D va E Ian lugt vuong gdc vdi AB va AC cat nhau tai K. 
Chung minh AK vuong gdc vdi BC. 

Giai 

Goi BB' va CC la hai dudng cao cua tarn 
giac ABC va H la true lam cua tarn giac nay. 

Phep tjnh tien theo vecta BE = CD bien: 

- BB' thanh EK (vi EK // BB') 

- CC thanh DK (vi DK // CC) 

Ma BB' va CC giao nhau tai I I nen H va K la 
hai diem tuang irng trong phep tjnh tien nay. 

Do d6HK//BE nenllKlBC. 

Ma AH _L BC, vay A, H, K thang hang, nghia la AK vuong gdc vdi 
dudng thang BC. 

Vi du 5: Cho tarn giac ABC. Goi Ai, Bi, Ci la cac trung diem cua ba cimh 
BC, CA, AB. Goi Oi, O2, O3 va L, I2,13 tuang ung la cac tarn dudng tibn 
ngoai liep va npi tiep cua ba tarn giac AB|C|, BCiAi va CA|B. Chung 

minh AO1O2O3 = AI1I2I3. 





















A 


• -P m 

iiai 


1 


Xc*t plicp tinh ticn Ihco xcclo — AI^ hicn A 

ihAnh C|, C'l lhanh li. li) ihanh A| nen lam 
giac AC|Bi lhanh lam giac C'|BA|, do do C)i 

ihunh O 2 va 1 1 lhanh B nCm 0,0,, = 1,1.^ 

rucnig Ur O-jO.j = I^l., \a O.jO, = BI, ^ 

AO1O2O3 = AlII2I3 (c.c.c). 

Vi uu 6: Cho hinh binh hanh A BCD va diem M sao cho C nam trong lam 

! . Chirng minh AMD 

( ^ • o • 

iiai 



J*hep tjnh lien Iheo vecla hien B lhanh A, C lhanh D, MC lhanh M'D 
nen DCMM’ la hinh binh hanh, do do MDC = i 5 mM' va 



D 


Mil MBC = MDC nCm DMM' = MAD . 


Do do AMM'D la lir giac noi liep nen AMD = AM'D 

Horn nua, la c6: BMC = A'MD nen AMD = BMC. 

Vi du 7 : Cho lir giac loi ABCD khong phai la hinh lhang. Goi M va N Ian 
lircrt la Irung diem cua AB va CD. Chung minh rang neu MN lao vai cac 
c^ih AD va BC nhung goc bang nhau ihi AD = BC. 

>iai 


Dung ME = BC va MF = AD 
("ac lu giac MBCE va MADF la hinh 
hinh hanh nen la c6: 

CE = BM, DF = AM nen 
CE = DF, CE // DF. 

Do do lu giac CEDF la hinh binh hanh 
nen hai duong cheo EF va CD giao 
nhnu lai Iruhg diCnn N. 

Theo gia ihicl Ihi EMN = NMF nen lam giac EMF can vi c6 dudng phan 
giac vua la Irung iiiyen. 

Vfy ME.= MF => BC = AD. 



D 



Jl> 






DAI HOC QUOC GIA HA NOI 


TRUNG tlfj THU VIEN 


J~c loiUj- 

17 


































Vi du 8 : Cho phcp tjnh ticn vccta u (- 2 ; 3 ). Tim anh cua: 

a) Diem A( 4 ; 1 ) 

b) Dirang thang d: 3 x - 5 y + 3 = 0 

c) Dircmg Iron (C): - 2 x + 4 y - 1 = 0 , 

C N, • • 

viai 

Phep tjnh tien theo vecta u (- 2 ; 3 ) bien diem M(x; y) thanh diem M'(x'; y') 


thi ta c6: 


x' = X - 2 

ty' = y + 3 


a) Bien A( 4 ; 1 ) thanh A'( 2 ; 4 ) 

b) Ta c6 X = x' + 2, y = y' - 3 . Thay vao phuang trinh cua d ta dirge 
3 (x' + 2 ) - 5 (y' - 3 ) + 3 = 0 hay 3 x’ - 5 y' + 24 = 0 . 

Vay phuang trinh cua d' la: 3x - 5 y + 24 = 0. 

c) Thay vao phuang trinh (C) ta dugc: 

(x' + 2 f + (y' - 3 f - 2 (x' + 2 ) + 4 (y' - 3 ) - 1 = 0 

hay x’^ + y'^ + 2 x' - 2 y' - 4 = 0 . 

Vay phuang trinh (C): x'^ + y‘^ + 2x - 2y - 4 = 0. 

Vi du 9 : Cho duane tron (O) va hai diem A, B. Mot diem M thay doi tren 

y 

duang tron (O). Tim quy ti'ch diem M' sao cho 

MM'+ MA = MB. 

Giai 


Ta CO MM' = MB - MA = AB : xac dinh nen 


phep tjnh tien T theo vecta AB bien M thanh 
M'. Neu goi O' la anh cua O qua phep tjnh tien 
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T, tuc la 00 ’ = AB thi quy tich M' la duang 
tron tarn O' c6 ban ki'nh bang ban ki'nh duang 
tron (O). 

Vi du 10 : Cho tarn giac ABC c6 djnh. Ggi Bx, Cy theo thu tu la cac tia doi 
cua cac tia BA, CA. Cac diem D, E thu tu chuyen dong tren cac lia Bx. 
Cy. Tim quy tich cac trung diem M cua DE biet BD = 2 CE. 

Giai 


A 


Ve hinh binh hanh BCEK, ta c6 K a tren tia 
Bz CO djnh song song cung chieu vai tia 
Cy. Tren hai tia Bx, Bz Ian lugt lay hai 
diem c6 djnh Do, Ko saocho BDo = 2BKo. 

Vi BD = 2 CE = 2 BK nen DK // DoKo- 
Ggi N va No tuang ung la trung diem cua 
DK va DoKo. Ta c6 No c6 djnh va quy tich 
cua N la tia BNo- 








j 





r ; 1’- 
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1 


1 


(loi I la (rung diC-ni ciui lU': NM = - KE = - hC = HI nen T- bicn N 

2 2 

than! M. 

Vay juy li'ch ciia M la tia Im la anh cua tia BNo qua phep tinh tien 
T— tJeo vccta iil 

VI du 11 : I'rcn diiaiig Iron ((); R) cho hai diem A, B c6 djnh va diem M liru 
dpiig Gpi II la true lam eiia lam giae MAB. Tim tap hap: 
a) E)i:m II b) Diem P sao eho tarn giac MHP deu. 

fiai 

■» -» / 

a) (ioi I la trung diem eiia AB va D la diem doi xirng cua M qua O. 

1 ir gac AHBD la hinh binh hanh nen hai dirang cheo AB va HD giao 
nhe^utai trung dicMii 1. 

Do do: MH = 201 : xae dinh. 

Vay ap hgp diem II la dirdng Iron (O'), ban 

klah ^ vai 00’ =2 01 


A 


h 


n\ 

\ 

/ ✓ 


/ ✓ 



' ' 'A 




( achkhac: Ve dirang kinh AE thi MH = EB. 
b) (ioi Jla trung diem cua MH ta c6: MJ = 01 . 

Do d) J chay tren dirang Iron (C) tarn I ban 
kiah R. la hinh tinh tien cua dudng Iron (O) 

bai piep tjnh lien 01. 

Vi jp= —^ = OIx /3 khong d6i va JP 1 MH nen JP // AB, 


2 


Do d) JP = V xae djnh. Vay tap hgp diem P la duong Iron tinh tien cua 

/ —♦ 

ducim^ Iron (C) bai phep tjnh tien v. 

Vi du 1* : Cho hinh binh hanh ABCD c6 dinh A c6 djnh, BD c6 do dai 
kh^n^ doi bang 2 a, con A, B, D nam tren mot duong Iron c6 djnh tarn O, 
b^ k'nli R. Tim quy tich dinh C. 

Giai 

0 % • ^ Ji 

AO) leo dai cat duang Iron a K, nen K co 
djnjh. Ggi H la true tarn lam giac ABD, I la ^ 
truing diem cua BD. Tu do suy ra: 

AHI = 201 = 2\/R" - : khong doi nen suy ra 

H nrm tren dirang Iron tarn A, ban kinh 

- a^ . 

Do ®^ = ADK = 90 ^ maAB // DC,AD//BC 
=> Bk -L DC va DK 1 BC nen K la true tarn tarn giac BDC 
r>«CL^B=>CK//AII. 



























Trong lam giac ACK, do 01 la dirang triing binh, nen KC " T-OI 
KC = AH => AlICK la hinh binh hanh 


=> HC = AK : xac dinh. Phep tinh lien theo vecto AK bicn H thanh C, 
bien A thanh K. 

Vay quy ti'ch cua C la ducrng Iron tarn K, ban kinh 2 >/r^ - . 

Vi du 13 : Cho tarn giac ABC c6 djnh. Ve hinh thoi BCDE ma E, L, A cung 
phia doi vai dirang thang BC. Ha DDi _L AB, va EEi _L AC. Cic dirang 
thang DD| va EE| cat nhau tai M. Tim quy tich M. 

Giai 

Goi H la true tarn tarn giac ABC 

H CO djnh.Ta c6: 1 IC // DD,; HB// EE, 

(vi cung vuong goc AC). 


MED = HBC va MDE = HCB 

(goc CO canh tuong irng song song) 
AMDE = AHCB (g.c.g) 

CH = MD. MaCH//MDnen 


B 


DM = CH : xac dinh. 



Phep tinh tien theo vecto CH bien D thanh M va bien C thanh H. Ma 
CD = BC khong doi nen D thuoc duong Iron (C; BC) nen qu^ tich cac 

•» . . X * 

diem M la duong Iron anh qua phep tjnh tien CH , chinh la dirong iron 

(H; BC). 

Vi du 14: Cho hai duong Iron (O) va (O') va hai diem A, B. Tim diem M tren (O) 


va diem M' Iren (O') sao cho MM ' = AB . 

Giai 


B 

> 


Ta CO MM' = AB: xac dinh nen phep tjnh 
tien AB bien M thanh M'. 

0 

Gpi ( 0 |) la anh cua (O) qua phep tjnh tien 
T—, thi M' la giao diem cua (Oi) va (O'), con 

/\d 

M la diem c6 anh la M' thi cap diem M, M' la 
can tim. 

$ y 0 

Bai loan c6 so nghiem hinh bang so giao 
diem cua hai duong Iron ( 0 |) va (O'). 

Vi du 15 : Dung hinh binh hanh cho biet hai canh lien tiep va goc tio boi hai 
duong chco. n c 

iiai 

- Phan tich: Gia sir ABCD la hinh 
binh hanh da dunu duoc c6 

• W • 

AB = a, BC = b va (AC, BD) = a. 































C lu anh cua li qua phcp tjnh ticn 

1 laui giac ACC ta hicl AC' = 2a, IK.' = b la trung tuyen ke tir C va 
MK' = cz. 

-- Oing hinh; Dirng AC' = 2a. Iriing diem B cua AC, cung chira goc fx 

tren iay AC, cung iron lam fC ban kinh b. (loi C la diem chung cua hai 

/ _ 

cumgtron da dung. Dung I) la anh cua C qua phep tjnh tien T— . 

- Clung minh: I heo cacli dung llii ABCD la hinh binh hanh thoa man de 
’an. 

- Bicn luan: FKii loan c6 so nghiem la so diem chung cua hai cung tron. 

Vi djLji:- Cho hai duang iron (C|) va (C 2 ) cat nhau tai A va B. Dirng qua A 

y y \ 

du'brrg thang A sao cho doan thang ciia duang th^g do nam trong hai 
du'brrg tron c6 do dai 2m cho truoc. 

viai 

(ji a 5 U da dung dugc day cung PQ qua A, sao cho P e (Ci), Q e (C 2 ) va 
l*Q ' 2m. Ha 0|M va O 2 N 1 PQ, phep tjnh tien MOj bien N thanh N'. 

Dc'»c6 0iN' = MN = -P0 = m 

2 

Di'en N' la dinh thu ba cua tarn 
gi^c vuong O 1 O 2 N' CO canh huyen 
0|iO; va canh goc vuong 

O 21 N = \JOfil - m" . Tu do suy ra 

ca<ch dirng nhu sau: 

" Ding tarn giac vuong N'0i02, biet canh huyen O 1 O 2 va canh goc 

vuiorg bang ^Ofil - m“ . 

- iQia A ke day cung vuong goc voi O 2 N', do chinh la day cung PQ can 

/ 

dirmg Bai toan dung dirge neu nhu: O 1 O 2 > m. 

Vi clu 17 : Cho hai dudng tron (Oi), (O 2 ) va mot duang thang d. Dimg mot 
airroig thang d' // d sao cho d' cat (0|) va (O 2 ) theo hai day cung bang 
ah,ai. 

Giai 

Gia su da dung dugc duang thang d' 
song song vai d, cat (Oi) tai A, B va cat 
(O 2 ) tai C, D thoa man: AB = CD. 

Goi 1 1 va I 2 Ian lugt la hinh chieu 
vuong goc cua O 1 O 2 tren d. Goi (0*2) la 




1 ( 

02 ) 

Vi g,, 


/ d’ 



_ 



d 

• 

-1 . 

“1 ^ 


anh cua (O2) qua phep tjnh tien T-- . 

*2M 


t • 


I *^*5 



I, 


N. 
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Do AB = CD :=> AC = BD = I1I2 nen phep tjnh tien do bien C thanh A, D 
thanh B, do do (0'2) cat (()|) tai A va B. Tir do suy ra each dimg. 

Dirng (0'2) la anh cua (O2) qua T— . Goi A, B la cac giao diem cua (0*2) 

• ^ % 

va ( 0 |) thi dirbng thang d' di qua A, B se la duong thang can dimg. 

Vi du 18 : Cho ba diem khong thang hang I, J, K. Hay dung tarn giac ABC 
nhan I, J, K Ian lugft la trung diem cua cac canh BC, CA, AB. 

Giai 


Gia sir tarn giac ABC dung dugc nhan 
I, J, K la trung diem cua BC, CA, AB thi 

KIJA la hinh binh hanh nen PLA = U . 

Suy ra each dung: Phep tjnh tien theo 

vecto LJ bien K thanh A, lay doi xung A 


A 





qua K thi dugc diem B, lay doi xung B 
qua I thi dugc diem C. 

Tam giac ABC la tarn giac can dung. Bai toan c6 mot nghiem du> nhat. 
Vi du 19 : Cho tarn giac ABC. Tim mot diem M tren canh AB va mot diern N 
tren canh AC sao cho MN song song voi BC va AM = CN. 

Giai 

Gia su da dung dugc hai diem M, N thoa 

\ \ 7 

man dieu kien dau bai. Duong thang qua M 

0 

va song song voi AC cat BC tai D thi tu 
giac MNCD la hinh binh hanh. 

Do do CN = DM nen tarn giac AMD 
can tai M. 

Ta CO MAD = MDA = DAC nen AD la phan giac trong cua goc A va 
♦ ■■■""♦ / " • 

NM = CD nen M la anh cua N qua phep tjnh tien theo vecto CD . 

Tu do suy ra each dung: 

0 

- Dung dudng phan giac trong cua goc A cat BC tai D. 

7 7 f 

- Dimg dudng thang d la anh cua dudng thang AC qua phep tjnh tien 
theo vecto CD , d cat AB tai M. 

- Dung N sao cho NM = CD , thi M, N la hai diem can dung. 

Vi du 20; Cho AB va CD la hai day khong cat nhau cua dudng tron (O). Voi 
mot diem M nam tren dudng trdn, ggi E va F theo thu tu la giao diem 

cua MA va MB voi CD. Xac dinh diem M de EF = a, a cho trude. 

Giai 


Ta CO EP'' = a xac dinh. 

Gia sir da dung dugc diC*m M. Ggi A' = T- (A) thi MA // FA 


nerf A'F'B = AMB = a: khong doi. 























Do do, !• la gi ao clicin ciia C'l) \(Vi 
cung clu'ra gdc u nh'm bdi doaii A'fi. 
I ir do siiy ra each dung. 

- Dirng anh ciia A qua T la A'. 


M 


- Dirng cung chua goc a. ircn day A'B. 

I 

- Dirng giao diC*m I- cua C'l) \ di cung 

do, thi M la giao dicun cua Bl' vdi (O). 

■* •» 

Vi du 21 : Cho hai duxyng lhang song song d| va d2 va hai diem A, B a hai phi'a cua 
dai (di, d:). Fim M e d|. N e di sao cho MN 1 d| va AM + MN + NB la 



D 


ngan nhal. 


A 



C 'l • • 

fiai 

Gia sir M e d|, N e d2 sao cho 

± di ta CO NM = a : xac djnh, phep 

linh tien vecto a bien M th^h N, bien A 
ihanh A' do do AM = A'N nen : 



AM + MN + NB = 


a 


+ A’N + NB > 


a 


+ A'B. 


Ddu = xay ra khi N la giao diem cua A'B voi d2, ha NM ± di thi M, N la 

t ^ * 

2 diem can dimg. 


DANG 3 : PHEP DPI XITNG TRIJC 








f . 'U. 


5 




f y 

- Phep doi xirng qua duong thang a la phep 
bien hinh bien moi diem M Ihanh diem M' doi 
xung vdri M qua a. 

I j f » 

Phep doi ximg qua duang dirbng thang a 
thuong dugre ki higu la Da. Phep doi xrnig qua 
dirbng thSng con goi la phep doi xung true. 

Dirbng th^g a gpi la true cua phep doi xung, 
hay 1^ true doi xung. 

, - Duong thang d goi la true doi xung cua hinh (H) neu phep doi xung 
tr\ic Dd bien (H) thanh chi'nh no, tuc la Dd((H)) = (H). , ■'/ 

Chu y: 

- Phep doi xung qua true hoanh bien M(x; y) thanh M'(x; -y) . ^ 

- Phep doi xung qua true tung bien M(x; y) thanh’M'(~x; y) . 

' - Ung dung phep doi xung true de chung minh hinh hgCj-gi^i bai toan 
. dimg hinh, xac djnh diem, tim tap hop diem (auy tich),... khi c6 yeu to lien 
quan'den trung true la dirbng thang xac djhh' c6 djnh! ’ ’ ' ' 





’ - 

■ 

























Vi du 1 : Qua phcp doi xirng true Da, dirong thang d bien thanh diraig lliang 
d'. Hay tra lai cac can hoi sau: 

a) Khi nao thi d song song voi d'? 

b) Khi nao thi d trung vbi d'? 

c) Khi nao thi d cat d'? Giao diem cua d va d' c6 tinh chat gi? 

d) Khi nao d vuong goc voi d'? 

iiai 

Dira vao dinh nghTa va each xac djnh anh ta c6 ket qua: 

t *> 

a) Khi duang thang d // duong thang a. 

b) Khi d vuong goc vai a hoac d trung voi a. 

c) Khi d cat a nhung khong vuong goc voi a. Khi do giao diem ciu d va d' 

\ *» 

nam tren duang thang a. 

d) Khi goc giua d va a bang 45 ”. 

_ 1 / 

Vi du 2 : Trong mat phang Oxy, qua phep doi xirng true Oy, tim anh cua 
diem, duang thang, duang tron sau: 

a) Diem A( 2 ; - 3 ) 

b) Duang thang d: 3 x - 2y + 1 = 0 

c) Duong tron (C): + y'^ - 4 x + 5 y + 1 = 0. 

Giai 

t j / y 

Anh cua diem M(x; y) qua phep doi xung c6 true Oy la diem V co toa 


do (-x; y). 

a) A(2; - 3 ) thanh A'(-2; - 3 ). 

b) Ta CO x' = -X, y' = y nen x = -x', y = y'. 

The vao d thanh: -3x' - 2y' + 1 = 0 hay 3x' + 2y' - 1 = 0 
Vay d': 3 x + 2y - 1 = 0. 

c) Tuang tu, the vao (C) thanh: 

(-x')^ + y'^ - 4 (-x') + 5 y' + 1 = 0 hay x'^ + y'^ + 4x' + 5y' + 1 = 0 
Vay (C): x"^ + y*^ + 4 x + 5 y + 1 = 0. 

Vi du 3 : Tim anh cua duang tron (C): x^ + y^ - 2x - lOy + 1 = 0 qia phep 
doi xung true d: x - 2 y + 4 = 0 . 

Giai 

Duang tron (C) c6 tarn 1 ( 1 ; 5 ) va ban kinh R = Vl + 25 - 1 = 5 

Ta tim hinli chieu 11 cua I len d va tim diem I' doi xung cua I qua d. 

Duang thang qua I vuong goc vai d c6 phuang trinh: 

x-1 y -5 ... , _ ... 

- = - -<=> 2 x + y - 7 = 0 . 

1 -2 

Hinh chieu 11 co toa do thoa man he phuang trinh: 

x = 2 


. 2 




X - 2y + 4 = 0 
2x + y - 7 = 0 


C:> 


y = 3 




Diem H( 2 ; 3 )=>r( 3 ; 1 ) 



M 


24 '^ 













Vi R' = R nCMi (C); (x - ( (y - 1 )’ = 25 . 

r- ^ • y 

Vi OIL4 : I rong mat phang ()x\. cho tlinrng lhang d c6 phirang trinh; 

( 

X -- f>y +7 = 0 \ a duang lhang d' c6 phirang trinh 5 x - y - 13 = 0. Tim 
phep ddi xirng cpia true bicn d lhanh d'. 

( i • • 

fiai 


— ' f 9 9 

Ta CO d va d' cat nhau. Do do true doi xirng A cua phep doi xirng bicn d 
lhanh d' chi'nh la cac dirang phan giac ciia goc tao bai d va d'. 

M(x; y) G A o d(M; d) = d(M, d') 


_ \ r 

• fj\ r 


ox - V - 13 


7 ] 4 25 


725 + 1 


X - 5 y + 7 = ±( 5 x - y - 1 3 ) 

•:=> X + y - 5 = 0 hay x - y - 1=0 

9 

V^y CO hai phep doi xirng qua cac true: 

AI CO phiroTig trinh x + y - 5 = 0 , 

A2 CO phirang trinh x - y - 1 =0. 

A • ^ ^ 

Vi clu 5 : Qua phep doi xirng true F)d nhirng diem nao bien thanh chinh no? 
Nhirng duang lhang nao bien thanh chinh no? Nhimg duang Iron nao 
bien thanh chinh no? 



>iai 

_ - ' y ^ 9 

Qua phep doi xirng true Dj, nhung diem nam tren d bien thanh chinh no. 
Cac duang lhang vuong goc vai d, va duang thang d deu bien thanh 
chinh no. Cac duang iron co tarn nam tren d deu bien thanh chinh no. 

_ 9 

Vi du 6 : Tim true doi xirng cua cac hinh sau day: Tam giac can, tarn giac 
deu, hinh thang can, hinh chir nhat, hinh thoi, hinh vuong duang Iron, 
hinh gom hai dirofng Iron. 

Giai 

- Tam giac can tai dinh A c6 mot true doi xung la duang thang chua 
duang cao AH. 

r ' ^ ^ 

- Tam giac deu co 3 trite doi xirng la ha duang thang chua ba duang cao. 

9 t *» 

- Hinh thang can co mot true doi xirng la duang thang di qua trung diem 
hai canh day. 

9 ^ 

- Hinh chu nhat co hai true doi xung la hai duang thang di qua trung 
di(;m hai cap canh doi; 

- Hinh thoi co hai true doi xirng chua cac duang cheo; 

/ 9 

- Hinh vuong co bon true doi xung (vua nhu hinh chu nhat vua nhu hinh 
thoi). 

9 9 ^ ^ ^ 

- Duong Iron co vo so true doi xirng la cac duang thang di qua tarn; 


-Hinh gom hai duang Iron khong bang nhau va khong dong t^ co mot 

9 9 \ y 

triic doi xung la duang noi tarn. Hinh gom hai duang Iron khong b^g nhau 

^ 9 9 t 

va d6ng tarn co v6 so true doi xung la cac dudug thang di qua tarn chuiig. 















' ' ' . ' 

Hinh gom hai dirang Iron bang nhau khong dong tarn c6 hai trie dbi 

0 y f " 

xirng la duong noi tarn va dirong trung trirc cua doan thang noi hai ram. 

Vi du 7: Cho tarn uiac ABC voi true tarn H 

% 0 

a) Chi'mg minh rang cac dirong tron ngoai tiep tarn giac IlAB, IIBC, Mi'A c6 
ban ki'nh bang nhau. 

b) Goi 0|, O2, O3 la tarn cac duong tron noi tren, Chimg minh rang 

y \ ^ / 

duong tron di qua ba diem Oi, O 2 , O 3 bang duong tron ngoai tiep lam 
giac ABC. 

iiai 



y 

a) Goi A' la giao diem cua AH va duong tron ngoai 

f f 

tiep tarn giac ABC thi A' va II doi ximg voi nhau 

y 

qua duong thang BC. 

Vi vay duong tron ngoai tiep tarn giac HBC la 
anh cua duong tron ngoai tiep tarn giac A'BC 
cung la duong tron ngoai tiep tarn giac ABC, qua 
phep doi xung Dbg- 

/ 

Vay duong tron ngoai tiep tarn giac HBC c6 ban 

kinh bang ban kinh R cua duong tron ngoai tiep tarn giac ABC. 

/ 

Chung minh tuong tir, duofng tron ngoai tiep tarn giac HAC va HaB 
cung CO ban kinh bang R. 

9 ^ • • ' • / 1 

b) Neu goi O la duong tron ngoai tiep tarn giac ABC- thi 

\ y 0 y 

Oi, O2, O3 Ian lugt la cac diem doi xung voi O qua cac duong thang AB, 
BC va CA. Va hai tarn giac ABC va O1O2O3 bang nhau. Tu do suy ra 

y \ ^ 0 

duong tron di qua ba diem Oi, O2, O3 bang duong tron ngoai tiep tarn 
giac ABC. 

Vi du 8 : Cho tarn giac ABC noi tiep trong duong tron (O). Goi d|, d2, d3 Ian 
lugt la cac duong trung true cua cac doan thang AB, BC va CA. Voi mot 

y 0 0 0 9 

diem M bat ki, 1 % Mi doi xung voi M qua di, M2 doi ximg voi Mi qua 

^ • • ' -4 

d2 va M3 doi xung voi M2 qua d2. Chung minh rang trung true cua doan 
thang MM3 la mot duong thang c6 djnh. 

Giai 


0 y y 

Vi phep doi xung qua duong thang khong 1 ^ thay doi kho^g each giira 
hai diem nen ta c6 AM = F^Mi = CM2 “ AM3 va OM = OMi = OM2 = C)M3. 
Do do hai diem A va (3 each deu hai diem M va M3. Vay trung trirc cua 

y y 9 

doan thang MM3 chinh la duong thang c6 djnh OA. 

_ 0 

Vi du 9 : Cho tarn giac ABC. Tren duong phan giac ngoai ciia goc C lay mot 
diem D khac voi C. Chung minh rang: DA + DB > CA + CB. 

G . • 

lai 

Goi A' la diem doi xung voi A qua CD. Do CD 

. / 

la phan giac ngoai cua goc C, nen A' thugc tia doi 
ciia tia CB va A'C = AC 
Ta c6: DA + DB = DA' + DB > HA' (do D ^ BA') 










Mai khac; P>A' = (’li + (W = ('B + CA 
Dodo DA i- DB > CA + CB. 
dll 1_0: Cho lir giac loi AIU’I) c6 AFi = a, 

ac + hd 


BC = b, CD = c, DA = d. 


Cnung minh lir giac cd dicn li'cFi S < 


2 


iiai 


Ta dirng duang ti ling true A ciia dirdng cheo BD va goi C la anh ciia C 
trong phep ddi xirng qua A, khi do ABC’I 3 = ABCD, DC = BC = b, 
BC’ = DC = c. 

li’r giac loi AFK”D cd dien tich bang S 

0 

va cac canh lic*n licp AB = a. BC = c, 

CD = b, DA = d. 

^ “ ^ABC'D = + SaDC 



. D 

= — .ac.sinix + — .bd.sinB 
2 2 

^1 , I , , ac + bcl 

< — ac + — bd = - 

2 2 2 

Vi dii 11 : Duong Iron noi licp tarn giac ABC tiep xuc voi cac canh AB va 
AC tuong ung tai cac diem C va B'. Chung minh rang neu AC > AB thi 
CC > BB'. A 

Giai 

Gpi B" la diem doi xirng ciia B qua phan giac goc A. Khi 
do B" nam tren canh AC va AFi = AB". 


Turn giac ABB" c^ tai A, do do AB"B nhon va BB"C tu. 
Mat khac, tia FV'C nam ngoai goc BB"C nen 


B 





C'B"C la goc tu, ddi dien vdi goc do la canh 
CC. Vi vay CC > B"C hay CC > BBk 
Vi du 12 : Cho hai diem B, C co djnh nam tren duong tron (O; R) va diem A 
thay doi tren duong tron do. Fiay dung phep doi xung true de chung minh 
rSng true tarn H ciia tarn giac ABC nam tren duong tron c6 dinh. 

Giai 

Goi 1 , H' thco thu tu la giao diem cua tia AH vdi 
BC va duong tron (O). 

Ta c6: BAH = BCH, BAH = BOT' nen tarn 
giac CHFI' can tai C, suy ra H va H' doi xung vdi 
nhau qua duong thang BC. Khi A chay tren duong 
tron (O) thi H' cung chay tren duong tron (O). 

Vay H chay tren duong tron (O') la anh ciia (O) 
qua phep doi xung qua duong thang BC. 



27 















t f ^ t 

Vi du 13 : Cho mot dtrong thang d va mot vecto v co dinh. Vdi moi diem M 

bat ki, phep doi xirng true Dj bien M thanh M', va phep tinh tien T- bicn 

_ ^ ^ 

M' thanh M". Tim quy ti'ch trung diem cua doan thang MM". 

Giai 

Gpi I la trung diem MM', I' la trung diem MM" thi 

1 


n' = -M'M" = - 
2 2 


Vay phep tinh tien theo vecta — bien I thanh 1 '. 

^ t 

Vi I nam tren d nen quy tich I' la dirang thang 


d', anh cua d qua phep tinh tien theo vecta 


M 


2 



d 






1 


M' 


Vi du 14 : Cho tarn giac deu ABC. Vai mot diem M tuy y goi M| la dien» doi 
ximg vai M qua dirang thang AB, M2 la diem doi ximg vai Mi qua 
dirang thang BC va M3 la diem doi xung vai M2 qua duong thang CA. 
Tim quy tich trung diem 1 cua MM3. 

Giai 


M 


M, 


Goi M' la diem doi ximg cua M qua 
BC, K la tmng diem cua MMi (K e AB) 
va K' la trung diem cua M'M2. Khi do 
phep doi xumg qua duong thang BC se 
bien M thanh M', Mi thanh M2 nen 
cung bien K thanh K' tire la biiin BK 
thanh BK'. 

Suy ra goc hop bai BK' va BC’ eung 
bing 60 *^ hay BK' // AC. Vi M'M2 1 BK’, M2M3 1 AC, suy ra ha diem 
M', M2, M3 thang hang. Neu ta goi H' la trung diem M2M3 (H' e AC) thi 

M‘M3 = 2K ’ H ' = 2BH vai BH la duong cao cua tarn giac ABC. 

Neu goi P la trung diem MM' (P e BC) va I la trung diem MlM.i thi 



1 


PI = —M'Mg = BH . Vay phep tjnh tien theo vecta BH se bien diem P 
2 

t 

thanh I, vi P e BC nen quy tich I chinh la anh cua duong thang BC qua 
phep tjnh tien noi tren. Quy tich nay la duong thang di qua trung diem 
cua hai canh AB va AC. 

Vi du 15: Cho hai duong trqn (O; R), (O'; R') va mot duong thang d. 

a) Tim hai diem M, N Ian lugt nam tren hai duong tron do sao cho d la 
duong trung true cua doan thang MN. 

b) Xac djnh diem 1 tren d sao cho tiep tuyen IT cua (O; R) va tiep tuyen 
JT' cua (O'; R') hop thanh cac goc ma d la mot trong cac duan^ phan 

■’giac ciia cac goc do. 




















iiai 

a) Cjoi (Oi; R) la anli ciia duojig iron (O; R) qua 

1 * ' . f f 

phep doi xirng true l)j. (iiao diem (ncu c6) 
ciia hai duang Iron (Oi; R) va (O'; R) elu'nh 

^ t t f 

la diem N can lim, diC*m M la diem doi xirng 
V(Vi N qua d. 

b) Goi 1 la diem can lim ihi IT' la liep luyen 
chung eiia hai duang Iron (()i; R) va (O'; R'). 

9 9 

Suy ra each dirng: Ve liep luyen chung I cua 
hai duofng Iron (Oi; R) va (O'; R'). Giao diem 
cua t va d chinh la diCuu 1 can lim. Khi do liep 
luyen IT' chinh la I con duang thang doi ximg 
vfVi 11 ' qua d la liep luyen 11 cua (O; R). 

9 9 9 X«A ' 

So nghiem phu ihuqc \’ao so liep luyen chung va so diem chung cua t va d. 

% y 

Vi dll 16 : Cho mot lam giac deu ABC va ba dirong thang song song a, b, c 
Ian lugrt di qua ba dinh A, IT C. Cho mot diem P nam tren a. Hay dung 
tarn giac deu c6 mot dinh la P va hai dinh con lai Ian luol nam tren hai 
dirong thang b va c. Bai toan c6 bao nhieu nghiem hinh? 

Giai 




Dung phep tjnh tien theo vecto AP, thi 
lam giac deu ABC bien thanh tarn giac deu 
PQR (A bien thanh P, B bien thanh Q, C bien 
thanh R) va ba diem P, Q, R Ian lugt nam 
Iren a, b, c. 

y 

Gpi p la duang thang di qua P va vuong 


# • 


o 


goc voi a. 

Phep doi xung true Dp bien tarn giac PQR 
thanh tarn giac PQ'R' c6 ba dinh Ian lugt nam tren a, b, c . Bai toan c6 hai 
nghiem hinh PQR va PQ'R’. 

daJI: Cho goc nhgn xOy va mot diem A nam trong goc do. Xac dinh 
diem B tren Ox va diem C tren Oy sao cho tarn giac ABC c6 chu vi nho 
nhat. 

Giai 

Xct tarn giac ABC ci> B va C Ian lugt 
nam tren hai tia Ox va Oy. Ggi A' va 
A‘' la cac diem doi xung vdi diem A 

\ y 

Ian lugt qua cac duang thang Ox va 
Oy. Chu vi cua tarn giac ABC la: 

” AB + BC + CA 
= A'B +BC + CA" > A'A". 



A 







Dau " = " xay ra khi bon diC'm A', B, C, A" thang hang. Vay chi. vi lam 
giac ABC be nhat khi lay B va C Ian lirgt la giao diem cua doaa thang 
A'A" vai hai tia eua goc nhon xOy. 

Vi goc xOy nhon ton tai cac giao diem B va C. 

Vi du 18 : Cho dirdoig thang d di qua hai diem phan bict P, Q va hai diem A, B 
nam ve mot phia doi vdi d. 1 lay xac dinh tren d hai diem M, N sao eho 

MN = PQ va AM + BN be nhat. 


B 



jiai 

Gia sir dimg dugc hai diem M, N nam 
tren d sao cho MN = PQ . Lay diem A' 

• T 

sao cho AA' = PQ thi diem A' hoan toan 

xac djnh va AMNA' la hinh binh hanh 
nen AM = A'N. 

Do do AM + BN = A'N + BN. 

9 9 

Lay AI doi xung A' qua d thi: 

A'N + BN = A|N + BN > AiB: Khong 
doi 


Vay diem N can tim la giao diem cua A|B va d, va diem 
M xac djnh bai NM = QP . 




Ll 


DANG 4: PH^P DOI XLTNG TAM 


^ - T-.. 




- Phep doi xung qua diem O la mot phep bien hinh bien moi diem M 
tharih M' doi xuhg vai M qua O, c6 nghTa la: 






r 


OM + OM' = 0 


doi xung qua diem O thudmg dugc ki hieu la Dq.- Phep doi Xung 
qua mot diem con ggi la phep doi xung tarn. 

Diem O ggi la tarn cua phep doi xung, hay la tarn doi xung. 

- Trong he toa do Oxy cho dierh I(a; b). Neu phep doi xung tarn Pi bien 






. X 


V \ 


diem M(x; y) thanh diem M'(x'; y') thi: 


x ' = 2 a - X 

I 

.y' = 2b-y 


- Diem O ggi la tarn doi xung ciia mot hinh (H) neu phep doi xi'mg tarn 
Do bien hinh (H) thanh chinh no, tuc la Do((H)) = (H). 

Chii y: - Phep doi ximg qua goc O bien M(x; y) thanh M'(-x; -y) 

- Ung dung phep doi xung tarn de giai bai toan dung hinh tuemg giao, 
tap hgp diem, ... khi co yen to lien quan den trung diem la diem xac djnh, c6 
dinh. 

























Vi dy i : Qua phcp cloi xiing tain Do, nhmig diem nao bicn thanh chi'nh no. 

♦ 0 

Nlurng duong ih.'ing nao bicn llianh ehinh no? Nhirng dirdng Iron nao 
bien thanh cliinh no? 


iiai 


^9 ^ ^ 

Dicin O bicn thanh cln'nh no. Moi dirdng thang di qua O dcu bicn thanh 
ehinh no. Moi dudng tidn cd tain 0 dcu bicn thanh ehinh no. 

/ r » 

dy 2 : Gia su plicp ddi xiing tarn Do bicn dudng thang d thanh dudng 
thang d'. Chung ininh: 

^ 0 \ 

a) Neu d khdng di qua tain ddi xung O thi d' song song vdi d, O each dcu 

d va d'. 


b) I lai duemg thang d \ a d' triing nhau khi va chi khi d di qua O. 

C "1 • • 

*iai 


a) Ha OH 1 d, vi d khdng di qua O nen H khdng trung vdi O. Phep ddi 
ximg tarn Dq bicMi I \ thanh 1 V thi O la trung diem cua HH' va bien dudng 
thang d thanh dudng thang d' vudng gdc vdi OH' tai H'. Suy ra d va d' 
song song, each dcu diC'm O. 

b) Neu d khdng di qua O thi theo can a), d' // d nen d' khdng trimg vdi d. 
Neu d di qua O thi moi diem Med bien thanh diem M' e d. Vay d' 
trung vdi d. 

Vi du 3 : Cho phep ddi xung tain Do va dudng thang d khdng di qua O. Hay 
neu each dung anh d' cua dudng thang d qua Do. Tim each dimg d' ma 
chi su dung compa mot Ian va thude thang ba Ian. 

Giai 

/ 

D\mg dudng trdn (O; R) sao cho no cat d _ 

tai hai diem phan bict A, B. Dung cac 

dudng thing AO va BO, chung cat dudng _ 

trdn do Ian luot tai A' va B'. 

• • _ 

D\mg dudng thang d' di qua A' va B'. Phep 
dung tren day su dung compa mot Ian va thude thang ba Ian. 

Vi du 4: Tim anh qua phep ddi xung tarn I( I ; 2 ) ciia: 



a) Diem A( 3 ; - 4 ) 

b) Dudng trdn (C): x'^ + y^ -f- 2x - 6y + 6 = 0 

(iiai 


Di: M(x; y) >-+ M'(x'; y') vdi x' = 2 - x, y' = 4 - y. 

a) A( 3 ; - 4 ) bien thanh A'(-l; 8) 

b) Dirdng trdn (C) tarn J(-l; 3 ) bien thanh J'( 3 ; 1) va R' = R = 2 nen (C): 

(x-3)2 + (y-1)2= 4. 

Vi du 5 : Cho dudng thing A: ax + by + c = 0 va diim I(Xo; yo)- Phep ddi 
xung tarn D| bien dudng thang A thanh dudng thang A'. Viet phuong 


trinh cj^’A’. 



if 
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( 


fiai 


Cho M(x; y) va M'(x'; y') la anh cua M qua phcp doi xirng tarn vci lam 
UXo ; y„) thi x + x' = 2x„; y + y' = 2y„ ncn x = 2x„ - x'; y = 2y„ - y. The 
vao phirang trinh A lhanh: 

a(2x„ - x') + h(2y„ - y') + c = 0 
hay; -(ax' + by' + c) + 2(ax„ + by„ + c) = 0 
Vay (A'): ax + by + c - 2 (ax„ + by„ + c) = 0 . 

Vi du 6 : Cho dirang thang d: x - 2y + 2 = 0 va d': x - 2y - 8 = 0. rim phcp 

9 9 f ^ * 

doi xirng tarn bien d thanh d' va bien true Oy thanh ehi'nh no. 

(iiai 

Giao cua d, d' voi true Oy la A( 0 ; 1), A'( 0 ; - 4 ). 

_ 9 9 r 

Theo gia thiet d thanh d' va bien triic Oy thanh chinh no thi A bien thanh 

A' nen tarn doi xirng I la trung diem cua AA' la 1 ( 0 ; - — 

2 

_ 9 \ 

Vi du 7 : Tim tarn doi xirng cua cac hinh sau day: tarn giac deu, hinh hinh 

^ \ ^ 

hanh, luc giac deu, dirong tron. hinh gom hai dirang trdn bang nhau. 

Giai 

_ ^ 9 

- Tam giac deu khong co tarn doi xirng 

9 

- Hinh binh hanh co mot tarn doi xirng la giao diem hai dirang cheo. 

- Luc giac deu co mot tarn doi xirng la tarn cua chung. 

9 

- Duong tron co mot tarn doi xirng la tarn cua chung. 

> ^ 9 

- Hinh gom hai dirang iron bang nhau co mot tarn doi xirng la trung 
diem cua doan thang noi hai tarn. 

^ \ 9 9 ^ 

Vi du 8 : Chimg minh rang neu mot tu giac co tarn doi xung thi do la iiinh 
binh hanh. 

Giai 

Gia su tir giac ABCD co lam doi xirng la I. Dinh A chi co the bien thanh 


i> 


A, B, C hay D. 

- Neu dinh A bien thanh chinh no thi A la 

9 

tarn doi xirng ciia lir giac: vd li. 

- Neu A bien thanh B hoac D thi tarn doi 
xirng thuoc cac canh AB hoac AD cua tir 
giac: v6 li. 

Vay A chi co the bien thanh dinh C. 

Li luan tirang lir dinh li chi co the bien thanh dinh D. Khi do tani doi 
xirng 1 la trung diem ciia hai dirang cheo AC va BD nen tir giac ABCD 
phai la hinh binh hanh. 



•0 k 
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Vi (Iil _9 Chung niinh rang neii mol hinh nao do cd hai true doi xung vuong 
g(Vc •''di nhaii thi hinh do cd lam ddi xung. 

( i • • 

■ lai 

Ciia sir hinh (M) cd hai tryc doi xung d va d' 
\ udng gdc vdi nhau tai O. Lay M la diem bat ki 
ihiioc hinh (H), Mi la diem doi xung vdi M qua 
d, M' la diem ddi xung vdi Mi qua d'. Vi d va d' 
deu la true ddi xung cua hinh (H) nen Mi va M' 
deu ihudc (11). 

Goi 1 , .1 la trung diem cua MMi, MiM' ta cd: 

=:> dpem. 



OM = OlflM = MM+JO = M’O=>OM + OM' = 0 = 

Vi cIu 1) : Cho tu giac ABCD ndi tiep dudng trdn (O). Goi M, N, P, Q Ian 
lucTtla trung diem cua cac canh AB, BC, Cl^ va DA. Ha MM', NN', PP, 
QQ'tan lugt vuong gdc vdi CD, DA, AB, BC. 

a) G^i I la giao diem cua MP va NQ. Phep ddi xung tarn D| bien cac 
dfdng thing MM', NN', PP', QQ' thanh nhung dudng thang nao? 

b) Clung to ring bon dudng thing MM', NN', PP', QQ' dong quy tai mot 
dSm. Nhan xet gi ve vi tri diem ddng quy va hai diem I, O? 


Giai 


MNPQ 



cti^n* cua MP va NQ. 

phtep ddi xung tarn Di bien diem M thanh 
di^m P, bien dudng thing MM' thanh dudng 
thamp di qua P va song song vdi MM', tuc la 
\aitdrg gdc vdi DC. 

Do) do, dudng thing MM' dirge bien thanh 
itmdrg thing PO. Hoan toan tuong tu; dudng 
thainp NN' bien thanh dudng thang QO, dudng thang PP' bien thanh 
du(drg thang MO, dudng thang QQ' bien thanh dudng thang NO. 
b) Vi Ibdi dudng thang MO, NO, PO, QO dong quy tai O nen bon dudng 
thiinj. MM', NN', PP', QQ' dong quy tai diem O' ddi xung vdi tarn O qua 

dieiml. 

Vi du i; : Cho hinh hinh hanh ABCD va dudng trdn (C) bang tiep cua tarn 
gia'ic ABD, tiep xiic vdi phan keo dai cua AB va AD tuemg ung tai cac 
dieim M va N. Doan thing MN cit BC va DC tuomg ung tai cac diem P 
va Q Chung minh rang dudng trdn ndi tiep tarn giac BCD tiep xuc vdi 

cac cinh BC va DC tai P va Q. 



















iiai 

(joi K la liep diem ciia (C) vai BD; (V) la diranu 
Iron noi tiep tarn giac ABD, tiep xuc vai AB tai M'. 
vai AD tai N' va BD tai 11 ; goi 1 la triing diem cua 
BD. 

. Tit MM' = NN' 
va MM’ = BH + BK, 

NN’ = DK + DH suy ra BM = DK. 

Ta CO phep doi xirng Di: B D, 

H ^ K. 

Tam giac AMN can tai A va vi DQ // AVI nen 
tarn giac DQN can tai D suy ra DQ = DN = DK = BH = BM’. Do do. Q 
la anh cua M’ trong phep Di. Tuong tir, P la anh cua N’ trong phep Di, 
phep D,: (V) i-> (V’) di qua 3 di^m K, Q, P. Vi M’, N’, M la cae diem 
chung duy nhat cua (V) vai AB, AD va BC, do do K, Q, P cung la diem 

9 

chung duy nhat cua (V’) vai BD, CD, CB suy ra dpem. 

Vi du 12: Cho hai diC'm B, C co djnh tren duang tron (O; R) va mot diem A 
thay doi tren duang tron do. Hay dung phep doi xung tarn de chimg rninh 

' • ' A I 

rang true tarn H cua tarn giac ABC nam tren mot duang tron co dinh. 

>iai 

Ve duang kinh AM cua duang tron thi co 
BH // MC va CH // MB nen BHCM la hinh 
binh hanh. Neu goi I la trung diem cua BC thi 
I CO dinh va cung la trung diem cua MH. 

/ t / 

Vay phep doi ximg qua diem I bien M thanh H. 

Khi A chay tren duang tron (O; R) thi M chay 
tren duang tron (O; R). Do do, H nam tren 
duang tron la anh cua duang tron (O; R) qua 
phep doi xung tarn vai tarn I. 



(■ 


Vi du 13 : Cho tarn giac ABC noi tiep trong duang tron (O) va mot diem M 
thay doi tren (O). Goi Mi la diem doi xung vai M qua A, M2 la diem doi 

^ 9 

xung vai M| qua B, M3 la diem doi xung vai M2 qua C. Chung rninh 
phep bien hinh F bien diem M thanh M3 la mot phep doi xung tam. Suy 
ra quy tich diem M 3 . 

Giai 

Goi I la trung diem cua MM 3 , ta co: 


1 


Cl = -(cm + CM3) = -(cm + M2CI = ^ M2M = BA 


2 


1 















Nhir vay diem ! co djnh. do do phcp bien hinh F bien diem M thanh 

/ * 

la phcp doi ximg qua diem I. 

•» y 

Vi M thay doi tren (()) non quy lich ditMii M3 la duang Iron (O'), anh cua 
dinVng Iron (O) qua phcp doi xi'rng tarn vai tarn 1 . 

Vi du 14 : Cho dirong iron (O) va day cung AB c6 dinh, M la mot diem di 
dpug tren (O). M khdng iriing A. B. Hai dirong tron (Oi), (O2) qua M 
theo thu tir ticp xuc vdi AB tai A va B. Tim quy tich cac diem N la giao 
diem thu hai cua (Oi ) va (O2). 

iiai 

•> 

(loi I la giao diem cua MN va AB, ta c6; 

IA^ = IM.IN = 1 B‘=> 1 A = 1 B 



^ / 

I la trung diem cua AB c6 dinh. 

(loi F la giao diem thir hai cua MN vdi (O) 
ta c6: 

IA^ = IA.IB = IM. 1 P 
IN = IP nen I la trung diem cua PN, do 
do phep doi xung tarn 1 bien P thanh N. 

Vi quy tich diem P la dirong tron (0) nen 
qu5^ tich N la dirong tron (O') la anh cua (O) 
qua phep doi xirng tarn 1 , bd di hai diem A va B. 

Vi du 15 : Cho dirong tron (O; R), dirong thang A va diem I. Tim diem A tren 

(O; R) va diem B tren A sao cho 1 la trung diem cua doan thang AB. 

Giai 

Gia su cd diem A tren dudng tron (O; R) 
va diem B tren A sao cho I la trung diem 
AB. 

Phep doi xung tarn Di bien B thanh A 
nen bien dudng thang A thanh dudng thing 
A' di qua A. 

Mat khac A lai nam tren (O; R) nen A 
phai la giao diem cua A' va (O; R). Suy ra 
each dimg: 
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Dirng dirang thang A' la anh cua A qua phep doi xirng tarn 1 )|. Kay A la 
giao diem cua A' va (O; R), con B la giao diem cua dirong thang AI va 
duang thang A. 

So nghiem hinh la so giao diem cua A' va (O; R). 

Vi du 16: Cho 5 diem Pi, P2, P3, P4, P5. Dung mot hinh ngu giac ABC'DF 
sao cho trung diem cac canh AB, BC, CD, DE va EA Ian hrgt la Pi, P2, 

P3, P4, P5. 

Giai 

' ' f A 

Gia su da dung dugc ngu giac ABCDE theo yeu can. Lay mot diem A' 
tuy y, va goi B' la diem doi xirng cua A' qua P|, C la diem doi xung cua 
B' qua P2, D' la diem doi xung cua C qua P3, E' la diemfdoi xung cua D’ 
qua P4 va A" la diem doi xung cua E' qua P5. 

Khi do AA'= P^’-RA = -1^'+ RB = 


AA 


Do do AA' = - AA" ncn A la trung diem cua A'A". 

Tu do suy ra each dimg: Lay mot diem A' bat ki, roi dung cac diem B', C', 
D', E', A" nhu tren. Cuoi cung dimg trung diem A cua doan thang A'A". thi 

A la mot dinh cua ngu giac can tim. Cac dinh con lai dimg de dang. 

^ ^ / _ / 

Bai toan c6 mot nghiem hinh duy nhat. That vay neu c6 hai ngu giac 
ABCDE va A'B'C'D'E' cung thoa man dieu kien cua bai toan thi lap luan 

nhu tren ta c6 AA' = - AA' nen AA' = 0 tuc la A trung voi A', va do do 
B, C, D, E Ian lugt trung vdi B', C, D', E'. 

Vi du 17; Cho dinh O nam trong tarn giac ABC. Goi A', B', C la anh ciia A, 
B, C qua phep doi xung tarn O. Biet rang A' 6 trong tarn giac ABC, tim 
vj tri cua O de phan chung T cua 2 tarn giac ABC, A'B'C co dien tich hhi 
nhat? 


Giai 

T la hinh binh hanh co hai canh lien 
tiep nam tren AB va AC va mot duang 
cheo la AA'. Goi M la giao diem cua 
AA' voi canh BC va dung hinh binh 
hanh AKMH, co MK // AC va MH // AB 
(K G AB, H G AC). 

Ta co T a trong hinh binh hanh 
AKMH, do do: S r < Sakmh 



va 


S,„K _ AK AH 


S 


ABC 

AK CM 


AB AC 


AH 



BC AC 


Do MK // AC va MH // AB nen: 

BM . AK AH , 

- va-+-= 1 

nc AB AC 


































AK AH 1 

Aj) cxing bat dang Ihirc Cbsi; — < — 
■ AC AC’ 1 


AK AH 

- 4 - 






AB AC 


/ 


4 


SaiK ^ — Sahc 

\ 


Sakmii ^ — Sabc- 


' ^ f 

Vay V] lorn nhat klii 0 la Irung dicMn cua trung tuyen AM. 


DA MG 5: PHEP QUAY 


Prong mat phang cho mot diem O c6 djnli va goc lugng giac (p khong 
doi. Phe 5 bien hinh bicn diem O lhanh diem O, bien moi diem M khac O 
th^h di(m M' sao cho OM = OM' va (OM, OM') = cp dirge goi la phep quay 

tarn O g(C quay (p. 

Phepquay thuang dugc ki hieu la Q, 
va neu nuon chi ro tarn quay O va goc 
quay cp tU ta ki hieu phep quay do la Q(0;(p). 

- Da: biet khi (p = 180 “ + k 360 “ 


M' 



tarn 


M 




Chu — Goc quay cua phep quay la mot goc lugng giac. 4 

* r ^ '■--nr 

Ch) phep quay goc cp bien dudng thang d thanh duemg thang d', neu 

• » 

0 < (p < - thi goc (d, d') = (p, con neu — < cp < 7 t thi goc (d,"d') =. 71 - cp. 

> Yex to lien quan den phep quay la tarn giac deu, tarn giac can, tarn giac 
vuong, hnh vuong,... Tu do van dung giai toan chumg minh, xac djnh diem, 
tap hgp ciem,... 






Vidul : Trong mat ph^g Oxy, qua phep quay tarn O, goc 90 ° xac djnh dmh cua: 


fiai 


a) Di':m 1 ( 3 ; 0) 

b) Dvong thang d: y = 2x. 

PhtSpquay tarn O, goc 90 °: 

a) {)i^ml( 3 ; 0 ) thanh r( 0 ; 3 ) 

b) Dirorg thang d: y = 2 x qua goc O 
va Mil; 2) thi diem O khong thay 
doi cm M bien thanh M'(- 2 ; 1 ). 



K* 


1 


o H 


Do do anh cua d la duong thang OM': y = — x. 

2 

Vi du 2 : Cho phep quay Q tarn O voi goc quay cp va cho duong thang d. Hay 
neu cich dimg anh d' cua d qua phep quay Q. 























o 



iiai 

Lay hai diem A, B phan biet Iren d, roi dung 
anh A', B' cua chung. Duang thang d' la Juang 
thang di qua A' va B'. 

Cach khac: Ncu d khong di qua (), gci H la 

hinh chieu vuong goc cua O tren d, dung 11 ' la 

■» 

anh cua H. Duang thang vuong goc vai ()ir tai 
M' chinh la anh d' cua d. 

Vi du 3 : Cho hai doan thang bang iihau AB, A'B'. Hay xac dinh pliep ciuav 
bien A thanh A', B thanh B'. 

Giai 

Phep quay tarn O goc (p bien A thanh A', B th^h B' thi O la diem chung cua 
2 duang tning true cua AA' va BB'. Suy ra each xac djnh phep quay nhu sau: 
Dung cac duang trung trirc a va b cua AA' va BB' 

- Xet a // b khi do khong c6 phep quay nao thoa man yeu can: 

- Xet a n b = O thi O chinh la tarn ciia phep quay va goc quay 
(p = (OA, OA') = (OB, OB'). 

- Xet a = b neu AB cat a tai O, khi do A'B' cung cat a tai O. Ta c6 |)hep 

quay tarn O, goc quay (p = (OA, OA') = (OB, OB') con neu AB // a, khi 
do .A'B' // a, thi khong c6 phep quay. 

Vi du 4 : Cho ba diem thang hang A, B, C diem B nam giua hai diem A va C. 
Dung ve mot phia cua duang thang AC cac tarn giac deu ABE va BCE. 

\ 7 _ _ 

Goi M va N Ian lugt la trung diem cua AF va EC. Chimg minh tam giac 
BMN d^u. 



B 


f 


iiai 

Phep quay tam B goc quay 60 *^ bien 
cac diem E, C Ian lugt thanh cac diem 
A, F bien doan EC thanh AF nen bien 

7 _ 

trung diem N cua EC thanh trung 
diem M cua AF, do do 

BN = BM va (BN, BM) = 6(r. ^ 

Vay tam giac BMN deu. 

Vi du 5 : Cho hai tam giac vuong can OAB va OA'B' c6 chung dinh () sao 
cho O nam tren doan thang AB' va nam ngoai doan thang A'B . Gpi G va 
G' Ian lugt la trong tam cac tam giac OAA' va OBB'. Chung minh GOG' 
la tam giac vuong can. 

jiai 

Phep quay O, goc quay 90 bien A thanh B va 
bien A' thanh B', bien tam giac OAA' thanh t.uii giac 
OFMV. nen bien trong tam G thanh trgng tam G'. 













I)o do OCi = ()(}’ va (U)(’i' = Vay la tarn giac vuong can lai 

dinh 0. 

Vi dujr>; Jho tarn uiac AliC va \c ra nuoai hai hinh vuong ABMN, ACPQ. 

a) ('h’rng ininh hai Joan lliang lUJ. CN bang nhau va vuong g()c vcVi nhau. 

b) G(i 0, O' la lam ciia cac hinh vuong, 1 la trung diem cua BC. Chimg 
mhh rang tarn giac OK)' \ iidng can. 

( , • o • 

iiai 

a) Phep quay tarn A, goc -‘/O'* bicn B lhanh 
N, Q thanh C. Doan tliang BQ hien thanh 


doan hang NC nCm liQ = NC va BQ 1 NC. 


b) TaccOI //NC. 01 = - NC 

2 

vaO'.//QB, O'l = -QB. 

^ 9 



B 


C 


-> 01= O'l, 01 _L O'l nC’ii lam giac 100' vuong can lai dinh 1. 

r 'f 

C'hu Day la bai loan goc dc giai cac bai loan khac. 

Vi du 7 : Cho lam giac ABC. Dung \ e phia ngoai cua lam giac cac hinh vuong 

BCIJ, ACMN, ABEl’ va gpi O, P, Q Ian luot la lam cua chung. Chung minh 

AO viong goc vdi PQ va AO = PQ. 

Giai 

Goi D la trung diem AB thi phep quay 
lam C goc 90° bien MB thanh AI, suy ra tarn 
giac DPO vuong can tai D. 

Phep quay tarn D, goc 90° bien O thanh 
P, bien A thanh Q. Do do OA = PQ va AO 
vuong goc voi PQ. 



J I 

Vi du 8 : Cho tarn giac ABC. Ve phia ngoai tarn giac dung ba tarn giac deu 
BCA^ ACB|, ABCi. Chung minh rang AA|, BB|, CCi dong quy. 

Giai 

Gpi 1 = AAi nCCi, ^ 

phep quay tarn B goc 60° bien A| thanh C, bien A 
thanh Cl, bien 1, C thanh Bi va vi Ci, E, C thang 

t 

hang len B, I, Bi thang hang. 

Vay /AI, BB), A|A lhanh CCi, do do AIC, = 60°. 

Lay ten CC| diem E sao cho 
lE = 1\ thi tarn giac El A deu. 

Ph^(uay tmn A goc 60° bien C i lhanh B, bien E thanh CC| dong quy tai I. 



B 
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Vi du 9 : Mai diem M va M' Ian lirgt liru dong tren hai dircmg Iron bang nhau 
( 0 |) va (O2) sao cho goc (0,M,02M') = (p khong doi. Chirng minh rang 

duong trung true cua MM' qua mot diem c6 djnh. 

iiai 

Goi O la diem o tren dirong trung true 

cua O1O2 va (OOpOO^ ) = (p. 

Phep quay tarn O goc (p bien duong 
tron (0|.) thanh dirong tron (O2). diem 
M thanh M' nen OM = OM'. 

Vay duong trung true cua MM' qua O 

CO dinh. 

Vi du 10; Cho tarn giac Ar 3 C. Lay tren AB mot diem lini dong M va tren 
AC mot diem N sao cho BM = CN. 

a) Chung minh trung true cua MN qua 1 diem c6 djnh. 

b) Chung minh rang dirong tron (AMN) qua 2 diem c6 djnh. 

iiai 



o 



a) Ta c6: BM = CN va 


(BM, CN)= (AB, AC) = (p 
Vay N la anh cua M trong phep quay eo goc 

W 

quay (p bien B thanh C. 

Do do duong trung true cua MN qua tam quay 
O CO djnh la giao diem cua duong trung true cua 
BC va cung chira goc cp dung tren day BC. 

b) M va N la hai diem tuong ung, va A la giao 

^ 

diem cua hai duong thang tuong ung BM va CN 

trong phep quay tren. Do do goc (OM, ON) = (AM, AN) nen M, N, A, O 

*» / 

cung 6 tren duong tron. Vay duong tron (AMN) qua 2 diem co djnh A Va O. 
Vi du 11 : Cho da giac deu AiA2...An npi tiep duong tron (O). Chimg minh 

v = OA 1 + OA 2 OA n = 6 

Giai 

O— 2j[ » , 

Phep quay tam O goc — hoac - bien da giac deu thanh chi'nh no nen 


n 


n 


khong lam thay doi vecto v nen v = 
Vi du 12: Cho nira duong iron lam O 
duong kinh BC. Diem A chay tren 
nua duong tron dcS. Dung ve phia 
ngoai cua tam giac ABC' hinh vuong 
ABEF. Chung minh rang E chay 
tren mpt nua duong tron co dinh. 

# 

/ 40 ’' 


0 . 



























iiai 

Ta c6F. la anh cua A qua phcp quay lam B, gck 90 ‘^. Khi A chay tren ni’ra 
duon^ Iron (()), 1' sc chay ircMi ni'ra dirang Iron (O') la anh cua nua duomg 
Iron ( 0 ) qua phcp quay tarn B. g()c 90 ". 

Vi du 13 : Mot diem M lim dong tren cung AB Ion cua duong Iron (O), voi A, B 
la hai iiem co djnh tren dirong tron nay. 1 Yen do^ BM \'dy diem N sao cho 
BN = \M. Tim tap hop diem N. 

>iai 

Duong trung true cua cung AB cat cung 

AB Idn tai 1 c6 dinh. 

• • 

Fa CO hai tarn giac IMA va INB bang 
nhau (c.g.c) 



1 N = IM va(IM, IN) = (MA, MB) = (p: 

kliong doi nen phep quay tarn I goc (p bien M 
thanh N. 


^ • 

Vay tip hop diem N la cung BIB' anh cua cung AIB qua phep quay tarn I 
goc (p 

Vi dtf 14 Cho diem A dung tarn giac deu ABC theo chieu duong, biet dinh 
B, C Ian lugt o tren hai duong tron (Oi), 

(O2) cho truoc. A 

Giai 


Ta CO AB = AC va (AB, AC) = 60 ° nen 
C 16 ^ cua B trong phep quay tarn A goc 
60 °. Po do C la giao diem cua duong tron 
(O2) ’^oi duong tron (O'l) la anh cua ( 0 |) 
trong phep quay tren. 

1 u dc suy ra dinh B. 



du 15 Cho hai duong thang a, b song song va mot diem G khong nSm 
tren diung. Xac dinh tarn giac deu ABC c6 A g a, B e c va G la trong 
tiim cia tarn giac do. 

Giai 



Gia sir da dung dugc AABC thoa man 
cac dieu kien 

Ta c6: GA = GB = GC va 

A^ = BGC = CGA = 120 % do do trong 
phep quay Q tarn G goc 120 ° bien A thanh 

B, bien a thanh a' nen B = b n a'. 

Tu do suy ra each dimg: 


b 



















Dung: a' la anh ciia a qua phcp Q va B = b n a'. C’ac dinh A, C la anh cua 


B qua phep quay tarn (3. goc ±120'. 

Bai toan luon c6 hai nghicm hinh, goc quay ±120'^. 

Vi du 16 : Cho tarn giac AI3C, c6 goc A = (p, va mot diem M nam trcn canh 

1 t 

AB. Dung tren cac duang thang BC, CA cac diem N, P tuang ung sao 
cho MP = MN va duang Iron di qua A, M, P tiep xuc vai MN. 

Giai 

Gia su da dung dugc hai diem: 

N e BC, P e AC thoa man cac dieu kien. 

Ta CO NMP = MAP = (p, 

MP = MN nen phep quay Q tarn M, goc 
-(p bien A thanh A', PA lhanh NA'. 

Goi A'N n AC = I. 

Taco NIC = (PA, NA') = (p 

=>NIC = BAC =>IN//AB. ” 

Tu do suy ra each dung nhu sau: 

f 

- Phep quay tarn M, goc -<p bien A thanh A'. 

- Ve A'N // AB, N g BC. 

- Dung tia MP cat AC tai P sao cho NMP = cp thi N va P la cac diem 
can tim. 

Bai toan c6 mot nghiem duy nhat. 



Vi du 17 : Tam giac ABC co BC = a, AC = b, C = (p ((p < 120 ). Tim diem M 
trong mat phang sao cho MA + MB + MC nho nhat va tinh gia trj nho 
nhat cua tong do. 

Giai 

Thuc hien phep quay: Q(c _ 60 “) • ^ ^ ^ ^ “ M'A'. Tam 

giac CMM’ deu, nen MM' = CM. 

Do do: MA + MB + MC = BM + MM' + M'A' > A'B: khong doi 

A‘ Theo djnh H ham so cosin trong tarn giac A'BC: 

A'B^ = a^ + b^ - 2abcos((p + 60"). 

Do dai duang gap khuc BMM'A' ngan nhat khi M 


R 



AA' 60'’ 

9 

nen thupc duong tron ngoai tiep tarn giac ACA'. 
Vay diem M can tim la giao cua duang thang BA' va duang tron ngoai 

9 9 9 ^ 

tiep tarn giac ACA'. Do dai ngan nhat ciia tong la: 


MA^+ MB + MC = \/a“ f - 2abcos((p + 60" ). 







DANG 6: HINH BANG NHAU 


- Neu ABC va A'lVC” la hai tarn giac bang nhau thi c 6 phep dai hinh 
bien lam giac ABC ihanh tarn giac A'B'C. 

\ # 9 

- Hai hinh gpi la bang nhau ncu c 6 phep dai hinh bien hinh nay thanh 
hinh kia. 

- Neu hinh (II|) bang hinh ( 112 ) va hinh (IB) b^g hinh (H 3 ) thi hinh (H|) 
bang hinh (H 3 ). 

/ 

Vi d u 1; Mot hinh chir nhal duac chia thanh 8 tarn giac vuong va danh so tir 
1 den 8 . Hay tim cac phep doi xirng true, doi xi'rng lam, phep tinh lien 

1 9 y ^ 

ihich hop de biem lam giae 1 Ian luot thanh nhiing lam giac con lai. 

( '1 • • 

iiai 


/ 9 

- Tam giac 1 bien thanh tarn giac 2 qua phep doi 
sung lam la trung diCmi AO. 

m 9 

- Tam giac 1 bien thanh tarn giac 3 qua phep doi xung 

*• 9 

1 ^ la tmng diem AO. \ a phep doi ximg triic PQ. 

9 ^ 9 ^ 

- Tam giac 1 bien thanh tain giac 4 qua phep doi 
sung triic PQ. 

9 9 

- Tam giac 1 bien thanh tain giac 5 qua phep doi 

sung t^ O, 

- Tam giac 1 bien thanh tain giac 6 qua phep tinh 


M 


D 


0 


B 


\ 2 

l\ 

3 / 

/ ^ 

/l 

\5 

6 \ 


N 


f - ■ 

tien thco vec to AO. 


- Tam giac 1 biCm thanh lam giac 7 qua phep tjnh tien theo vecto AO va 

9 

phep doi xung true PQ. 

9 9 

- Tam giac 1 bien thanh tain giac 8 qua phep doi xung true MN. 

Vi cly 2 : Cho tarn giac ABC va cac diem M, N, P Ian lugt la trung diem cua 

cac canh BC, CA, AB. 

a) Xet bon tarn giac APN, PBM, NMC, MNP. Tim phep dai hinh bien 
tarn giac APN Ian lugt thanh mot trong ba tarn giac con lai. 

b) Xet tarn giac c 6 ba dinh la true tarn cua ba tarn giac APN, PBM va 
NCM. Chung minh tarn giac do bang tarn giac APN. Chung minh 
dieu do cfing dung ncu thay true tarn bang trong tarn, hoac tarn duang 
tron ngoai ticp, hoac tarn duong tron ngi tiep. 

Giai 


a) Phep tjnh tien vecto AP bien lam giac APN thanh tarn giac PBM. Phep 


tinh tien veco AN bien tarn giac APN thanh tarn giac NMC. 

Phep doi xung tain J la trung diem cua PN, bien tarn giac APN thanh tarn 

giac MNP. 



43 
























A 



b) (ioi III, H 2 , 113 Ian lugt la true tarn ciia cac 

tarn giac APN, PBM, NMC. Phep tinh tien 
- > ^ / 

AP bien tarn giac APN thanh tarn giac PBM 
nen bien H| thanh I I 2 , tire la = AP nen 


c 


AHi =PH 2 . Suy ra AHi =PH 2 =NH,i. Do 

r - -♦ , 

do phep tjnh tien theo v^cto AHi bien tarn 
giac APN thanh tarn giac H 1 H 2 H 3 . 

Doi voi trong tarn tarn dudng tron ngoai liep, 
tarn duong tron noi tiep, chimg minh hoan 
toan tuemg tir. 

Vi du 3 : a) Chung minh rang hai tu giac c 6 cac cap canh tuemg ung bang 
nhau va mot cap dudng cheo tuang ung bang nhau thi bang nhau. 

b) Chung minh rang hai tu giac loi c 6 cac cap canh tuemg ung bang nhau 
va mot cap goc tuong ung bang nhau thi bang nhau. 

c) Hai tu giac loi c 6 cac cap canh tuang ung bang nhau thi c 6 bang nhau 
hay khong? 

Giai 

a) Gia su hai tu giac loi ABCD va A'B'C'D' c 6 AB = A'B', BC = R'C, 
CD = CD', DA = D'A' va AC = A'C. Khi do hai tarn giac ABC va A'B'C 
bang nhau nen c 6 phep ddi hinh F bien ba diem A, B, C Ian lugt thanh ba 
diem A', B', C. Goi D" la diem doi xung cua D' qua A'C thi hai tam t»iac 
A'C'D' va A'C'D" bang nhau nen cung bang tam giac ACD. Do do phep F 
chi CO the bien diem D thanh diem D' hoac D". 


A 


B 






D’ 


C 


C’ 


Vi ABCD la tu giac loi nen hai doan thang AC va BD cat nhau, A'H (''D' 
cung la tu giac loi nen hai doan thang A'C va B'D' cat nhau, va do dc) hai 
doan thang A'C va B'D" khong cat nhau. Tu do ta suy ra F bien D thanh 
D'. Vay F bien tu giac ABCD thanh tu giac A'B'C'D' va do do hai tu giac 
do bang nhau. 

b) Gia su hai tu giac loi ABCD va A'B'C'D' c 6 AB = A'B', BC = B'C, 

CD = CD', DA = D'A' va goc ABC = A^' . Khi do AC = A'C nen dua 
% 

ve trudng hgp d cau a). 

c) Co the khong bang nhau. Hai hinh thoi c 6 canh bang nhau nhung uo the 
la hai hinh khong bang nhau. 















VijJu_j 4 ; Da giac loi n canh goi la n - giac cleii neu tat ca cac canh cua no 

I ^ ' ' ' 

ban^ nnaii va tat ca cac goc cua no bang nhau. Chirng to rang hai n-giac 

deu ^ang nhau khi \ a chi khi chi'ing c6 canh bang nhau. 

( 1 • • 

iiai 

T hea dinh nghTa, hai n-giac deu hang nhau thi canh bang nhau. Ngirgc 

- % \ 

lai pa sir hai n-giac deu AiA2...An va A'|A'2...A'n c6 canh bang nhau. 
Khi do neu goi () \ a O' Ian lirgt la tarn cua cac duang tron ngoai tiep hai 
da giac do thi hai lam giac OA1A2 va O'A'iA'2 bang nhau nen c6 phep 
d(yi linh F bien tarn giac OA1A2 thanh tarn giac O'A'iA'2. Vi hai lam giac 
0A:A3 va 0'A'2A'3 cung bang nhau nen F bien diem A3 thanh diem A'3 

1 / f ^ \ 

(vi A3 khong the bien thanh A’l). Tirong tu F bien cac diem A4,..., An Ian 

lugt thanh cac diem A'4.A'n. Vay hai n-giac deu da cho bang nhau. 

Vi dll 5 : Hinh (H|) gom ba duang Iron (Oi; ri), (O2; 12) va (O3; 13) doi mot 

, f ' 

tiepxuc ngoai vai nhau. IFinh (IF) gom ba duang Iron (F; ri), (F; 12) va 
( 1 3; r3) doi mol tiep xuc ngoai vai nhau. Chung to r^g hai hinh (Hi) va 
(H2 bang nhau. 

jiai 

Hai tarn giac O1O2O3 va I1I2I3 c6 cac canh bang nhau O1O2 = IiF = fi + fi. 
0:03 = I2I3 = r2 + r3, O3O1 = I3I1 = 13 + ri nen c6 phep dai hinh F bien ba 
dien 0|, O2, O3 Ian lugt thanh ba diem F, F, F- Khi do F bien ba duang 
tror (Oi; rO, (O2; 12), (O3; r3) Ian lugt thanh ba duang Iron (F; ri), (F; 12), 
(l3;r3), tuc la bien hinh (H|) thanh hinh (H2). Vay hai hinh (Hi) va (H2) 
ban| nhau. 

Vi du » : Chung minh rang hai tarn giac vuong bang nhau neu c6 cac canh 
hu>en bang nhau va duang cao ung vdi canh huyen bang nhau. 

131 ^ 

Cho hai tarn giac ABC, A'B'C vuong tai cac 

dini A, A'. Co BC = B'C va hai duang cao 

AH A'H' bang nhau. Goi AM, A'M' la cac 

dueng trung tuyen thi AM = A'M' va do do hai 

% 

tiirr giac vuong AHM va A'H'M' bang nhau. 

Cigi F la phep dai hinh bien tarn giac AHM thanh tarn giac A'H'M' thi F 
biei doan thang BC thanh doan thang B'C hoSc th^h doan thang C'B'. 
Vay hai tarn giac da cho bang nhau. 

Vi du 7 : Chung minh rang neu ba trung tuyen cua tarn giac ABC Ian lugt 

\ 9 ^ 

harg ba trung tuyen cua tarn giac A'B'C thi hai tarn giac do bang nhau. 

Giai 

(jit su tarn giac ABC co ba trung tuyen AM, BN, CP cat nhau tai G va 
tail giac A'B'C c6 ba trung tuyen A'M', B'N', CT' cat nhau tai G', va 




amKA'M', BN = B'N', CP = CP'. 
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Lay diem D va I)' sao cho va 

B'G'C'D' la nhimg hinh binh hanh. Ta c6 hai 
tarn giac GCD va G'C'D' bang nhau. Bai 
vay, CO mot phep dai hinh F bien G, C\ D Ian 
lirgt thanh cac diem G', C, D'. Rd rang khi 
do F bien A thanh A', B thanh B' nen hai lam 
B ^r> giac ABC va A'B'C bang nhau. 

Vi du 8: Chumc minh ranii hai tarn giac bang nhau neu c6 cac duong iron noi 
tiep bang nhau, mol cap dirdng Iron bang tiep bang nhau, dong thdi 
khoang each tu tarn dirang Iron npi tiep va bang tiep do cua hai tarn giac 
cung bang nhau. 

>iai 

Gia sir tarn giac ABC c6 dirdng 

f 

Iron noi tiep (O; r), dirdng Iron 
bang tiep gde A la (1; R), tarn 
giac A'B'C CO dirdng Iron noi 
tiep (O'; r), dudng Iron bang tiep 
(!'; R) dong Ihdi 01 = OT. 

Vi 01 = OT nen c6 phep ddi 
hinh F bien O thanh O' va I 
thanh I', do do F bien (O; r) 
thanh (O'; r) va bien (1; R) 

thanh (F; R), Khi do F bien cap tiep tuyen chung ngoai AB va A(' cua 
hai dudng Iron (O) va (1) thanh cap tiep tuyen chung ngoai A'B' va A'C 
(hoac thanh A'C va A'B') con tiep tuyen chung BC phai bien thanh tiep 
tuyen chung B'C. 

Suy ra F bien tarn giac ABC thanh lam giac A'B'C hoac thanh tarn giac 
A'C'B', tuc la hai tarn giac ABC va A'B'C bang nhau. 

Vi du 9: Cho hai hinh binh hanh. Hay ve mot dudng thang chia moi hinh 
binh hanh do thanh hai hinh bang nhau. 

Gi 



Mot dudng thang di qua tarn O cua hinh binh 
hanh thi chia hinh binh hanh do hanh hai 
phan bang nhau. vi phep ddi xung qua lam O 
sc bien phan nay thanh phan kia. Do do. ve 
dudng thang di qua 2 lam cua chung thi chia 

TC • A ' 

moi hinh binh hanh thanh hai phan bang nhau. 

Neu lam hai hinh binh hanh trung nhau thi moi dudng thang di qua tarn 
chung deu chia moi hinh binh hanh thanh hai phan bang nhau. 





0 3 




^ ' 

•r ^ • 






46 











C. BAI LUYEN tap 


1. 1 rong ?nal phang ( )xy. phcp hicn hinh nao sail day la phcp ddi hinh: 

a) Phcp bicMi hinh 1' | biC'n iiibi dit*m M(x; y) thanh diem M'(x +2; y + 2). 

b) IMicp bicMi hinh I': bicn nibi diem M(x; y) thanh diem M'(3x; 3y). 

DS: a) phep dai hinh h) khong phai la phep dai hinh 

2. Cho phep bien hinli I- biC-n diC*m M thanh diem M’. Phep bien hinh bien 

0 0 

ngirac lai M' thanh M goi la phcp bien hinh dao ngirgc cua phcp bien 

# 9 9 

hinh I'. Xac djnh phep bien hinh dao ngirgc cua phep tjnh tien, phep doi 
xirng true, phep doi xirng lam. phep quav. 

/ 9 

DS: phep bien hinh dao ngirgc ciia phcp tinh tien theo vecta v la phcp 

0 — ♦ 0 9 

tjnh tien theo vecto -v. ciia phep doi xirng true d chinh la phcp doi 

0 9 

Xirng true d, cua phep ddi xirng tarn O chinh la phep doi xung tarn O, 
cua phcp quay tarn () gdc quay q) la phep quay tarn O goc quay -ip . 

3. C:ho hai diem A, va dirdng thang d, dudng tron (C). Dimg hai diem 

(le d, De (C) de ABCD la hinh hinh hanh. 

0 -» 

HD: dung phep tjnh tien theo vecto AB 

4. Dung hinh thang ABCl) cd AB H CD, AB = a, BC = b, CD = c. DA = d 
cho triroc. 

0 • 

HD: dung phep tjnh tiCm theo vecto AB = v xac djnh 

5. Dung tir giac ABCD biet AB = a, BC = b, CD = c va goc A = a,D = p 


cho triroc. 


HD: dung phcp tjnh tien theo vecto AB = v xac djnh 

6. (rho hinh vuong ABCD canh a tarn O. Tim M, N thugc canh AB, DC sao 
cho MN // BC va OM + MN + NB be nhL 

0 - • — ♦ r ^ 

HD: dung phep tjnh tien theo vecto CB = v xac djnh va phep ddi xung 
true la dudng thang AB 

7. Mot hinh binh hanh ABCD cd hai dinh A, B cd djnh, con dinh C thay ddi 

tren mot dudng thang d. Tim qiiy tich dinh D. 

8. Cho diem O cd djnh va mot dudng thang a cd djnh. Xet cac dudng tron 
(I; R) cd ban kinh R khong ddi va ludn di qua diem O. Ggi BB’ la dudng 
kinh cua (I; R) sao cho lilT // a. Tim quy tich cua B va B’. 

HD: dung phcp tjnh tien theo vecto IB = v xac djnh 

9. Cho tarn giac MAN can tai M va N luu dong tren tia Ax cd djnh. Tim 
quy tich dinh M biet dudng tron ngoai tiep tarn giac MAN cd ban kinh 
R cho trude. 

10. Cho hinh thoi ABCD canh a luu dong ma 2 dudng cheo AC, BD qua I, J 
cd djnh, IJ vudng gdc vdi AB. Tim quy tich trung diem BC va dinh A. 

HD: dung phcp tjnh tien theo vecto AB = v xac djnh 
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11. Chimg minh lu giac loi c6 long 2 canh doi bang 2 Ian doan noi trung 
diem 2 canh con lai la 1 hinh thang. 

12. Cho tarn giac AF^C, ve hinh vuong BCDE ra phia ngoai. Fla DI 1 AB, 

EK J- AC, AH _L FlC. Chirng minh 3 duong thang do dong quy, 

/ ♦ 

HD: dung phep tjnh lien theo vecto BE 

13. Cho hai duong thang a va a’. Co bao nhieu phep doi xung true bien 
duong thang nay thanh duong thang kia? 

HD: xet 3 vj tri tuong doi cua 2 duong thang 

14. Cho duong Iron (O, r), duong thang A va mot duong thang d. Hay \ac 
djnh hai diem M va M’ Ian lugt nam tren duong Iron, duong thang A 
sao cho d la trung true cua doan thang MM’. 

HD: dung phep doi xung true d 

15. Cho A, B khong thuoc doan MN. Tim X thuoc MN de MXA = 2NXB . 

16. Cho A, B khong thuoc duong thang d. M luu dong tren d. Tim GllSlN va 
GTLN cua 


a) P = MA + MB b) Q = I MA - MB |. 

HD: xet A, B khac phia doi voi d va A, B cung phia doi voi d. 

17. Cho tarn giac ABC nhpn. Dung 3 diem M, N, P thuoc 3 canh BC, CA, 
AB ma tarn giac MNP c6 chu vi be nhat. 

HD: M, N, P la 3 chan duong cao cua tarn giac ABC 
IS.Tam giac ABC noi tiep trong duong Iron (O) c6 B, C c6 djnh con A luu 
dong, Tim ejuy tich : 

a) Diem doi xung A’ cua A qua BC. 

b) True tarn H. 

19. Trong goc nhpn xOy cho tia Oz c6 djnh. M luu dong tren Oz c6 diem doi 
xung qua Ox, Oy la Mi, M 2 . Tim quy tich trung diem 1 cua M|, M 2 . 

HD: tim quy tich cua Mi, M 2 roi suy ra quy tich trung diem 1 • 

20. Cho duong thang d di qua true tarn H cua tarn giac ABC. Chung minh 3 
duong th^g doi xung cua d qua 3 canh dong quy tai 1 diem thuoc duong 
tron ngoai tiep. 

21. Tim true doi xung va tarn doi xung cua hinh quat, hinh vien phan. 

22. Xac djnh anh cua diem A(3;-2), duong thang d: 3x — 6y + 1 = 0 va 
duong tron +y^ - 4x - 2y -4 = 0 qua: 

a) tarn 1(1 ; 3) b) duong thang A : 2x - 1 - y - 5 =0 

23. Cho hai duong tron (O) va (O’) va mot diem A. Tim hai diem M va N 
Ian lupt nSm tren hai duong tron do sao cho A la trung diem cua MN. 
HD: phep doi xung tarn A 

24. Cho 1 6 tron§ goc xOy. Dung duong thang d qua 1 cat Ox, Oy tai A, B 
ma 1 trung diem doan AB. 

25. Dung tu giac biet truoc 4 trung diem cua 4 canh. 

HD: Neu 4 trung diem la 4 dinh cua hinh binh hanh thi c6 v6 so tu giiic, 
con ngirpc lai thi khong ton tai. 





:k ' ‘ 
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26. Dung n- giac bicl Irirac n Irung (JiC*m ciia n canh 

27. Clio hinh binh hanli AIK'I) c6 A, C c6 djnh. Tim quy tich D khi B liru 
dong trcn dircrng iron (D). 

28. Cho M kru dong trcn dubng thang d va I c6 djnh. Tim quy tich cac diem 

» 

N sao cho I la Irunii diem MN. 


29. Cho tarn giac AIK' c6 2 Irung tuyen AM, CN ma BAM = 

Chirng minh tarn giac AIK' dcu. 

30. Cho hai dubng Iron bang nhau ticp xuc ngoai tai M. Ba dubng thang qua 
M ctit (Oi) va (O?.) lai A), IT, C| va A 2 , B^, Cp. 

Chimg minh M la Irung dicMii doan nbi tarn hai dubng trbn noi tiep tarn 
giac A|BiCi va AiFTC^. 

HD: dung phep dbi xirng lam M 

31. Clio hinh binh hanh MNPQ noi tibp hinh binh hanh ABCD (4 dinh nhm 
tren 4 canh). Chung minh hai hinh binh hanh c6 cung tarn doi xung. 

32. Tim anh cua tarn giac dcu ABC tarn 0 qua phep quay: 

a) Tam quay A gbc quay 60'\ 

b) Tam quay O gbc quay 1 20*^. 

HD: dung dinh nghTa 

33. Cho diem A, duang trbn (O) va dubng thang d. Tim anh cua (O) va d 
qua phep quay tarn A gbc 90”. 

34. Chung minh phep quay: 

a) Bao toan do dai doan thang va tinh thang h^g ciia 3 diem. 

b) (jbe cua dubng thang va anh cua nb bang dung gbc quay. - 
HD: dung djnh nghTa, he thuc Salo 

35. Cho tarn giac dbu ABC va M bat ky. Chung minh do^ Ibn nhat trong 3 
doan MA, MB, MC thi khbng Ibn hon tong 2 do^ con lai. 

• ^ A ^ 0 

HD: dung phep quay tarn B gbc 60 

36. Cho 3 dubng thang a, b, c song song dbi mot. Lay A g a. Dimg diem B g b 
va diem C g c sao cho tarn giac ABC deu. 

HD: dung phep quay tani A gbc 60^ 

37. Cho tarn giac ABC. Dung 2 dubng trbn bang nhau (Ci) qua A, B va (C 2 ) 
. qua A, C ma 2 tiep tuyen tai A vubng gbc nhau. 

38. Cho hinh vubng ABCD tarn O cb djnh, A luu dong tren dubng thing d. 

a) I’im quy tich dinh B, D. 

b) Tim quy tich dinh C. 

39. Cho A G (O) va M luu dong tren (O). Tim quy tich : 
si) Dinh thu 3 cua tarn giac deu AMK. 

b) Dinh thu 4 cua hinh binh hanh DAMN. 
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41. Cho tam giac ABC c6 A = . l im M e AB, N e A(' sao cho BC = 2MN 

va BM = CN. 

42. Cho goc vuong xOy. I ren tia phan giac Ot lay A, dat OA = a. DirAng 
Iron liru dong qua (), A cat Ox, Oy tai M, N. 

_ r 

a) Tim phep quay tarn A bicMi M lhanh N. 

b) Chimg minh OM ON khong doi. 

c) Tim quy tich trung diem I ciia MN. 

DS: c ) trung true cua OA 

43. Tim cac diem bat dong (diem khong thay doi qua phep bien hinh) qua 
phep Do, Dd, T-,Q,„,^). 

HD: dung djnh nghTa ciia cac phep Do, Dj, T-,Q,o.^)Va cho dicu kicn M 
trung anh M’ 

44. Cho tam giac ABC can tai A, dirong cao AH. Chimg minh hai tam giac 
AHB va AHC bang nhau. 

HD: dung phep doi xirng true AH 

45. Cho tam giac ABC dcu tam O. Chung minh ba tam giac OAB, OBC' va 
OCA bang nhau. 

HD: dung phep doi xung true hoac phep quay 

46. Chung minh hai hinh chfr nhat c6 cung chieu dai va chieu rong thi bang 
nhau. 

47. Chung minh hai ngu giac deu noi tiep trong hai duang tron bang nhau 
thi bang nhau. 

HD: dung hop thanh cua phep tjnh tien va phep quay 

48. Cho phep tjnh tien AA' bien hinh hinh hanh ABCD thanh A’B’C'D’. 

Chung minh: AA' i AB' + AC + AD' + AB + AC + AD = 4AC 

49. Cho tam giac ABC can tai C. Lay M e AC, Ng BC sao cho 

CM + CN = AC. Chung minh 3 trung diem AC, BC, MN thang hang. 

50. Cho M trong tam giac ABC. Di^g Ne AC, Pg BC sao cho tain giac 
MNP can tai M va PN song song AB. 

HD: dung phep doi xung true 

51. Cho hinh chfr nhat ABCD. Tren tia doi cua tia AB lay diem P, tren tia 
doi cua tia CD lay diem Q. Hay xac djnh mot diem M tren canh B(^ va 
mot diem N tren canh AD sao cho MN song song CD va tong PN + QM 
nho nhat. 


# - w 

HD: dung phep tjnh tiC’n vecto AB . 











§5. PH^P E)6nG dang 


A.Kl£NnijCCO BAN 


• PHEP VI TU: 

• • 

— Ch3 diem O va mot so k t 0. Phep bicn hinh bien mot diem M thanh 

diem M'sao cho OM ' = k OM diroc goi la phep vj tir tarn O, ti so k. 

— Neu M', N' theo tlu'r tir la anh cua M. N qua phep vi tir ti so k Ihi 

Sw =k.MN;M'N'= |k|.MN. 

^ ^ 

— Phep vi tir ti so k bicn ba diem thang hang th^h ba diem th^g hang va 

Iff J y 

bao toanthu tir giira cac diem ay; bien mot dirong thang th^h dirong thang 

t f f 

song Song hoac trung voi diidng thang da cho, bien tia thanh tia, bien doan 
th^h doin thang; bien mot tarn giac thanh tarn giac dong dang voi tarn giac 
da cho; 3ien goc thanh goc bang no; bien mot duomg tron c6 ban kinh R 
thanh dirmg tron c6 ban kinh k R. 

- Voi hai duomg tron bat ki luon c6 mot phep vj tir bien duomg tron nay 
thanh duVng tron kia. 

• PHEPt)6NG DANG: 

- Phep bien hinh G goi la phep dong dang ti so k (k > 0) neu vdi hai 

diem batki M, N va anh M', N' cua chung, ta c6 M'N' = kMN. 

% ^ \ 

- Mci phep dong dang F ti so k deu la hop thanh cua mot phep vi tu V ti 
so k v^'niQt phep doi hinh D. 

- Phep dong dang biC'n ba diem thang hang th^h ba diem thang hang (va 
khong lam thay doi thu tir ba diem do), bien dirbmg thing thanh duong thang, 
bien tia tianh tia, bien doan thang thanh doan thSng ma dp dai dugc nh^ len 
vdi k (k la ti so cua phep dong dang), bien tarn giac thanh tarn giac dong 
dang vdi ti so k, bicn dirdng tron c6 ban kinh R thanh duomg tron c6 ban 
kinh kR,bien goc thanh goc bung no, 

— Hai hinh goi la dong dang vdi nhau neu c6 phep dong dang bien hinh 

nay ih^ni hinh kia. __ 


B. PHAN iANG TOAN 



Cho TiQt diem O c6 djnh va mot so k khong doi k 0. Phdp bien hinh 

bien moidiem M thanh diem M' sao cho OM - kOM dugc goi la phep vj tu 
tamOti>6k. M' 

Ki hieu phep vi tu bdi chir V, neu can 
ndi rd tan O va ti so k thi ki hieu la V(o.k)- 
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Neu phep vj tu ti so k bicn hai diem M va N Ian lirgt thanh hai diem M' 
vaN' thi M’N' = kMN va M'N' = | k | MN. 

f ^ 

Neu CO phep vj tir tarn O bien duong tron nay thanh dudmg tron kia Ihi O 
dugc goi la tarn vj tir cua hai duong tron do. Phep vj tir do c6 ti so dining thi 

t ^ ^ 

diem O goi la tarn vj tu ngoai, phep vi tu do c6 ti so am thi diem O goi la 
t^ vj tu trong. 


1 ;'. 

-1U.< 






* 

r . . 

■ Vwt-~ 

• '' 


Hai'duong tron khong dong tarn (I; R) va (P; R'). Neu R ;>!: R' thi c6 hai 

R' 


R 


tarn vi tu Oi va O 2 xac djnh bdi Ojr = kOjIva 02 r = -k 02 l voi k - 

ji, 

• \ •; - 

hoSc la giao diem cua duong noi tarn IP voi duong thang qua 2 mut cua cap 
vecto b^ kinh cung huong IM, I'MJ va ngugc huong IM , I'Mg. Neu R = R' 
chi CO mpt tarn vj tu O 2 , la trung diem cua IP, ti k =? -I chinh la phep doi 

. I 

xunetam 02 . 

' 'k 


''S'% " 


nen 


Chu y: - Phep vj tu tarn O ti so k la mot mot phep dong d^g ti so 
c6 cac tinh chat cua phep dong d^g. Ngoai ra, phep^yi tu co tinh chat dac bi^t 
sau: duong th^g noi mot di6m va anh cua no luon luon di qua O; anh d' cua 
dudmg th^g d luon song song hoac thing voi d, bao toan su tiep xiic,... 


r. 

•'» #11 



,,, - Y4u t6 lien quan ddn phep vj tu la ihSng hang va ti so khong doi tir do, 

van dung phep vj tu de giai toan chung minh, xac djnh diern, dung hinh, quy 
tich (tap hgp diem) anh ciia M khi biet quy tich ciia M,... 

Vi du 1 : Trong mat ph5ng toa do Oxy cho duong thang d c6 phuong trinh 
2x + y - 4 = 0. Hay viet phuong trinh ciia duong thang d' la anh ciia d 
qua phep vj tu tarn O ti so k = 4. 

Giai 

Lay A(0; 4) va B(2; 0) ihuoc d. Phep vj tu tarn O ti k = 4, bien A thanh 
A', B thanh B'. 

Taco OA' = 4^, 0B' = 4 0B nen A’(0; 16), B’(8; 0) 

Do do d' la duong thang qua A', B' co phuong trinh doan chan; 


— + — = !<:=> 2x + y- 16 = 0. 
8 16 


Vi du 2: Trong mat phang Oxy cho hai parabol co phuong trinh y = ax va 
y = bx^ (a b). Chung minh rang co mot phep vj tu bien parabol nay 
thanh parabol kia. 




f-. 
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1+1 ■» 


iiai 

Irong mat phang loa do ()\y. phcp \'i tir V( 0 ; k) bien diem M(x; y) thanh 
M' (kx, ky). 

Goi (P|) la parabol: y = ax‘ \a (P 2 ) la parabol; y = bx^. 

Ta chung minh rang V,() 1 ,,: (Pi) ^ (P 2 ) vdi k = — . 

a 

That vay. neu M(xi: yi) e (Pi) thi (xi; yO = (xi; axjf) nen anh M' c6 toado: 






a a 2 

-x,,-ax, 




J 




a 


-x,;b 


-X, 


V 


b 


J 


= (Xo;bx 2 ) G (P 2 ): dpcm. 


V ^ ' J 

Vi iju 3 : Trong mat phang Oxy cho hai diem A(2; 1) va B(8; 4). Tim toa do 
tarn vj tu cua hai dirang Iron (A: 2) va (B; 4). 

C 'l • • 

iiai 

Hai dirdng Iron da cho khong dong lam va c6 ban kinh R = 2, R' = 4 nen 

. R' , 

CO hai phep vj tir ti k = ± — = ±2, bien dirdmg tron (A; 2) thanh duang 


tron (B; 4). Goi I(x; y) la tarn vi tu, ta c6: 


rr^ T * , 8 - X = ±2(2 - x) 

IB=:±2IAci><! 

4-y = ±2(1 - y) 


X = -4;y = -2 
x = 4;y = 2 


Vay tarn vj tu ngoai la l(-4; -2) va tarn vj tu trong la r(4; 2). 

Vi du 4 : Xac djnh tarn vj tu trong va tarn vj tu ngoai cua hai duang tron 
trong cac truang hgp sau: 

a) Hai duang tron tiep xuc ngoai vai nhau. 

b) Hai duang tron tiep xuc trong vai nhau, 

c) Mot duong tron chua dirdng tron kia. 

Giai 


Goi I la tarn vj tu ngoai, 1' la tarn vj tu trong cua hai dudng tron (O) va (O'). 




M 



M 


r ^ # f •% 

a) Neu (O) va (O') tiep xi'ic ngoai thi tiep diem I' la tarn vj tu trong, giao 
diem cua OO' vdi tiep tuyen chung ngoai cua (O) va (O') neu c6 la tarn vi 
tu ngoai. 

b) Neu (O) va (O') tiep xuc trong thi tiep diem I la tarn vj tu ngoai, tarn vj tu 

trong r la giao diem cua OO' va MM' trong do OM, O'M' la 2 vecta 
bi\n kinh ngugc hudng cua (O) va (O'). 

^ * IK* * 

c) Neu (O) chua (O') thi xac djnh 1 va 1' qua cac cap vecta ban kinh cung 
hudng va ngugc hudng. Dac biet, khi 0 trung O' thi I va I' trung O. 



Cj' 
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Vi du 5; Cac khang djnh sau day c6 dung khong? 

y f 1 / 

a) Phep vi Ur luon c6 diem bat dong (tuc la diem bien thanh chinh no). 

b) Phep vj Ur khong the eo qua mot diem bat dong. 

^ ^ ^ y \ 0 

c) Neu phep vj Ur eo hai diem bat dong phan biet thi moi diem deu bat dong. 

G # • 

lai 

a) Dung. Tam vi tir la diem bat dong. 

b) Sai. Phep vj tir ti so k = 1 c6 moi diem deu la diem bat dong. 

c) Dung. Phep vj Ur tarn O luon c6 diem bat dong O, neu no con diem bat dong 

nua la M (tuc la anh M' cua M trung voi M) thi vi OM = OM' - kOM 
nen k = 1. Vay phep vj tu do la phep dong nhat nen moi diem deu bat 
dong. 

Vi du 6; Cac phep sau day c6 phai la phep vj tu hay khong: phep ddi xirng 

9 \ f * * f ^ 

tarn, phep doi xung true, phep dong nhat, phep tjnh tien thco vccto hhac 


0 ? 


Giai 


- Phep doi xung qua tarn O la phep vj tu tarn O ti so -1. 

- Phep doi xung true khong phai la phep vj tu vi cac duong thang noi 
cap diem tuong ung khong dong quy. 

- Phep dong nhat la phep vj tu voi tarn la diem bat ki va ti so k = 1 . 

% 

- Phep tjnh tien thco vccto khac 0 khong phai la phep vj tu vi khong eo 
diem nao bien thanh chinh no. 

0 9 y 

Vi du 7; Goi F la phep bien hinh c6 tinh chat sau day: Voi moi cap diem M, N 

■ ♦ - ♦ ^ , 

va anh M', N' cua chung, ta luon c6 M'N' = kMN, trong do k la mot so 

y \ 0 

khong doi khac 0. Hay chung minh rang F la phep tjnh tien hoac phep vj 


tu. 


• -P m 

iiai 


Lay mot diem A eo djnh va dat A' = F(A). Theo gia thiet, voi diem M bat 
ki va anh M - F(M), ta c6: m’ 

A'M' =kAM 


Neu k = 1, thi A' M' = AM 
nen MM ' = AA ': xae dinh. 



Vay F la phep tjnh tien thco vecto AA'. 


Neu k ^ 1 thi eo diem O sao eho OA ' = k OA . 


Taco OM'= OA'+ A'M' 


= kOA I kAM =kOM 
Vay F la phep vj tu tarn O, ti so k. 

























Vi jju Cho liai plicn \ i iir V| c 6 tain ()| ti so ki va V2 c 6 tam O2 ti so k2. 
(jo !• la hop thanh cua \h \a V2. C'hirng ininh rang 

9 0 ^ • ' 

a) r la mot phcp tjnh liC'n ncu ki.k2 = 1 . Hay xac djnh vecto tinh tien. 

/ ' 

h) la mot phcp vi tu ncu ki.ki 1 . Hay xac djnh tam va ti so cua phep 
vi tir do. 


• • 


M 


■ lai 

l.a’’ mot diem M bat ki. ncu V| bicn M thanh Mi va V2 bien Mi thanh M 
« • 

thi 0 ,M, =k,(),M va = k.2 02M, 

K.K do, phcp hop thanh i- biCm M thanh M2. 

(id I la anh ciia ()| qua phcp vi tir V2, tire la: 

0.,! = koO.,0, 


KHdo: IMo = k.,C),M, =k,kd),M 


a) Ndi ki.k2 = 1 thi IM 2 = 0 ,M nen 


lV[’vl2 =0,1 = 0,02 +O2I =(l-k2)0,02: xac djnh. O' 
Vay trong tnrdng hop nay F la phcp tinh tien theo vecta 

u = (1 - k2)0,02 



9 * _ _ 

b) Neu ki.k2 1 ta chon diem O3 sao cho: O3I = kjk2 030i 


KH do: O3M2 = O3I + IM2 = kik2 030, +k,k20,M = kik203M 

V(y F la phep vj tir tam 03 ti so kik2. 

Tam O3 cua phep vi tir do dirge xac 
dirh bdi dang thuc 


M 


03l = k,k2 030 


ha/ O3O, -0,02 + ^^2! = k,k2030, 

Siy ra 0,02 1^2 ^2^^ =(1-k,k2)0,03 


- 1 - k.;, 



Dedo: 0,03 . • -:^- 0 , 0 ., 

‘ ^ l-k,k2 ‘ “ 

Do do tam cua ba phcp vi tu Vi, V2 va F la ba diem thang hang. 

C vdi trong tam G, true tam H va tam dudmg Iron 

ngoai tiep 0 . Chung minh GH = - 2GO va ba diem G, H, O cung nam 

tn'n mot dudng thang (ggi la dudng thang 0-le). 

Giai 

Ta CO OA' 1 BC ma BC // B’C nen OA' 1 B'C. 

'Firong tu OB' 1 A'C. Vay O la true tam cua tam giac 
A'B'C. 

Vi G la trong tam tam giac ABC nen 
GA = -2 ^GB = -2 GBGC = -2 ^ ’. 



• 4 
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Do do phep vi lir V G, ti so - 2 bien tarn giac A'B'C thanh lam giac ABC. 
Diem O la trirc lam cua lam giac A'B'C nen phep vj tir V bien O thanh 
true lam H cua lam giac ABC. 

Do do GH = -2 GO nen ba diem G, H, O thang hang. 

Vi du 10 : Goi MA, MB, MC la 3 day cung cua dirong Iron lam O. Chung 
minh rang cac giao diem khac voi M cua 3 duong Iron dubng kinh MA, 
MB va MC lay lung doi mot la 3 diem 


thang hang. 


Giai 



M 


Got A I, Bi va C] Ian lirgt la trung diem 
cua MA, MB va MC; I, J, K Ian lugt la 
giao diem thu hai cua cac cap duong 
Iron duong kinh MB, MC, duong Iron 
duong kinh MC, MA va duong Iron 
duong kinh MA, MB. 

Ta c6 I, J, K la diem doi xung cua M 

qua BjCi, CiAi va AiBj. Phep vi tu tarn M ti so 2 bien cac hinh chieu 

I, J, K cua M len cac canh cua tarn giac AiBiCi thanh B, Ji, Ki. 

_ / --- ----- 1 

Tu cac tu giac npi liep dugc thi goc KjIjM = JJjM nen I|, J|, K| thang 

hang do do I, J, K thang hang. 

Vi du 11 : Cho hai duong Iron (O) va (O') c6 ban kinh khac nhau, tiep xuc 
ngoai voi'nhau tai A. Mot duong Iron (O") thay doi, luon luon tiep xuc 
ngoai voi (O) va (O') Ian lugt t^ B va C. Chung minh rang dumig thang 
BC luon di qua mot diem c6 dinh. 

Giai 

Keo dai BC cat (O') tai B'. Vi C la tarn vj tu trong 

cua (O') nen hai vecto O'B' va 0"B ngugc 
hudmg. 

Vi B la tarn vi tu trong ciia (O) va (O") nen hai 

- - -4 ■ » 

vecto 0"B va OB ngugc huong. Do do hai 

'■ -♦ ♦ 

vecto OB va O'B' cung huong. 

Vay duong thang BB', cung chinh la duong thSng 
BC, luon luon di qua diem c6 djnh la tarn vj tu 
ngoai I cua (O) va (O'). 

Vi du 12: Cho dudriR thanu d va duonc tron (O). Mot dudnu tron luu donR 
tiep xuc voi (O) va d tai M va N. Chung minh rang MN di qua mot diOm 
CO dinh. 


















fiai 

Gpi I la tarn duung iron licp xiic ngoai 
V(Vi (()) va d, va AH la diidnu kinh ciia 
dircrng iron (()) \ uong goc vdi d. 

Hai dirang iron (()) va (I) ticp xuc 
ngoai tai M ncn M la lam vj lir irong 

cua hai duang lion. 

— ■ • 

Ta CO IN va ()A la hai \ccla ban kinh 
Ciia (I) va (()) ngiroc lurdng ncn I va A 
tirang irng cua phcp \ j lir irong c6 lam M. Do do NA qua M. Vay MN 
qua diem c6 dinh A. 

Vi du 13 : Cho hai dirang Iron (O) va (O') tiep xuc ngoai vai nhau tai A. Mot 
goc vuong xAy quay quanh A, tia Ax cat (O) tai M con tia Ay cat (O') tai 

M'. ^ 



a) Chirng minh duang lhang MM' luon di qua mot diem c6 djnh. 

b) Duong thang MM' cat (O) tai N va cat (O') tai N'. Chung minh 

NAN' = 90". 

c) C'hung minh cac ticp luycn cua (O) tai M, N, cac tiep tuyen cua (O') 
tai M', N' cat nhau tao thanh mot hinh binh hanh. 

Tiai 


a) Goi A' la giao diem thu hai cua 00' va duang tron (O'). Ta c6 A'M' va 
- ■» ■■ » » ^ 

AM CO cung huang suy ra OM va O'M' cung huong. Vay duang thang 
MM' luon luon di qua tarn vj tu ngoai S ciia (O) va (O'). 


b) Vi S la tarn vj tu ngoai cua (O) va (O') nen ON va O'N' cung huang. 


Suy ra AN // A'N', ma AN' 1 AN' nen AN' 1 AN hay NAN' = 90". ^ 

c) Qua phep vj tu tarn S, tiep tuyen tai M ciia (O) bien thanh tiep tuyen tai 
M' cua (O'), nen hai ticp tuyen do song song. Cung tuang tu, tiep tuyen 
tai N cua (O) va tiep tuyen tai N' cua (O') cung song song. Vay bon tiep 
tuyen do tao thanh mot hinh binh hanh. 

Vi du 14 : Cho duang tron (O; R) va diem A c6 djnh. Mot day cung BC thay 
doTcua (O; R) c6 do dai khong doi BC = m. Tim quy ti'ch trong tgm G 
ci'ia tarn giac ABC. 

Giai 

Goi I la trung diem cua BC. 

2 



Ta c6 AG = — AI ncn phcp vj tu V tarn A 

3 

ti so — bien diem I thanh diem G. 

3 

Trong tafifi giac vuong OIB ta c6: 

'I 
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01 = VoB^ - IB- = 



f 1 

V 

1 



U J 


= R' (khong doi) nen quy tich I la 


dudrng Iron (O; R') vcVi m < 2R. 

Vay quy tich G la anh cua quy tich I qua phep vj tu V. 

_ $ 

Vi du 15 : Tam giac ABC c6 hai dinh B, C c6 djnh con dinh A chav ticn uiot 
duong tron (O; R) c6 dinh khong c6 diem chung vai dirdmg thang BC. 
Tim quy tich trong tarn G cua tarn giac ABC. 

G * • 

lai 

Goi I la trung diem cua BC thi I c6 dinh. 


Vi G la trong tarn cua tarn giac .VHC 


B 



1 


nen IG = — lA . 

3 


1 


Do do phep vj tir V tarn ti so — bien diem 

3 

1 _ 

A thanh diem G. Tu do suy ra khi A chay 
tren duang tron (O; R) thi quy tich G la 
anh cua duang tron do qua phep vj tu V, 

tuc la duang tron (O'; R') ma 10' = — 10 va R' = i R. 

3 3 

Vi du 16 : Cho duang tron (O; R) va diem I c6 djnh khac O. Mot diem M 

y _ 9 

thay doi tren duang tron. Tia phan giac cua goc MOI cat IM tai N. Tim 
quy tich diem N. m 

Giai 

Dat 10 = d. Theo tinh chat duang phan giac 
IN 10 d 


ta CO 


NM OM R 
IN d 


IN 


d 


IN + NM d + R IM d + R 



Vi hai vecta IN va IM cung huang nen IN = 


d 


d + R 


IM. 


Do do phep vj tu V tarn I ti so k = 


d 


d + R 


bien diem M thanh diem N. 


Khi M a vj tri Mo trcMi dudng tron (O; R) sao cho IOM„ = 0" thi tia phan 

giac cua goc lOM^ khong cat IM. Diem N khong ton tai. 

Vay khi M chay tren (O; R) (M khac Mq) thi quy tich diem N la anh cua 
(O; R) qua phep vj tu V bo di anh cua diem Mo- 
Vi du 17 : (2ho dudng tron (O) c6 dudng kinh AB. Goi C la diem doi xung 
vdi A qua B va PQ la dudng kinh thay doi cua (O) khac dudng kinh AB. 
Dudng thang CQ cat PA va PB Ian luat tai M va N. Tim quy tich cac 
. diem M va N khi dudng kinh PQ thay doi. 
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• » • 

iiai 


M CO QB // AI’ (vi Cling viiong goc viVi PFi) va B la triing diem cua AC 
n<:n Q la triing dicni cua CM. Tirirng Ur ta c6 AQ // BN (vi cung vuong 
goc vdi AP) va B la irunu dicni cua AC ncMi N la trung diem cua CQ. 



c 


Ta CO CM = 2C(^ ncn phcp vi Ur V tarn C ti so 2 bien Q thanh M. Vi Q 

cFiay tren dirdng lion (()) Iru hai diem A. B nen quy tich M la anh cua 
dirang Iron do qua phcp vi tir V trir 2 anh cua A, B. 

— • 1 — • 

Tirong tu CN = - C(J nen quy U'ch N la anh cua duang tron (O) qua 



phep vi tu V tarn C, ti so - trir 2 anh cua A, B. 

2 

Vi dy 18 : Cho hai dirong Iron (C) va (O') cal nhau tai A va B. Hay dimg qua 
A nipt duang thang d cat (O) d M va cat (O') d N sao cho M la trung 
diem cua AN. 

iiai 

7 

Gia su da dung dupe dudng thang d theo 
ycu cau cua bai toan. Vi M la trung diem 

cha AN nen AN = 2 AM . Do do phep vj tu 
V tarn A ti so 2 bien M thanh N, bien (O) 
thanh (O") thi (O") phai di qua N. 

Vav N la ciao diem cua hai dirdng tron (O') 
vu (O"). 

_ giac nhpn ABC', hay dirng hinh vuong MNPQ sao cho hai 

dinh P, Q nam tren canh liC va hai dinh M, N Ian luprt nam tren hai canh 
AB va AC. 

A Giai 

Gia sir ta dii dung hinh vuong MNPQ thi phep vj tu 

tarn A, ti so bien hinh vuong MNPQ thanh hinh 

MN 

vuong FiCP'Q'. Suy ra each dimg: 

Dung hinh vuong F^CP'Q' nam ngoai tarn giac ABC. 
L.ay giao diem P, Q cua BC vdi cac doan thSng tuong 
ung AP' va AQ'. Tu P va Q, ve cac dudng thang vuong 
gdc vdi BC, hWluot ck AC va AB.tm N va.M. Khi do 
MNPQ chinh la hinh vuong can dung. 
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Vi du 20 : Cho hai dirang Iron (O) va (O') c6 ban ki'nh khac nhau liep xuc 

•? 

ngoai vai nhau va mot diem M Iren (O). Dung mot dircmg tron di qua M 
va tiep xuc voi ca hai duong tron (O) va (O'). 

Giai 

Gpi S la tarn vi tir ngoai cua (O) va (O'). Goi N la anh cua M qua phep vj 
tu tarn S bien (O) thanh (O'). Duong thang SN cat (O') tai diem thu hai 


M'. Goi O" la giao diem cua OM va O'M'. 


Ta CO OM // O'N 


0"M _ 0"M' 
O'N ~ M'O' 



vi O'N = O'M' nen 0"M = 0"M'. 

Vay duong tron O" ban kinh 0"M tiep 
xuc voi (O) tai M va tiep xuc voi (O') tai 
M' la duong tron can dung. 

Vi du 21 : Dimg mot duong tron (C) tiep xuc voi hai duong thang Ox, Oy 
cho san va di qua mot diem c6 djnh A cho san d trong goc xOy. 

Giai 

Phan ti'ch, gia sir dung dugc duong tron (C) di qua A va tiep xuc vdi Ox, 
Oy, phep vj tu tarn O bien (C) thanh (C) chi thoa 2 dieu kien tiep xuc voi 
Ox, Oy. 


o 



Cach dung: 

- Dimg duong tron (C) tuy y tiep xuc voi Ox va Oy. 

- Dung OA cat (C) tai A'. 

^ > 

- Dimg giao diem A cua duong thang OA' voi duong thang qua C, song 
song CA'. 

- Duong tron tain C, ban kinh CA la duong tron phai dung. 

Chung minh: Duong tron tarn C, ban kinh CA di qua A la anh cua duong 

.X ("A 

tron (C) trong phep vi tir nen tiep xuc voi Ox, Oy, tarn O ti so k = 

C' A' 

Bien luan: Duong thang OA cat (C) tai 2 diem A'l, A '2 nen bai toan c6 2 










- Pl-ep dong dcuig ti so k (k > 0) la phep bien hinh bien moi cap diem M, N 
thanh cip diem M', N' sao cho M'N' = kMN. 

- Voi phep dong dang bao gid ciing c6 the xem la hop thanh cua mot 
phep vitir va mol phcp ddi hinh. 

- Hii hinh dirge ggi la d5ng dang voi nhau neu c6 mot phep dong dang 
bien hirh nay thanh hinh kia. 

Chuy: De chung minh 2 hinh (Hi) va (H'l) dong dang, ta su dung phep 
vi tg debien hinh (Hi) ihanh (H 2 ) bang (H'l) roi su dung phep ddi hinh bien 
(H2) thanh (H'l). 

•> f _ / 1 

Vi du 1: Trong mat phang Oxy xct phep bien hinh F bien moi diem M(x; y) 
than! M'(3x + 1 ; -3y + 5). Chirng minh F la mot phep dong d^g. 

jiai 

Phep F bien A(xi; yO thanh A'(3x, + 1; -3yi + 5) 

B(x 2 ; >' 2 ) thanh B'(3x2 + 1; -3y2 + 5) 


\/c 


= 3 J(x. -X,)- +(y. -y,f =3.AB 


VayF la phep dong dang li k = 3. 

Vi du 2 : Cho hinh vuong AHCD tarn I c6 cac dinh A, B, C, D quay theo 

' \ ^ — * ' ■* 
chiei dirorng. Xac dinh phep dong dang bien AI thanh CD . 

jiai 


Ti so dong dang la k = 


CD 

AI 


a 


a 




= 72 


2 


GoiO la giao diem 2 ciing chira gdc 
^ dung tren day AC va ID. 

H(jp thanh cua phep quay lam O, goc quay 



D 
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T 


va phep vi tu tarn O ti 


k = -Ji bien A thanh C, I thanh D nen chinh la phep dong dang c^ tim 
bi4n AI thanh ^ . 

Vi du 3 : Cho hai dirdng Iron c6 djnh (O; R) va (O'; R') vdi 
R 9 iR'. Hai diem M va M' Ian lugt km dong tren hai dudng tron (O) va 

(O') sao cho (OM, O’M') = 60“. Xac dinh phep dong dang bien M 

tlv^iC . 
































Giai 


Ta CO 


O'M’ R' 


, (OM, O’M') = 60‘' 


OM R 

Goi A va B la 2 lam vi tir ciia 2 
• • • 

duong Iron (O) va (O') thi A, B chia 

R’ 


00' theo ti ± 


R 



Goi I la giao diem cua dirong Iron dirong kinh AB vai cung chira goc 60” 
dimg tren day 00'. Hop thanh ciia phep quay tarn I, goc 60” va phep vj 


tu tarn I, ti k = 


R' 

R 


bien OM thanh O'M' nen bien M thanh M'. Do la 


phep dong dang can tim. 

t 

Vi du 4 : Trong mat phang Oxy cho duong tron (C) c6 phuong trinh 

(x - 1)^ + (y - 2)^ = 9. Hay viet phuong trinh duong tron (C") la anh ciia 
(C) qua phep dong dang co dugc bang each thuc hien lien tiep phep vj tu 
tarn O ti so k = -2 va phep doi xiing qua true Oy. 

Giai 

Duong tron (C) tarn 1(1; 2) ban kinh R = 3. Qua phep vj tu tarn O, ti so 
k = -2 bien 1(1; 2) thanh r(-2; -4) bien R thanh R' = | k | R = 6. Phcp doi 
xiing qua true Oy bien r(-2; -4) thanh I"(2; -4), R" = R' = 6 nen phuong 
trinh (C): (x - + (y + 4)^ = 36. 

Vi du 4 : Chiing minh phep dong dang bien 3 diem thang hang thanh 3 diem 
thang hang, dong thoi bao toan thii tu cac diem. 

Giai 


Cho 3 diem A, B, C thang hang theo thii tu do, ta c6 AB + BC = A(’ ( 1 ). 
Phep dong dang P bien A thanh A', B thanh B', C thanh C thi 
A'B' = kAB, B'C = kBC, A’C = kAC. . 

Tir (1) => kAB + kBC = kAC => A’B' + B’C = A’C. 

Vay A', B', C thang hang theo Ihir tu. 

Vi du 5: Chiiniz minh neu nhep donu dann F bien tarn uiac ABC thanh lam 
giac A'B'C thi trong lam, true tarn, tarn duong tron ngoai tiep tam giac 
ABC Ian lugt bien thanh trong tarn, true tarn, tarn duong tron ngoai tiep 
tarn giac A'B'C. 

Giai 


• * ^ ^ 1 ^ 

- Goi D la trung diem ciia doan thang BC thi phep dong dang h bien 

t •» ^ ^ / 

diem D thanh trung diC'm D’ ciia doan thang B'C va vi the trung tiiyen 

r 0 

AD cua tarn giac ABC bien thanh trung tuyen A'D' ciia tarn giac A'B'C. 

Doi voi hai trung tiiyC'n con lai cung the. Vi trong tarn tarn giac la giao 

*» 0 ^ 0 

diem ciia cac duong trung luyC'n nen trong tarn tarn giac ABC bien thanh 
trong tarn tarn giac A'B'C. 














- Coi AH la duong cao ciia lam giac AIK' (II e BC). Khi do phep dong 
dang F bicn dudng ihang AM ihanli duong thang A'H'. Vi AH ± BC ncn 
A'l'.' _L B'C, noi each khac A'll' la dircrng cao ciia tarn giac A'B'C. Doi 
v'aicac duong cao khac ci'ing the. Vi true tarn cua tarn giac la giao diem 
cOacac dircrng cao nc*n true tarn tarn giac ABC bien thanh true tarn tarn 
giac A'B'C. 

- G^i Q |a tarn dircrng trein ngoai ticp tarn giac ABC thi OA = OB = OC ncn 
nCmdiam O bicn thanh diem ()' thi O'A’ = O'B' = O'C = kOA = kOB = kOC, 
do Jo O' la tarn dudng iron ngoai ticp tain giac A'B'C. 

^ f y \ 

Vi dll C Chung minh rang hai hinh viidng bat ki deu dong dang vai nhau. 

iiai 

Che 2 hinh vuemg ABCD va A'B'C'l)'. Phep vi tu V tarn A ti s6 

k = — bicn hinh vucMiii ABCI) thanh hinh vuong ABiCiDi, c6 canh 
AB 

AB = kAB = A'B'. Do dii 2 hinh vuong AB|CiD| va A'B'C'D' bang nhau 
nenco phep ddi hinh 1' biCm hinh vuong AB|CiD| thanh A'B'C'D'. 

H^eprf thanh eiia V va 1' la phep dong dang nen hai hinh vuong ABCD va 
A'BCD' dong dang. 

Vi dui 7 Cho hai tarn gkic ABC \a A'B'C c6 AB 1 A'B', BC 1 B'C, CA IC'A'. 
C.KiTig minh rang hai tarn giac do dong dang. 

iiai 


G'oi(O) va (O') la cac dudng Iron ngoai tiep cac tarn giac ABC va A'B'C. 
Tta c6 mot phep \ j tu bien dudng trdn (O') thanh dudng tron (O). Ki hieu 
A 1 ,3 1 , Cl la anh ciia cac dinh A', B', C trong phep vj tu do. 

A_ 

B' 




Vii; \iBi // A'B', B|C| // B'C, CiA) // CA' nen AiB| 1 AB, BiCi 1 BC, 
C||Ai -L CA. Thuc hicn phep quay tarn (O) goc quay 90° bien tarn giac 
A]|BiCi thanh tarn giac A 2 B 2 C 2 . Tam giac A 2 B 2 C 2 c6 3 canh song song 
vGi am giac ABC va cung noi tiep trong mot dudng trdn (O), do do cac 
diink cua A 2 B 2 C 2 trung vdi dinh cua tarn giac ABC. Dieu do chung to 
rain^ ton tai mot phep dong dang la hop thanh cua mot phep vi tu vdi mot 
phep quay bicn tarn giac A'B'C thanh tarn giac ABC nen 2 tarn giac do 
d^nj dang. 








^ \ r y 

Vi du 8 : Chirng l6 rang cac da giac deu c6 cung so canh thi dong darg voi 
nhau. 

jiai 

Cho hai n-giac deu AiA 2 ...An va BiBi-.-Bn c6 lam Ian lirgt la diem O va 
diem O'. 

Dat k = Goi V la phep vi Ur tarn O, ti so k va CiC 2 ...Cn la 

A 1 A 2 OA, • ^ ^ ■ 

anh cua da giac AiA 2 ...An qua phep vj tir V. Ta c6 CiC 2 ...Cn cung la da 
giac deu va vi k nen C 1 C 2 = B 2 B 2 . Do do hai n-giac deu C 1 C 2 . va 

Aj A2 

B 2 B 2 ...Bn CO canh bang nhau nen c6 phep dai hinh D bien C|C 2 -..Cn 
thanh BiB 2 ...Bn. Ncu goi F la phep hop thanh cua V va D thi F la phep 
dong dang bien A|A 2 ...An thanh BiB 2 ...Bn. Vay hai da giac deu do dong 
dang voi nhau. 

Vi du 9: Tim dieu kien de hai hinh chu nhat dong dang voi nhau 


Giai 


tarn 


dua ve dieu kien 2 tarn giac vuong dong dang. 

Neu hinh chu nhat (H) c6 chieu rong a, chieu dai b va hinh chu nhat (FF) 
CO chieu rong a', chieu dai b', dieu kien can va du de (H) dong dang voi 

(H') la: - = —. 

^ ^ b b' 

Vi du 10; Cho hai duong thang song song d va d' va diem c6 djnh S o ngoai 
dai (d, d'). Mot cat tuyen luu dong qua S cat d tai M va d' tai M'. ('hung 
minh rang cac tiep diem T va T' cua cac tiep tuyen ve tu S den dmVng 

7 ^ ^ 

Iron duong ki'nh MM' o tren nhung duong thang co djnh. 

Giai 

Ve cM tuyen qua S va vuong goc voi d tai A va d' tai B. 

Dimg tiep tuyen SC voi duong Iron duong kinh AB tarn I va tiep tuyen 

ST voi duong Iron duong kinh MM' tarn O. 

^ , SO SI SO OM 

Ta co: -= — => —— = —— 

OM lA SI lA 

Do do duong Iron (O) la anh 

cua duong Iron (I) qua phep 

dong dang co tarn la S. Trong 

phep dong dang naV cac diem T 

7 

va T' la diem tuong irng cua cac 
tiep .diem C va C ciia duong 
, iron (I): 
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Do Jo cac lam giac SIO. SCT vii SC” I ' dong dang va vi SIO= 90” nen: 

sc; = s(^’’ = 90 ”. 

Vay T va T' a trCm cac diiong thang IC' va IC c6 djnh. 

t ^ f 

Vi dn ]1 : Cho mot dirong lion (O), mot dirang thang d va mot diem P c6 

^ ^ 1 f f 

djnh Voi moi diem M ihiioc dirong Iron (O) ta xac djnh diem N doi 

*» ^ _ 

xirnt voi M c]ua d. (ioi 1 la Iriing diem cua doan thang PN. Tim lap hop 
dien I. khi M lhay ddi lien dirong Iron. 


oiai 


Ti'r (ieii kien bai loan ta suy ra tap hop N la mot dirong Iron (O') anh cua 

(O) Tong phep doi xirng true d. 

— • 1 — , , , . « , 
Matkhac, ta c6 PI = - I’N . nen 1 la anh cua N trong phep vi tir tarn P, ti 


) 


T^p igp cac diem I la mot dirong Iron (O") va anh cua (O') trong phep vj 
tu \ 1 . Vay tap hop cac diem 1 la mot duong Iron anh cua (O) qua 




phe]' dong dang la hop thanh cua 2 phep Dj va V j . 


(P.^) 


Vi du U: Cho hai duoim thanu a va b cat nhau va diem C. Tim tren hai 
dudig thang a va b cac diem A va B tuong tmg sao cho tarn giac ABC 


vuorg can o A. 


Giai 


PR /— 

Ta c) thay goc lirgng giac (CA; CB) = -45” va —— = 72 . Do do B la 

• CA 

' ' • • •' 
jinh ;ua A qua phep dong dang F c6 dugc bang each thyc hien lien tiep 

phep quay tarn C, goc -45” va phep vj ty tarn C, ti s6^72 . 

Cad dyng: 

- Phip Q.„ bien a thanh a'. 

(C,-4o ) 

- Phip bien a' thanh a", 

- D h giao diem cua a" va b, 

-- A a giao diem cua a va tiling true cua BC. 

T<m giac ABC la lam giac vuong can tai A can dyng. 

Vi du 15: Dung tain giac ABC n^u bid hai goc B = p, C = y va mot trong 

f f 

cac \eu to sau: 





a) f)T^mg cao AH = h. 


b) Ban kinh R cua duong Iron ngoai tiep 
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iiai 

a) Dimg doan thang B'C tuy y. I'ren mot nira mat 
phang CO bo B'C dung tia B'x va C'y sao cho 

xB'C = pva yC'B' = y . Hai tia do cat nhau tai 

A va ta CO tarn giac AB'C. 

Dimg duang cao AH' cua tarn giac AB'C. Neu 
AH' = h thi AB'C la tarn giac can dung. 

Neu AH' ^ h thi tren tia AH', ta lay diem H sao 

/ 

cho AH = h roi dung dirong thang a vuong goc vofi AH tai H, catAlB' tai 

B va cat AC tai C. Tam giac can dirng la ABC. 

_ ^ 

b) Dimg tarn giac AB'C nhu can a) roi dung tarn O' cua dubng troi mgoai 
tiep tarn giac AB'C. TrC'n tia AO' lay diem O sao cho AO = R ni tdimg 
duang tron (O) di qua A (tuc la c6 ban kinh bang R). Hai tia AB'vai AC 
Ian lu0 cat (O) tai cac diem B va C (khac A). Tam giac ABC la tura giac 
can dung. 

Vi dll 14: Cho hai duanu tron (O; R), (O'; R'), hai diem A tren (O) 'a (diem 
A' tren (O'), mot duang thang xx'. Dung doan thang MM' song s>n)g vai 
xx' sao cho M nam tren (O); M' nam tren (O') dong lhai cac tinn giac 
0AM, O'A'M' dong dang va cung huang. 

Giai 


K 



Phan tich : Gia su da dimg dugc hai lieim M, 
M' thoa man dieu kien cua dau bai. Liy -diem 
1 sao cho AIOO' ~ AIAA' va cung hiuong. 

Dat a = 010' . 

Ggi F la hap thanh ciia phep vi tir timi 1, ti 
R * 

va phep quay tarn I, goc a th F* bien 


k = 


R 


A thanh A', O thanh O'. 

Gia su anh cua M trong F la M", ta cc) N" e (O'). 
Do F bien A thanh A'. O thanh O', M thanh M' nen ta c6 AO AM ~ vO^'A'M' 
va cung huang. Suy ra M" = M' hay AIMM' ~ AIOO' va cung humjg. Do 

vay hai goc IMM', 100' bang nhau va cung huiVng. 

Cach dung: Tu I ve duang thang cat (O) tai cac diem M, M v/a cat 

duang thang xx' tai dicun K sao cho hai goc IKx va 100' bang iluau va 
cung huang. Tu I ve tia IM' cat duang tron (O') tai M' va M'l saochio hai 

goc MIM', 010' bang nhau va cung huang. 

Chung minh: do M g (O), M' g (O'), r^' = 6To' va F: (0)=^ (O') 
nen F bjen M thanh M'. 


% 


* ^ 
















Siiy ra AIMM’ ^ AlOO' va ta c6 IMM' = 100' = IKjc . Ma IMM’, IKx 

ci'ini hircVng \('yi I()()'. suy ra MM' // xx' (doi vai Mi, M'l cung chiing 
mini tmrng Ur). 

Bier luan: So ngliicni liiy thco so giao diem cua dirong thang IK vai 
dircng Iron (()). 

C. BAI liven tap 

• • 

1 . Clung minh phep ddi hinh cung la mol phep dong dang . 

BS: phep dong dang li so k = 1 

2. Cholam giac ABC c6 3 trung diem cua 3 canh la M, N, P. Chumg minh 2 
tamgiac ABC, MNP dong dang. 


BS: phep dong dang li so k = 

3. Chung minh 2 tarn giac vuong can thi dong dang. 

HD: hop thanh cua phep \ i tir va phep quay. 

\ f \ 

4. Chung minh 2 ngu giac dcu bat ky thi dong dang. 

f -9 ^ y 

5. Choduang iron (O), lay dienn A co dinh va diem M liru dong tren (O). 
Timquy tieh dinh ihir 3 cua tarn giac AMN vuong can tai M. 

HD: hop thanh cua phep vi tir va phep quay tarn A. 

6. Chotam giac ABC trong tani G. Tim anh cua tarn giac ABC qua phep vj 

tv V 




HD: dung djnh ngliTa cua phep vi lur 

7. Chodiem A nam ngoai dirong thang d va duong tron (O). Ve anh cua d, 

(O) 4ua V(A:3) • 

8. Cho2 duong Iron (O; R) va (O’, 2R). Tim cac phep vj tir bien (O) th^ (O’) 

f 

HB: xet cac vj tri lirong doi cua 2 duong Iron 

9. Chohinh thang ABCl), AB // CD. Tim phep vj tu: 


10 . 


11 . 


12 . 



a) Bien AB thanh DC 

b) Bien AB thanh CD 

Choduong tron (O) duong kinJi AB. Duong tron (O’) tiep xuc trong v6i (O) 
tai C va tiep xuc AB tai D. Duong thang CD cat (O) tai I. Chung minh 
IA = IB. 

HD:dung phep vj tu tarn C 

T^m giac ABC c6 hai dinh B, C c6 djnh, con dinh A chay tren mot 
duoig tron (O). Tim quy tich trong tarn tarn giac ABC. 

HD: dung phep vj tu tarn I la trung diem cua BC. 

Cl'jodirbmg tron (O) va (O') cat nhau tai A va B. Dimg qua A mot duong 
thjiiig d cat (O) d M va cat (O’) d N sao cho M la trung diem AN. 
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13. Cho tarn giac ABC va mot diem M nam trong tarn giac do. Dung dirOmg 
tron di qua M va ticp xuc vdi hai canh cua tarn giac ABC . 

HD: xet 3 truong hgp cho cac cap canh 

14. Cho hinh thoi ABCD canh a, goc nhon A = 60^. 

a) Tmh dicn tich duong lion noi ticp (I). 

b) Tmh phuang tich cua A doi voi duang Iron (BCD). 


a 


c) Tim quy tich cac diem M co phuong tich M doi voi (I) bang . 


d) Tim quy tich cac trung diem cua BM. 

HD: dung phep vi lu lam 13 li k = — 

2 

15. Cho (O) CO 2 ban kinh OA, OB. Dung day MN sao cho OA, OB chia 

^ % 

MN ra 3 phan bang nhau. 

16. Cho tarn giac ABC noi ticp (O) co B, C c6 djnh. Tim quy tich: 

a) True tarn H cua tarn giac ABC 

b) Trung diem I cua AC. 

c) Diem D ma B trung diem AD. 

HD: dung djnh ngliTa cac phep doi hinh, phep vj tir 

17. Cho tarn giac ABC noi ticp (O) co B, C co djnh. Tim quy tich: 

a) Trong tarn G cua tarn giac ABC 

b) Dinh thu 3 cua tarn giac ABC deu 

c) Diem D ma A trung diem BD. 

HD: dung djnh nghT a cac phep dofi hinh, phep vj tir 

18. Cho diem I o trong dudng Iron (O), Mot duong thang luu dong qua C cat 

1 —4 ~ ^ 

duong Iron tai M, N . Tim tap hgp cac diem T sao cho IT = IM + IN . 
HD: dung phep vj lu tarn I ti k = 2 

19. Cho hinh thang co hai day AB, CD voi AD = a, DC = b cho triroc va 2 
dinh A, B co djnh. Tim quy tich giao diem cua 2 duong cheo. 

X AP 

DS: anh vi tu cua quy tich dinh C qua phep vi tu tarn A, ti so ——— 

AB + b 

20. Cho 2 duong thang a, b va diem I . Tim hai diem A thugc a va B Ihugc 
b sao cho I chia doan AB tlico ti so k cho truoc. 


HD: dung phep vj lu lam I li so k. 

21. Cho diem A o trong goc nhon xOy. Tim diem M tren tia Oy sao cho 
khoang each lu M den Ox bang MA. 

HD: ha Mil vuong gck vdi Ox roi tim anh cua tarn giac AMH . 

22. Cho 6 dudng thang a, b, c, d , d’, d” doi mot cat nhau va khdng co 3 
dudng thang nao dong quy. Dung ba diem A, B, C Ian lugt tliuqc 3 
dudng thang a, b, c sao cho AB // d, BC // d’ va CA // d”. 

HD: sudung djnh ly Talci 





DUdNG THANG VA MAT PHANG 
TRONG KHONG GIAN. QUAN Ht SONG SONG 

m 



§1. OA! C'JONG VE Dl/CJNG THANG VA MAT PHANG 


A. KIEN 1HljC CO BAN 


X 


n 


• ^ *» • 

• Diem,duang thang, mat phang: 

- l)icm thuang dat ten A, B, C, D, ... 

" l)u'Vng thang Ihirang dat ten a, b, c, d, ..., A, A', ... 

- Ma phang thirang dat ten (a), (fi), (y),..., (P), (Q) 

• Quan ke thuoc: 

- I)icm A thuoc duong thang a: A e a. 

- t 

- Diem B khong thuoc dirong thang a: B ^ a 

- Dion A thuoc mat phang (P); A g (P), A e mp(P). 

- I)iem B khong thuoc mat phang (P): B ^ (P), B ^ mp(P). 

- DuVng thang d nam tren mat phang (Q): d c (Q), d c mp(Q) 

1 ^ t 

- DuVng thang a khong nam tren mat phang (a): a (a), a ct mp(a). 

• Hinh kieu dien: ve hinh phang cua cac hinh khong gian voi cac quy tac: 

- i)uong thang dugc bieu dien boi duong thang. Doan thang dugc bieu 
dien borido^ thang. 

- Dai dubmg thang song song (hoac cSt nhau) dugc bieu dien boi hai 
duong dang song song (hoac cat nhau). 

- Diem A thuoc duong thang a dugc bieu dien boi mot diem A' thuoc 
duong thing a, trong do a' bieu dien cho duong tliang a. 

-'Duig net ve lien ( — ) de bieu dien cho nhung duong trong thay va dung 
net dut (- - -) de bieu dien cho nhung duong bi khuat. 

• Cac tiih chat thua nh^ cua hinh hoc khong gian: 

f -I » • 

' Tirh chat 1: Co mot va chi mot duong thang di qua hai diem phan biet 
cho truo- 

" 1'irh chat 2: Co mgt va chi mot mat pharig di qua ba diem khong thang 
hang cho truoc. 

' Tim chat 3: Ton tai bon diem khong cung nam tren mgt mat phang. 

' I'irii chat 4: Neu hai mat phang phan bi^t c6 mgt diem chung thi chung c6 
mgt dubng thang. chung duy nhat chua tat ca cac diem chung cua hai mat phang 
do. Duoig thang chung nay ggi la giao tuyen cua 2 mat phang cat nhau^ _ 






















- Tmh chat 5: Trong moi mat phang, cac ket qua da biet ciia hinh 

y y 

phang deu dung. • 

Djnh ly: Neu mot dirong thang di qua hai diem phan biet cua mol 

^ ^ j y y ^ 

phang thi moi diem cua ducmg thang deu nam trong mat phang do. 

• Cach xac dinh mat phang: 

Mot mat phang ho^ toan dirge xac djnh khi biet: 

- Mat phang di qua ba diem khong thang hang; 

- Mat phang di qua mot diem va chua mot duang thang khong di 
diem do; 

y y f 

- Mat phang chua hai duang thang cat nhau. 


hoc 


mat 


qua 



mp(ABC) 



A 

0 


mp(A;a) 



mp(a; b) 


• Hinh chop va hinh tu dien: 

^ ^ y 

- Cho da giac A|A 2 ...An va mot diem S nam ngoai mat phang chua da 

/ y 

giac do. Noi S vai cac dinh A|, A 2 , ..., An de dugc n tarn giac: SA 1 A 2 , 
SA 2 A 3 , ... SAnAi. Hinh gom n tarn giac do va da giac AiA 2 ...A„ ggi la hinh 
chop va dugc ki hieu la S.AiA 2 ...An. 

Diem S ggi la dinh cua hinh chop. Da giac A|A 2 ...An ggi la mat day cua 
hinh chop. Cac canh cua mSt day ggi la cac canh day cua hinh chop. Cac 

y ^ 

doan thang SAi, SA 2 , ..., SAn ggi la cac canh ben cua hinh chop. Moi tarn 
giac SA 1 A 2 , SA 2 A 3 , .... SAnAi ggi la mot mat ben cua hinh chop. Neu day 
cua hinh chop la mot tarn giac, tu giac, ngu giac, ... thi hinh chop tuang ung 
ggi la hinh chop tarn giac, hinh chop tu giac, hinh chop ngu giac... 

A 
S 



B 



F) 


- Cho bon diem A, B, C, D khong dong phang. Hinh gom bon tarn giac 
ABC, ACD, ABD va BCD ggi la hinh tu dien hay la tu dien va ki hiC'u la 
ABCD. Cac diem A, B, C, D ggi la cac dinh cua tu dien. Cac doan thang 
AB, BC, CD, AD, CA, BD ggi la cac canh cua tu dien. 1 lai canh khong c6 
diem chung ggi la hai canh doi dien. Cac tarn giac ABC, ACD, ABD, BCD 
ggi la cac mat cua tu dien. Dinh khong nam tren mot mat goi la dinh doi dien 
vai mat do. 


"TT 





















Tir dem ABCD c6 the coi la hinh chop tarn giac vai 4 each chon dinh 
chop. 

1'u di^n deu la tu dien co 4 mat la 4 tarn giac deu. 

- Thiet dien (hay mat cat) cua hinh (H) khi cM bai mp(P) la phan chung 
cua inp(r) va hinh (H). 

- Qu\ urac: Khi noi den "tarn giac", ta c6 the hieu la hinh gom ba canh 
cua no haac la hinh gom ba canh va cac diem nam trong tarn giac do. Doi 

9 

vai da giic cung nhir the. 

Chu /: - Neu c6 nhieu diem thuoc mot mat phang Ihi ta noi rang cac 
diem do Jomg phang, con neu khong c6 mat phang nao chua cac diem do thi 
ta not rarg ‘chung khong dong phang. 

- Him Hap phuong Ar3CD.A'B'C'D' gom 6 mat la hinh vuong, hinh hop 
chu jihatgdim 6 mat la hinh chu nhat. 


B.PHAN [ANG TOAN 


dang 1: HiNH Bliu DIEN VA V| TRi tlTONG DOi 

- - - - -— --—— • — > 


? -ar 


- De Te dugc hinh bieu dien hoac danh gia mgt hinh bieu dien dung hoac 
sai, ta dia vao cac quy tac ve hinh bieu dien da neu:.dp^.thang, duong 
thing sorg song, cat nhau, diem thupc duong thang, .... va dac biet la ve lien 
net chc) rhOmg duorng trong thay va ve net dut cho phan duofng bj mat che 
khuat.' Tiuoc hit la tap ve dung, sau do chinh hinh va nang len ve tot de 

thuaii Igichio vice nhin va dinh huong giai toan. 

/ 

- y| ti ttuong doi cua diem A va duong thang a la A e a hoac A ^ a, ciia 

diem B vi rmat ph^g (a) la B € (a) hoac B ^ (a). ^ 

- Mol duong thing dugc xac djnh khi biet hai diem ph^ biet cua no, 
hoac 2 mit phing ph^ biet cung chua no. '' 

- Mgtnnit phing dugc xac djnh niu bi6t no chua ba diem khong thang 
h^g, hojc biet ho chua mot duong thing va mgt diem khong thuoc .duong 
thang do, hoac biet no chua hai duong th^g cat nhau. 

Chu y. Su.dung phuong phap phan chung de chung minh gian tiep. 

Vi du 1: Ve hinh bieu dien mot duong thang nam trong mat phang, mgt 




• 4 


ducYn» tlhang cat mat phang. 


>iai 





bn(P) = 0 
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ilu 2 : Ve hinh bicu dicn cua mot tir dien, hinh chop ngii giac.hiinli lap 
phirong. 

iiai 



Vi du 3: Ve hinh bieu dien cua mot hinh chop tir giac vdi day la tO giiac loi, 
day la hinh binh hanh, day la hinh thang. 

iiai 



_ t ^ ^ 

Vi du 4 : Trong cac hinh sau, hinh nao la hinh bieu dien cua mo tar dien 
ABCD? 





c 


d) 



C*D 



D 



0 



Cac hinh c), d), e), 0 la hinh bieu dien ciia tir dicn ABC'I). 

Hinh a) khong phai vi AC', BD deu lien net (thay) 

Hinh b) khong phai vi AC, BD deu net dirt (khuat). 

Vi du 5: Tronu cac menh de sau day, menh de nao dung? 

a) Co duy.nhat mot mat phang di qua ba diem cho trircVc; 

b) Co diiy nhat mot mat phang di qua ba dic'in khong thang hang ch> tu ude: 
x^c) Ba diem khong thang hang cung thuoc mot mat phang du\ nha. 
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iiai 


I lico linh chat ihua nhan 2 llii b) dung va c) dung, 
ilu 6 I rong cac mcnh dc sau day. mcnh dc nao dung? 

/ I * -» ? 

a) C) duy nhat mot mat pliang di qua mot diem va mot dirong thang cho 
tiiroc. 

r -f 1 » 

b) Co duy nhat mot mat phang di qua mot diem va mot dirtmg thang 
ciira diem do; 

r 1 I » 

c) Co duy nhat mot mat phang di qua mot diem va mot dirong thang 
kiong chira dicun do. 

( ’1 • • 
iiai 

■> 

I hec cac each xac dinh mot mat phang thi chi co c) dung. 

Vi c lu 7: Hay tim menh de dung trong cac mcnh dc sau day: 

a) Cl) mot mat phang du\ nhat di qua hai dudng thang cho truoc; 

b) Co mot mat phang duy nhat di qua hai dirong thang cat nhau cho triroc; 

c) C) duy nhat mot mat phang di qua hai dirong thang ma hai dirong 

^ ' 

tFang do Ian lirgt nam tren hai mat phang cat nhau. 

iiai 

1 

Thee each xac djnh mot mat phang thi chi c6 b) dung. 

f \ 

Vi clu 8: a) Co hinh chop nao ma so canh gom cac canh ben va canh day cua 
no la so le khong? Tai sao? 
b) H nh chop c6 20 canh thi c6 bao nhieu mat? 

Giai 

f W 9 

a) Khojg CO hinh chop nao ma so canh cua no la so le, vi so canh ben cua 

\ 9 ^ ^ 

hinh chop bang so canh day cua no nen so canh phai la so chan, 
b) Hinh chop co 20 canh thi co 10 canh ben va 10 canh day, 10 canh day thi 
CO 10 mat ben. Hinh chop c6 mot mat day nen so mat la 10 + 1 = 11 . 

Vi du_9:Cho tu dien ABCD. 

— ^ / •» 9 'I 

a) Clung minh rang ncu tren dudng thang AB lay hai diem P, Q phan 

biet thi hai dudng thang CP va I)Q khong cat nhau, hai dudng thang 

/ 

C.^ va DP Cling khong cat nhau. 

b) Co the tim hai diem P, Q phan biet tren AB va R, S phan biet tren CD 
sa) cho bon diem P, Q, R, S dong phang hay khong? 

Giai 


'fa ding phuong phap phan chirng. 

a) Ciiia ju CP va DQ cat nhau thi bon diem P, Q, C, D 
itdmgphang va do do A, B, C, D dong phang v6 li. 
l u-arg tir CQ va DP cung khong cat nhau. 

b) Hiia aj co cac diem P, Q, R, S nhir vay thi 4 diem 
A, B C, D sc dong phang: \6 ly. Vay khong ton 
tai.. 




D 
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•» ^ t ^ » 

Vi du 10 : Cho n diCMii (n > 4) trong do hat ki 4 diC‘m nao ciing dong plu'ing. 
Chung to rang n diem do dong phang. 

( 'I • • 

iiai 

Ta dung phan chirng. (iia sir n diem do khdng dong phang thi it nhat phai 

■» \ f f 

CO 4 diem trong ehung khdng dong phang. trai gia tliiet. 

1 ^ ■» f 

Vi du 11: Cho hai dudng thang a va b eat nhau. Mot dirdng thang c eiit ca 

t f \ t 

a va b. Co the kel luan rang ba dirdng thang 

\ *» 

a, b, c cung nam trong mol mat phang hay 
khdng? 

>iai 



/ ' ' . 

Khdng chac: Bdi vi neu a va b eat nhau tai I 

thi dudng thang c qua I cat ca a va b nhung 

no CO the khdng thude mp(a; b). 

Vi du 12: Cho 3 dudng thang a, b, c ddi mot cat nhau. Co the ket luan 3 

dudng nay ddng phang va ddng quy? 

Giai 


Khdng chde. Ta minh hoa 3 hinh ve sau tuong irng 3 dudng thang a, b. c 
ddng phang va ddng quy; ddng phang va khdng ddng quy; khdng ddng 



Vi du 13: Cho hai mat phing (P) va (Q) cat nhau theo giao tuyen A. 1 ren (P) 
cho dudng thang a va tren (Q) cho dudng thang b. Chirng minh rang ncu 

a va b cat nhau thi giao diem phai nam tren A. 

Giai 

Gia su a va b cat nhau tai I. Khi do I thude 



a, ma a lai thude mp(P) suy ra I e (I*). 

Li luan tuang tu ta c6 I e (Q) nen I phai 

/ 

thude giao tuyen cua (P) va (Q). 

Vay 1 e A. 

Vi du 14 : Cho mat phing (P) va ba diern A, B, C khdng nam tren (I‘). Gia sir 
doan thang AB va doan thang BC dcu cat mp(P). C'hirng minh rang doan 

thang AC khdng cat mp(P). 

c Giai 

^ Vi doan AB cat (P) nCm A va B d khac phiu ddi 

vdi (P). Tuong tu B(’ cat (P) nC*n B va (’ o khac 
phia ddi vdi (P). Do do i\ va C d ciing phia ddi 
vdi (P) nen doan AC khdng cat (P). 




\ 

\ 




























•> t t 

- X{c djnh giao diem cua 2 duang lhang a, b: truac het 2 dirang thang 
nay phd thiioc 1 mat phang. sau do moi xac dinh giao diem neu co cua 
chung. 

*> -f If 

- Xt'c djnh giao diem cua dudng thang a va mat phang (P): Neu trong (P) 

t ^ 7 % _ 7 

tim durgc duang thang b cat a tai I thi I la giao diem can tim. Tong quat, chon 

\ * f 

mat phaig phu (Q) thuan Igi chua a, tim giao tuyen b cua (P) va (Q), bai toan 
dira vc Dm giao diem cua a voi b tren mp(Q). 





7^7 / 

Chuy: -Hai duang thang dong phang moi hy vong cat nhau. 

• / 7 7 

- djnh giao tuyen cua 2 mat phang (P) va (Q): Tim hai diem chung phan 

biet M, M cua 2 mat ph^g, giao diem la duang thang MN: (P) n (Q) = MN. 
Chuy: Neu 2 mat phang da c6 mot diem chung roi thi chi can tim them 

j 7 7 7 

diem cHing thu 2, diem nay thuong la giao diem cua 2 duang thSng dac biet 

% 7 7 7 

Ian lugtnam trong 2 mat phang da cho nhung lai thugc mat phSng thu 3. 

- Xi'e djnh thiet dien (mat cat) cua mat phang (P) vai hinh khoi (H): mat 
phSng (^) cat mot so canh cua (H) tao thanh dinh, cit mgt so mat cua (H) tap 
thanh cjnh. Cac dinh va cac canh nay tao thanh da giac thiet dipn. 

Chuy: Thiet dien la mgt hinh "kin bien", "kin" la dugc noi lien tiep va 
khep kii chu vi da giac, "bien" la cac canh thugc cac mat rigoai cua hinh 

khdi. ' 

• Cac k? thuat quan trgng: 

• * 7 ^ 7 / 

- Tin hai duang thang* nao cat nhau, hai do^ thang nao keo dai cSt nhau 
trong mit phang. 

* y f 7 7 

- Di'ong giong: Co the giong chieu tu dinh cac diem, cac dudmg th^g 
xu6ng canh day, mat day, roi giong chieu ngugc len tim giao diem. 

- Guo tuyen goc: Bai toan thuc hien tung buac, c6 the dung piao tuyen 
cua 2 nut phang nay lam ca sd de tim tiep cac giao diem, giao tuyen con lai. 

- 0*^ he cho: Luu y cac gia thiet cua de bai ve song song va khong 

^ ^ •Xa ^7AA 

song soig, ve phan bipt va khong phan biet, ve dong phang va khong dong 

phang, , ^ . . 


Vi dji Cho hinh chop S.ABCD, day c6 2 canh AB va CD khong song 

f 

sonf. Xac djnh giao tuyen cua; 

a) Pai ii^t phang (SAC) va (SBD). 

b) t ifnat phang (SAB) va (SCD). 























iiai 

a) I'a CO S la diem cluing tlur nhat cua 2 
mp(SAC) va mp(S!iD). Ggi O la giao 
diem eiia A(' va BI) ihi O la diem cluing 
tlur hai. 

Vay giao tuyen cua mp(SAC) va 
mp(SBD) la dirong lhang SO. 

b) Thco gia thict, AB va CD khong song 
song nen keo dai cat nhau tai I. Ta c6 S 
va I la 2 diem chung cua 2 mp(SAB) va 
(SCD) nen giao tuyen la dirong thang SI. 

Vi du 2; Cho tir dien ABCD. Goi I, J Ian Iirgt la trung diem cua AB. C'D. 
Goi K la trung diem cua Cl. Xac djnh giao tuyen cua: 

a) (ABJ) va (CDl) a 

b) (AKD) va (BCD). 

Giai 

a) Ta CO I thuoc AB, J thuoc CD nen I va J la hai 
diem chung cua 2 mp(ABJ), mp(CDI) nen 
giao tuyen cua chung la IJ. 

b) Trong mp(ABC), keo dai AK cat BC tai M 

7 

thi D va M la hai diem chung cua 2 
mp(AKD) va (BCD). 

/ 7 

Do do giao tuyen cua chung la duong thang 
MD. 

Vi du 3 : Cho hinh chop S.ABCD c6 day la tu giac ABCD co hai canh iloi 

r 1 y 

dien khong song song. Lay diem M thuoc mien trong cua tarn giac SC'D. 

_ ^ 7 

Tim giao tuyen cua hai mat phang: 


h 



a) (SBM) va (SCD) 

c) (ABM) va (SAC). 


b) (ABM) va (SCD) 


A 


.<k 

a 



D 




xiai 

7 

a) Ta CO S va M la hai diem chung ciia 2 
mp(SBM) va (SCD) nen giao tuyen la duong 
thang SM. 

b) Tu gia thiet, trong mp(ABCD) keo dai AB. 
CD cat nhau tai I. 

Vi 1 e AB, 1 e CD nen 1 va M la 2 iliem 
chung cua 2 mp(ABM) va mp(SCl)) nCn 
giao tuyen cua chung la dirong thang IM. 

c) Trong mp(SCD). IM cat S(' tai .1 thi giao 

0 

tuyen cua mp(ABM) va (SAC) la duong 

7 

thang AJ. 









Vi <Ju Cho hinh chop lii giac S.AIK'I) vai hai ckrang lhang AB vii Cl) cal 

t ^ p 

iilia.i. Cipi A' la inpl clic*ni nam giira hai clicMii S va A. I lay lim cac giao 

t 

liiyni ciia iiip(A'(’I)) \ (Vi cac mat phaog 

a)'( \BC'I)), (S('l)). (SI)A) b'i (SB('), (SAB). 

( '1 • ' • 

fiai 

/ 

a) J hto gia thict la c6: 

(ABCD) n(A'CI))-CI) ; (SCI)) n (A'CD) = CD 
(S[)A)n(A'CI)) = l)A'. 
b) I roig mp(ABCl)), kco dai AB cat CD lai K 
I raig mp(SAB). A'K cat Sli lai B' thi 



(SAB) n (A'CD)-A’B' 

(SBC) n (A'CD) -C'B’ 

C’a(h khac: 

Trcng mp(ABCU), AC cat BD lai O. 

1 rcng mp(SAC), SO cal A'C lai I. 

1 raig mp(SBD), D1 cal SB lai B'. 

Vi du y . Cho bon diem A, B, C, D khong dong phang. Goi I, K Ian lirgl la 

p 

tnirg diem cua AD va BC. 

a) 7im giao tuycn eua hai mat phang (IBC) va (KAD). 

b) Ljoi M va N la hai diem Ian lugt lay tren hai doan AB va AC. Tim 
hao tuyen cua hai mat phang (IBC) va (DMN). 


Gi 




A 


a) Hai mat phang (IBC) va (KAD) c6 
hai diem chung la I va K. Vay giao 
tuy}n cua hai mat phang nay la 

■9 

dueng lhang IK. 

b) Cio E la giao diem ciia B1 va MD, F 
lA |iao diem cua Cl va DN. llai mat 
phjng (IBC) va (DMN) eo hai diem 

-f 

ching la E va E. Vay dirong lhang 

/ t 

FT' la giao tuyen ciia hai mat phang 

(IBC) va (DMN). 



I) 


9 S 

Vi clu 6 : C'ho tir dien ABCD va diem M thuoc mien trong ciia tarn giae 
ACD. (ipi I va .1 lirong irng la hai diem tren canh BC va BD sao cho !J 
khfiig song song vdi CD. 

a) Xae dinh giao tuyen eiia hai mat phang (IJM) va (ACD). 
h) Lay N la diC'm ihupc miC'n trong ciia lam giae ABD sao cho JN cM 
Joan AB tai II. Tim giao tuyen cua hai mat phang (MNJ) va (ABC). 






r 

% - 


f 
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>iai 

a) Thco gia thiet, keo dai IJ cat CD tai K. 

y 

Ta CO M va K la hai diem chung cua 2 
mp(IJM) va (ACD) nen giao tuyen cua 

y 

chung la duang thang KM. 

b) Vi JN n AB = H nen H la diem chung 
cua 2 mp(MNJ), (ABC). 

Trong mp(ABD), JH n AD = E. 

Trong mp(ACD), EM n AC = F thi F la 
diem chung thur hai. 

Vay (ABC) n (MNJ) = HF. 



I) 


Vi du 7 : Cho tu dien ABCD. Goi I, J la cac diem Ian lirat nam tren cac canh 

AB, AD vai AI = — AB va AJ = —AD. Goi G la trong tarn tain giac 

3 4 

ACD. Tim giao diem cua duang thang IJ, IG vai mp(BCD). 

A • 

(>iai 

Trong mp(ABD), theo gia thiet IJ, BD khdng 
song song nen keo dai cat nhau tai K. 

Ta CO K e IJ, K g BD 
K => K G IJ, K G (BCD). 



Vay IJ n (BCD) = K. 

•» 

Goi M la trung diem cua CD, trong mp( ABM) 
keo dai IG cat BM tai- E thi E chinh la giao 
diem cua IG vai mp(BCD). 

A • A ' * \ 

Vi du 8 : Cho hinh chop tarn giac S.ABC. Mot diem M nam trong mien tam 

t ^ ^ • • 

giac SAB, mot diem N nam trong mien tam giac SBC. Xac dmh giao 

t t ^ 

diem cua duami thami MN va mnlABC) neu c6. 


iiai 


s 


Keo dai SM cat AB tai M', SN cat BC 
tai N’. 

Trong mp(SM'N') neu MN cat M'N' 

y 

tai I thi I chinh la giao diem cua 
dudng thang MN va mp(ABC). Dac 
biet, neu MN // M'N', thi MN khong 


cat mp(ABC). 



B 









A 


\^i cUi C’lu) lir dicMi AIK'I). (ioi I. .1 sa K Ian lirat la cac diC‘ni Iren cac canh 

• • • 

AB. BC \a Cl) sao clu) JB ' 2J(\ KC' - 3KI). I'im giao diC'ni ciia duang 

V I 

lhang IB), diicvng lhang Al) veVi nip(l.lK.). 

iiai 

/ # 

I'rong nip(BCl)), iheo gia thiet diidng lhang 
JK khdng song song voi Bl) nen keo dai JK 
tat FB) tai \l. 

Taco; HI) n (I.IK) = F. 
f'rong mp(ABI)), IF cal AI) tai F ihi F 
thinh la chi'nh la giao diem cua dudng 
lhang AI) voi nip(I.IK). 

Vi du 10: Cho hinh chop S.ABCT), M va N tirong irng la cac diem thiioc cac 
t anh SC va BC. 

a) I im giao tiiyen eiia mp(SBl)) va (AMN). 

■T I 

h) Tim giao diem cua dirtVng lhang SD vtVi mat phang (AMN). 

s 







a) Trong mp(ABCD), AC n BD = O, AN n BD = 1.. 
Trong mp(SAC), SO n AM = K 
thi (SBD) n (AMN) = LK. 

f 

D b) Dira vao giao tuyen LK cua cau Iren thi trong 
mp(SBD), l.K n SD = E. Ta c6 L, K thupc 
mp(AMN) nen E thuoc mp (AMN). Vay F 
chinh la giao diem cua SD vai mp(AMN). 

Vi Uu 11: Cho lu dien ABCD. Tren canh AB lay diem I va lay cac diem J, K 
Ian lugt la diem thuoc mien trong cac lam giac BCD va ACD. 

7 

a) Flay xac dinh giao diem L cua IK voi mp(ABC). 

^ / ■» 

b) Tim giao tuyen cua mat phang (UK) voi cac mat cua tir dien ABCD. 

Giai 

a) Trong mp(BCD),DJnBC = M 
Trong mp(ACD), DK n AC = N 
Do do (ABC) n (K.ID) = MN. 

Trong mp(MNI)), JK n MN = L 


n 


^ D 


thi L = JK n (ABC), 
b) Theo cau a) thi (UK) n (ABC) = IL 
ITong mp(ABC), IL n AC = E, 
trong mp(ACb), EK n CD = F. 
trong mp(BCD), FJ n BD = T. 

Ta CO: (UK) n (ACD) = EF. (UK) n (BCD) = FT, (UK) n (ABD) = IT. 
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Vi du 12; Vho lir dien AIK’I), cac diCaii M va N Ian 
lirol la triing diC'm cua AC va BC. Lay dicMii K 
ihuoc doan Bl) ma khong la irung diem cua BI). 
I'im thiet dien ciia tir dien va mat phang (MNK). 

fiai 

Trong mp(BCI)), NK n Cl) = L. 

I'rong mp(ACD), ML n AD = 1. 

Noi IK thi thiet dien la tir giac MNKL 



I. 


( 


Vi du 13: Thiet dien cua mot hinh tu dien c6 the la tarn giac, tir giac hoac 
ngu giac hay khong? 

jiai 


/ • m m * ^ 

Lhict dien ciia mot hinh tur dien la tarn giac khi mat phang cat ba mat ciia 
tir dien. Thiet dien la tur giac khi mat phang cat ca bon mat cua hiuh lu 
dien. Thiet dien cua mot hinh tu dien khong the la mot ngu giac vi ngu 


giac CO nam canh ma tir dien chi co bon mat. 

A 


A 



[) 



U 


S 


Vi du 14 : Cho hinh chop S.ABCD. Trong tarn giac SCI), ta lay mot diCun M. 

a) Tim giao tuyen cua hai mat phang (SBM) va SAC) 

b) Tim thiet dien cua hinh chop voi mat phang (ABM). 

Giai 

a) Gpi N la giao diem cua SM va CD, K la giao 

t . ^ ' 

diem cua BN va AC. Giao tuyen can tim la 
dirong thang SK. 

b) Trong mat phang (SBN), BM cat SK tai O. 

Ta suy ra O la giao diem cua BM vai (SAC). a' 

Trong mSt phang (SAC), AO cat SC tai L, day 
la giao diem cua (ABM) voi canh SC\ HM cat 
SI) tai F, day la giao diem cua (ABM) \'oi canh 
SI). Thiet dien can tim la tir giac ABL.F. 

Cach 2: Trong mp(ABCD), keo dai dirong thang AB cat BC' tai 1. 

Vi du 15 : Cho mot hinh chop S.ABC'D co day ABC'D la mot hinh binb hanh. 
Cipi M,oN, P Ian lirirt la trung diem cua SA, BC', C D. 



> 1 ) 


« * 




• ^ 
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ii) .)irng ihicl dicn ciia liiiili chop khi cal bai mp(MNP). 
h) (ipi () la lam ciia Jav. Tim 

I 

giao diem cua SO \'a (MNP). 

( i • • 

iiai 

» f 

a) l)u'Vng lhang NP cal AI) lai I \a 

Cal AB lai J, MI cal SI) lai K; M.I 

• • 

cm Sli lai I.. Noi NL, PK ihi 
Ihicl dicn la ngii giac MI.NPK. 
b) Trdig inp(AB(T)), AC’ cal NP 
lai K. 

Treng mp{SAC). SO cal MF. lai ' 

II ni II la giao diCan cua SO vai mp(MNP). 

Vi ilu 16 : Cho hinh chop S.ABCI) c6 day la hinh binh hanh. Opi M la diem 
nan giira S va A; N la diem nam giira S va B. 
a) Xae dinh ihiet dien ciia hinh chop veVi mp(CMN). 
b) Vim giao tuyen ciia 2 mp{SAFi) va (SCD). 



K 


s 


( 





c 


a) Goi O la lam ciia hinh binh hanh ABGI). 
Trong mp(SAC), SO n CM = I. 

Trong mp(SBD), NI n SD = E. 

Noi NM, NC, EC, EM thi Ihicl dicn la lir 
giac MNCE. 

b) iTcng mp(MNCE), keo dai CE va NM cal nhau tai K, ta co S va K la 2 
dien chung ciia 2 mp(SAB), (SCD). 

Va: (SAB) n (SCI)) = SK. 

Vi du 17 : Cho hinh chop S.ABCD c6 day la 
hini thang voi AB la day Ion. Goi M ,va N 
h\n lirgl la Irung diem ciia cac canh SB va 

SC. 

a) '[im giao luycn ciia hai mal phang (SAD) 

va (SBC) 

b) Xae dinh ihicl dicn ciia hinh chop 
S.ABCD voi mal phang (AMN) 

iiai 

a) Troig (ABCD), goi E la giao diem ciia hai 
cam hen 'Ad va BC. Giao luycn cua hai mat 

va (SBC) la dirbng thang SE. 




B 
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b) Mat phang phu (SAD) chira SD cat mat phang (AMN) thco giao tu\cn la 
dirang thang AI’ vai I' la giao diem cua hai dirong thang MN va SI'. ( »pi 
P la giao diem cua SD va Al- thi P la giao diem cua SD va (.AMN). 

Thiet dien can tim la tir giac AMNP 

Vi du 18 : Cho hinh chop tir giac S.ABCD. Ba dicmi A', B', (” Ian lirgi nAm 
tren ba canh SA, SF^, SC nhirng khong trung voi S, A, B, C. Xac dinh 
thiet dien cua hinh chop khi cat bai mp(A'B’C'). 

iiai 

Goi O la giao diem cua hai dirong cheo AC va BD. Goi O' la giao dicin 
cua A'C va SO; D' la giao diem cua hai duong thang B'O' va SD. 

- Neu D' thupc doan SD thi thiet dien la tir giac A'B'C'D'. 

f \ \ _ t 

- Neu D' nam tren phan keo dai cua canh SD, goi E la giao diC'm ciia CD 

va CD', F la giao diem cua AD va A'D'. Noi EC, Eh thi thiet dien la ngu 
giac A'B'CEF. s s 


B 



D 


C 



D' 


Vi du 19: Cho hinh chop S.ABCD c6 dav ABCD la mot hinh binh hanh. 

_ • A 

Trong mat phang (ABCD) ve duong thang d di qua A va khong song 
song voi cac canh cua hinh binh hanh. Goi C la mot diem nam tren canh 
SC. Tim thiet dien cua hinh chop cat boi mat phang (d; C). 

Giai 

- Neu duong thang d cat canh BC tai E va cat DC keo dai tai M. Noi NIC 
cat SD tai F. Thiet dien can tim la tu giac AEC'F. 

Tuong tu, neu d cat canh DC va cat c^h BC keo dai, thiet dien la tir giac. 

- Neu duong thang d di qua diem C thi dupe thiet dien la tarn giac SAC. 

- Neu duong thang d cat hai canh CD va CB keo dai Ian lupt tai 1 \ a J. 
Goi M la giao diem cua SD va C'l, N la giao diem cua SB va C'.l. I hict 
dien la tu giac AMCN. 





- --> c 




A 


1 


d 































































DA NG 3: DO NG QUY, THANG HANG 


• C-himj minh ba diem thang hang: 

Dechirng minh ba diem nao do thang hang, ta chung minh ba diem ay 

■» t 

cung thuoc hai mat phang phan biet, luc do ba diem nay se thang hang tren 
giao tmcn. 

1 org quat, vcVi nhieu diem horn cung sir diing phirorng phap nay. 

• C'himi minh cac docin dong quy, cac duang th^g dong quy: 

De .'hung minh, ta sir dung cac djnh huong: 

- D)ng quy lien tiep; hai dirong thang dau tien cat nhau, tiep tuc chirng 
minh drong thang thir 3 di qua giao diem nay,... 

7 t ’ 

- Cluyen th^g hang: Neu hai duang thang cat nhaii tai O va duang 

T ^ *r * 

thang tlur 3 di qua A, B. Ta chirng minh ba diem O, A, B thang hang tuc la O 

7 

thuoc drang thang thir 3,... 

- Dong quy c6 ti le: Sir dung cac tinh chat hinh ph^g nhu hai duang cheo 

e y 0 

hinh biili hanh cat nhau tai trung diem moi dudng, cac,.trung tuyen trong tarn 
giac cat nhau theo ti le 1: 2 ,... 

^ - Dong quy va dong phang: Ba duang thang doi mot cat nhau va khong 
dong piang thi chirng dong quy. H - 

Chi y: Neu can thi sir dung phuorng phap phan chung. " , 

7 7 

du t : Cho ba diem A, B, C khong thuoc mat phang (P) va cac duang 
tharg BC, CA, AB cat (P) Ian lugt tai M, N, K. Chung minh rang M, N, 

7 

P thang hang. 

Giai 

Ta :6 M, N, K Ian lugt thuoc 

X y 

ve hai mat phang (P) va 
(AFC) nen M, N, K thuoc giao 
tuym ciia (P) va (ABC). Vay 
M, T, K thang hang. 

du 1 : Tren 3 tia Sx, Sy, Sz khong dong phang Ian lugt lay cac diem 
A Vi D, B va E, C va F sao cho DE cat AB tai I, EF cat BC tai J, FD cat 
CAtai K. Chirng minh ba diem 1, J, K thang hang. ^ 

Giai 

Ta (6 I = DE n AB 

DE c (DEF) => I 6 (DEF) 

\Bc 


Vi 


/ 



Vi 





- (ABC) => 1 G (ABC). 

Li Iran tuang tir thi J, K ciing Ian 

7 7 

lirg thuoc ve hai mat phang tren 

7 / 

ncnl, thuoc ve giao tuyen ciia 
(/\^'^jva (DEF) phan biet. Vay 3 
di^!^' r.rfi, K thang hang. 
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^ ^ / 

du 3: Cho hai mat phanu (a) va (B) cal nhau ihco ^iao luyC'n d. I naiji* ((x) 

/ » / ■» • \ 

lay hai diem A va B sao cho AB cal d tai I. Diem () la mot dicn n.'im 

ngoai (a) va (P) sao cho OA va OB Ian lirgl cat (P) tai A' va B'. 

•» ^ » 

a) Chimg minh ha diem I, A', B' thang hang va O, A, B khong lhang hang. 

ft ’ • 

b) Trong (a) lay cac diem C sao cho A, B, C khong lhang hang, (hia sir 
OC cat (P) tai C, BC cat B'C tai J, CA cat CA’ tai K. Chiriii iminh 
1, J, K thang hang. 

iiai 

a) I, A', B' la ba diem chung cua hai mat 
phang (OAB) va (P) nen chung thang 
hang. 

Gia sir O, A, B thang hang thi O thuoc 

y 

duong thang AB. 



Ma A, B e (a) => O g (a): v6 li. 

Vay O, A, B khong thang hang, 
b) I, J, K la ba diem ehung eiia hai mat 

phang (ABC) va (A'B'C) nen chung thang hang tren giao liiyen. 

Vi du 4: Cho hinh chop S.ABCD c6 day la hinh binh hanh. Goi B 'a N la 
trung diem cua SB, SC va M thuoc SA sao cho MA = 2 MS. 

a) Tim giao diem F eua SD voi mp(MNE). 

b) Chung minh 4 giao diem I, J, K, T cua 4 duong lhang MF., MN. MlNl' 
voi day thang hang. 

Giai 

a) Trong mp(ABCD), AC n BD = O 

Trong mp(SAC), MN n SO = H, trong mat phang (SBD), Idl nSiD 1’ 

thi F = SD n (MNE). 



b) I heo gia ihiel thi: 

- (SAB): Ml{ n AB = 1 ; (SAC): MN n AC - J 

- (SAD): MF n AD - K: (SCD): NF n CD - 1’. 

l a CO bon diC'm 1, J. K. T cung thuoc 2 mat phang (y\BCl)) va (v 

y f 

neh chung lhang hang tiCn giao luyen. 



■id-) 
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Vi 


Vi 


iJu_5; ('ho n cHCmii trong do khdng c6 4 diC'iii nao dong phang. ('luVng 

A , 1 

mirh rang khong c6 ha dicMii ni'u) Irong chiing thang hang. 

( '1 • ' • 

iiai 

f ► f t » 

Neu CO ba diC*m A. li. (' irong n diCmi da cho thang hang thi voi mot dic*m 
I) tong so diem con lai. phai c6 A, H. (’. I) dong phang. I'rai gia ihicl. 
\’m khong c6 ^ dicmi nao thang hang. 

*» / 

du >: Cho hinh chop lu giac S.ABCD. Mol mat phang (P) cat cac canh 
SA SB. SC. SD Ian lirol tai A', B', C. I)'. Cipi O la giao 2 dirang chco 
AC va'l^I). Chung minh rang cac dirdng thang A'C\ B'D' va S(J dong 
qu\. 


s 


jiai 


A 


Vi 



Cip I la giao dicmi ci’ia hai 
dueng thang A'C va FPI)'. Khi 
do 1 thupc A'C nen 1 thupc 
nip SAC); I thupc IVD' nen I 
tliiuc mp(SBD). 

f 

Do do 1 thupc giao tuyen SO 

•* 

cua hai mat phang (SAC) va 
(StD). Vay ba duemg thang 
So A'C, B'D' dong quy tai I. 
d\i * : Cho tir giac ABCD nam trong mat phang (a) c6 hai canh AB va CD 

\ y 

kheng song song. Gpi S la mot diem nam ngoai mat phang (a) va M la 

trurg diem cua doan thang SC. 

1 

a) 7im giao diem N cua dudng thang SD va mat phang (MAB). 

b) Gpi O la giao diem ciia AC va BD. Chung minh rang ba duong thang 
bO, AM va BN dong quy. 

iiai 

a) Gpi E la giao diem cua AB va CD. Hai 
mat phang (MAB) va (SCD) c6 hai 
diem chung la M va E. Do do hai mat 
phang nay c6 ME la giao Uiyen. Trong 
mat phang (MCD), gpi N la giao diem 
cua SD va EM, ta c6 N la giao diC*m 

f *• 

cua duong th^g SD va mat phang 
(MAB). 

b) Gpi I la giao diem cua AM va BN. Nhu 
vay diem I vua thupc mat phang 
(SAC) vua thupc mat phang (SBD). 
Mat khac S(4 la giao tuyen cua (SA(") 
va (SBD). Dp do ba duong thang SO, 
AM va BN dong quy tai 1. 


s 



c 


>1 • 
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V^i du 8: Cho lir dicn ABCl). Cigi M. N, I\ Q. R. S Ian krgt la iriing diem 
cua cac canh Ali, CD, BC. AD, AC, IM). 

a) Chirng minh MPNQ la hinh binh hanh. 

b) (’hung minh ba doan thang MN, PQ, RS eat nhau tai trung diC*m eua 
moi doan. Diem dong quy ggi la trgng tarn tir dien. A 


( 


iiai 


a) Ta CO cac duong trung binh MQ va PN 


deu song song voi BD va bang 


BD 

2 


nen 


B 



1 ) 


MPNQ la hinh binh hanh. 
b) Vi MPNQ la hinh binh hanh nen hai 
cheo MN va PQ cat nhau tai trung diem 
O ciia moi doan. 

Tuong tir, MRNS la hinh binh hanh nen MN va RS cat nhau tai trung 
diem cua moi doan, tuc la tai O. Vay MN, PQ \a RS eat nhau tai trung 
diem cua moi doan. 

Vi du 9: Chirnti minh tronu khong gian, neu c6 ba dmmg thang doi mot eat 

\ ’y ^ 

nhau va khong dong phang thi chung dong quy. 

Giai 

Cho ba duong thang a, b, c doi mot cat nhau. (igi A 
la giao diem cua b va c. Ta chung minh duong 
thang a qua giao diem A 

Gia su a khong qua diem A thi a cat b, c tai B. C 
khac diem A. 

Do do, ba duofng thang a, b, c cung nam tren mat 
phang (ABC): v6 ly. 

Vay chung dong quy. 

f y ^ ' 

Md rgng: Neu c6 n duong thang doi mot cat nhau va khong cung nam 
tren mot mat phang thi n duong thang do cung di qua mot diem. 

Vi du 10 : Cho tudien ABCD c6 cac canh thoa man AB.CD = AC.BD = AD.IK’. 
Chirng minh cac duong thang di qua moi dinh va tarn duong tion ngi tiOp 
cac mat doi dien dong quy tai 1 diem. 

(Jiai 

Ggi A', B', C, D' la tarn duong tron ngi ticp 
cua mat doi dicn cac dinh A, B. C, D. 

Vi AA', BB', CC, DD' khong dong phang nen 

9 

ta chung minh chiing doi mot cat nhau. 

Goi T = BA' n CD. Vi BE la phan giac trong 

, EC BC 

cua tarn giac BC D nen . 

* ED B D 



A 


B 



1) 















I'll CO AC'.BI) - AD.IU’ iiC'ii 


\\C 


A(' \<:c 

siiy ra 


A(’ 


. do do Al' la 


lil) AD ' KD AD 
plian giac Irong ciia tain giac ACl.) ncn B' thuoc AH. Vay AA' cat liB' 
trong nip(,'\BH,). 

C'lu'rng ininh luxrng lu llii cliiiiig doi mol cat nhau va khong dong phang 
non 4 cluang lliaiig do dong c|ii\ . 


DANG 4: TOAN TONG HQP 


- i 


- rA'^ ’ 


• Yen to CO dinh: 

^ f ^ • 

- Dirang thang c6 dinh khi no di qua 2 diem c6 dinh phan biet, hoac no la 

f 1 / ^ / 

giao tuyen cua 2 mat phang c6 djnh cat nhau. 

- Mat phang co dinh khi no di qua 3 diem c6 dinh khong th^g h^g, 

^ f * • ^ 

hoac no di qua 1 duang thang co djnh va mot diem co djnh a ngoai no, hoac 
no di qua 2 dirdmg thang co djnh cat nhau. 

Chu y: Gia thiet yen to co djnh, yen to di dong. ■ . 

7 y 

• Quy tich (tap hgp) cac giao diem cua 2 duang thang luii dong: 

- Tim 2 mat phang phan biet, co djnh Ian lugt chua 2 duang thang, giao 

7 f f y 

diem thuoc giao tuyen co djnh cua 2 mat phang do. ... 

. - Giai han va phan dao. . . • 

Vi Uu 1 : Tren mat phang (a) cho hai duang thang a, b cat nhau tai O. Goi c 

7 f ^ y ^ 

la mot duang thang cat (a) tai diem 1 khac vdi O. 

f y 

a) Xac djnh giao tuyen ciia hai mat phang (O; c) va (a). 

b) Goi M la mot diem lay tren c hhimg khong trung vai I. Xac djnh giao 
tuyin cua hai mat phang (M; a) va (M; b). Chimg minh khi M di dong 

^ ’ 'a 

tren c thi giao tuyen cua hai mat phang tren luon luon nam trong mot 

7 ^ 

mat phang co djnh. 

jiai 

7 ^ ^ y 

a) Hai mat phang (O; c) va (a) co hai diem 
chung la O va 1 nen giao tuyen cua chung la 
duang thang 01. 

b) Hai mat phang (M; a) va (M; b) c6 hai diem 
chung la M va O nen giao tuyen cua chung la 
duang thang MO. Khi M di dong tren c, giao 
tuyen MO nay luon luon nam trong mat phang (O; c) co djnh. 

\i du 2 : Cho hinh chop S.ABCD co day hinh thang, AB la day Ion. Diem M 
luu dong tren canh SA. 

a) Tim giao diCm N cua SD vai mp(MBC). 

b) Chur^ minh duang thang MN luon di qua mot diem co djnh. 












s 



-rz;>H 


iiai 

a) I rong mp(AIiCI)), AC cat BI) lai O. 

Trong mp(SAC), SO cat MC tai 1. 

Irong mp(SBI)), BI cit SD tai N thi 
N = SI)n(MBC). 

b) Irong mp(ABCD), AI) n BC = K c6 
dinh. 

I a CO M, N, K thuoc 2 mat phang phan 
biet (SAD), (MBC) nen chung thang 
hang tren giao tuyen. 

Vay MN di qua K c6 dinh. 

Vi du 3 : Cho tu dien ABCD. Goi M, N Ian krgt la trung diem cua BC \ a 
BI); P la mot diem thay doi tren doan thang AD. 

a) Xac dinh giao diem Q cua mp(MNP) va canh AC. Chirng minh thict 
dien MNPQ la hinh thang khi P khac A va D. 

b) Tim quy tich giao diem I cua QM va PN. 

c) Tim quy tich giao diem .1 cua QN va PM. 

Giai 

a) Ve duang thang qua P song song voi Cl) 
cat AC tai Q thi Q la giao diem cua AC 
va mp(MNP). Ta c6 PQ // MN nen thiet 

. dien MNPQ la hinh thang. 

b) Gia sir I la giao diem cua QM va PN. 

Ta c6: QM(zmp(ABC) co dinh. 

PN d mp(ABD) CO djnh nen giao diem I 





c) 


9 / 

thuoc giao tuyen AB co dinh. 

Vi P thay doi tren doan thang AD nen I 
chi nam tren phan cua duong thang AB 
trir di cac diem trong cua doan AB. 

Dao lai, lay mot diem I bat ki thuoc duerng thang AB nhirng khong nam 
giua A va B. Ggi P, Q Ian lirgt la cac giao diem cua IN voi AD, cua IM 
vofi AC. Khi do mp(MNP) cat AC tai Q va giao diem cua QM va PN la I. 
Vay quy tich giao diem I cua QM va PN la phan duong thang AB tru (h 
cac diem trong cua doan AB. 

Ta CO QN c mp(NAC) co djnh 

PM cz mp(MAD) co djnh nen giao diem .1 thuoc giao tuyCm AO co djiili 
voi O ^'CN n DM. Tu do thi quy tich giao dicMii I ciia QN va PNl la 
doan thang AO. 




A 


Vijluj4; C'lu) U'r dicFi AiU’I). (loi I la (rung diC*m ci’ia canh AB. M la nidi 
dicMii di dong iron canh C'l). P la Iriing dicin ciia doan BM. 

a) Cluing niinh rang IM va Ai’ nidi diidng nam trong mdl mat phang cd 
dinli khi M di ddng Iren canh (’I). 

b) Tim tap hop cac giao dican (i cua IM va 

AP. 

• P • 

f lai 

a) V'^i 1, C\ I) cd djnh nen IM nam trong mat 

phing CO djnh (IC'D). Vi P !a (rung diem cua 

doin BM nC’n khi M di ddng trCm doan C'l) thi 

P ii ddng tren dirdng tiling binh BP ciia tarn 

gitfC BCD, trong do B. B Ian lugt la trung 

diem cua BC' va BD. l ir do su\ ra AP nam 

• / 

treng mat phang cd djnh (Aid-). 

b) (ABC): 11 = AB: n 1C va (ABD): K = Al' n ID 


1} 



IH H, K la diem cluing cua hai mat phang (ICD), (ABF) nen giao tuyen 
la .lirong thang 1 IK. 

Vi Cj thude 2 mat phang do nen Ci thude dirong thang UK la giao tuyen 
eui mat phang cd djnh ndi tren. 

Vi (Iu 5 : Cho hai hinh thang (khdng binh hanh) ABCD va ABB'P’ cd cluing 
da/ Ion AB va khdng cung nam trong mdl mat phang. 

a) Kac djnh giao tuyen cua cac cap mat phang sau day: (ABC") va (BP'D); 
(BCE) va(ADF). 

b) l.ay mot diem M tren doan DF. Tim giao diem cua dudng thang AM 
veVi mat phang (BCE). 

c) Chumg minh hai dirCing thang AC va BF la hai dircimg thang khdng cal 
nhau. 

Giai 

a) Ggi(j = ACnBD 

ll = ABnBF. 

Hai mat phang (ABC) va (BIT)) co hai 
diem cluing la G va H. Vay Gil la giao 

f *» 

tuyen cua hai mat phang tren. 

Goi I = AD n BC 



K = AF n BB thi suy ra IK la giao tuyen 
cua hai mat phang (BC"B) va (ADI'), 
b) Trong mat phang (AIK), AM cat IK tai N. 

f 

la cd N la giao dicMii cua AM \di mat 
phang (BCB.). 

9 $ \ 

c) Gii sir neu AC" va BP cal nhau, ta suy ra hai hinh thang da cho nam trong 
cuig niot mat phang la trai vdi gia thict. 

■*''4 m 

ii ■ 
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Vi du 6: Cho tir dien ABCD. Goi I va J Ian lirgt la trung diCMii cua AG n a 
BC. Trcn canh BI). lav diem K sao cho BK = 2K1). 

• w 

» 7 ► 

a) rim giao diem E va E cua duang thang CD va AI) vai mat pli;ang 
(UK). Chirng minh DE = DC, FA = 2Fp va I'K// U 

b) Goi M va N la hai diem bat ki Ian lirat nam trcn hai canh AB va (’L. 'H im 
' • • • 

7 7 7 

giao diem cua dircmg thang MN vai mat phang (UK). 

Tiai 


a) Trong (FiCD), CD cat JK tai E nen E la giao diem cua CD vai lUK). 
Trong tarn giac BCD, dirng DD' // JK. A 

Vi KD= -KBnen JD'= -JB. 

2 2 

Vi JB = JC nen JD’ = -JC. 

2 


Suy ra; D'J = D'C. 

Do do: DE = DC 

Trong (ACD), AD cat IE tai F. Day la giao 

7 

diem cua AD vai (UK). Trong tarn giac 
ACE, AD va El la hai trung tuyen, nen F 
la trong tarn. 

Do do FA = 2 FD.Vi K va F la trong tarn cac tarn giac BCE va AC2 men 

, KE FE ^ 
ta co:- = — = 2 

KJ FI 



Trong tarn giac UE, he thijc trcn suy ra FK // U 
b) MC cat U tai P, MD cat FK tai Q thi PQ la giao tuyen cua mp(M(' ))) \ a 
mp(UK) 

Trong (MCD), MN cat PQ tai O, day la giao diem cua MN vai (UKi. 

Vi du 7 : Cho hinh chop tarn giac S.ABC. Trong cac mien tarn giac S/AB, 
SBC, SCA Ian lirgt lay cac diem L, M, N sao cho cac duang than^ I,.M, 
MN, NT deu cat mp(ABC). 

7 7 

a) Xac djnh cac giao diem I, J, K cua mat phang (ABC) thco thir iir 'vai 

» 

cac duemg thang LM, MN, NL. 
o b) Chirng minh ba diem 1, J, K thang hang, 

c) Xac djnh thiet dien cua hinh chop khi cat bai 
mp(LMN). 

( ><••>• 

Fiai 

a) Cmi L' = SI. n AB, M' = SM n BC, 

N' = SN n CA. 


s 


* * 


7 

Prong cac mat phang: 

mp(STM): I = MI. n M'L'; 
mp(SNM): J = NM n N'M'; 


l|ip(SNF):K = TNnF’N'. 


. JL 

9 b"' 




c 


u 




















b) 


t y 

i)(' la cac giao diC'iii I. .1. K can lim. 

^.'a- dicni I, .1. K dcii ciing ihuoc hai mat phang (MNI.) va (M'N'L') nC'ii 
cdiung lhang hang lien giao tiiycn. 

c) (ji.i sir dirmig lhang IK cal Al^. AC ihco llu'r Ur tai 1:. I'. Khi do Ci = I N n SC'. 
II = CiM n SB \a do I . 11 lhang hang nen lir giac Kl'Cill la thict dicn 
car dirng. I'hiel dicn c6 ihe la lir giac hoac lam giac phu thiioc vao dirong 

f ^ 

Ihc'ng IK cal hai canh ciia AABC' hoac phan kco dai ciia chung. 

du 8 : Cho hinh chop lir giac S.ABCD cd day la hinh binh hanh ABCI). 

(j( i M va N ihco ihir Ur la iriing diem ciia Afi va SC. 

a) Aac dinh cac giao diCmi I va J cua mp(SBI)) iheo ihir tir vdi cac dirang 
lhang AN va MN. 

b) Chirng minh ba dic*m B, I, .1 lhang hang. 

, . . , , ; lA m nr 

c) I inh cac linh so 


IN JN 


IK 

( ^ . o • 

iiai 



-.V-c 


a) Cici O la lam hinh binh hanh .ABCD. 

Trong AS AC. AN cal SO lai I. Vay 1 la 
giro diem cua AN va mp(SBD). 

Trjng ANAB, MN cal BI lai .1. Vay J la giao diem cua MN va mp(SBD). 

b) Tl-eo each ve can a) ihi B. I, J lhang hang. 

lA 

c) Vi I la Irong lam cua lam giac SAC nen — = 2. Goi M' la Irung diem 


IN 


Ai Ihi MM' // B.I, va .1 la Irung diem cua MN nen 
I'aco: IB = 2MM', 1.1 = ^MM’. Vay ^ = 4. 

2 U 


JM 

JN 


= 1 . 


Uu 9 : Trong mp(P) cho hai dirdng lhang a ya b cal nhau tai I. Ngoai 
mp(P) cho hai diC‘m M, N sao cho dirdng lhang MN cat (P) tai O va O 
kliJng nSm Iren a va b. Mot dudng lhang c thay doi di qua O cat a, b Ian 
lir/t tai A va B. Goi A' la giao diem cua AN va BM, B' la giao diem cua 

AM va BN. 

a) rim quy tich A' va B'. 

b) Chirng minh rang dirdng lhang A'FV 
luon di qua mot diem cd djnh. 

iiai 

a) Tc CO A' € mp(M; b) va A' e mp(N; a) nen 
qiy tich A' la giao tuyen p cua hai mat 
pkdng cd dinh: mp(M; b) va mp(N; a). 

Tr cd: B' e mp(M; a) va B' g mp(N; b) 
nm tirong tir quy tich B' la giao tuyen q 
cia hai a^l phang cd dinh: mp(M; a) va 
m3i(N;#)' 
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b) 1 rong mp(A'lV; MN) dirang thang A'B' cal MN lai K. Diem K cung 
chi'nh la giao diC*m cua mp(p; q) c6 dinh va dirang thang MN cd djnli nen 
K CO dinh. 

Vay A'lV liidn Iiidn di qua K c6 djnh. 

Vi du 10 : Cho 4 Ur dicn ABCD, goi I la diem nam tren dudng lhang BI) 
nhirng khong ihuqc doan BD. Trong mat phang (ABD), vc dudng thang 
qua I va cat hai doan AB, AD Ian lirgt tai K va L. I'rong mat phanu 
(EiCD), ve dudng thang qua 1 va cat hai doan CB va CD Ian lirgt lai M 
vaN. 

a) Ggi Oi la giao diem cua hai dudng thang BN va DM, O 2 la giao diein 

■» I ' 

cua hai dudng thang BL va DK, va J la giao diem cua hai duinig thang 
LM va KN. Chimg minh ba diem A, J, 0| va C, J, O 2 thang hang. 

b) Gia sir hai dudng thang KM va LN a 

cat nhau tai 11. Chung minh rang khi 
diem I lhay doi thi diem 11 thugc 
dudng thang c6 djnh. 

iiai 

7 '» 

a) Ba diem A, J, Oi thang hang vi 
chung Cling thugc hai mat phang 
(ABN) va (ADM), lirong tu ba 
diem C, J, O 2 thang hang vi chung - 
cung thugc (BCL) va (CDK). 

b) A, C, II la ba diem thang hang, vi 
cung thugc hai mat phang (ABC) 
va (ADC). 

Do do II thugc dudng thang AC 
c6 dinh. 



II 

C. BAI LUYEN TAP 

• • 

1. Cho tirdien AIK'D. 

a) Xac dinh cac dinh, canh, mat. 

' • • • 

9 7 ^ 7 

b) I.ay diem M IiCmi canh AD thi diem M thugc mat phang nao ? 

2. Cho hinh chop S.ABCD. 

a) Xac djnh cac dinh, canh, mat. 

b) Xci vj tri tirong ddi cua SA va DC; AD va BC. 

C'ho hinh lap phuong ABC'D.A’B’C’D'. 

a) Xac djnh cac dinh, canh, mat, dudng cheo, mat cheo. 

b) (.'luinLi minh lam uiac AB’D' deu. 

1 t ^ ^ 

4. Chung minh I mat phang \ a 1 dudng thang khong nam tren mat phang 

7 

do thi cd khong qua 1 diem chung. 


I ■ 
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Ill): dung phan chimg 

5. MCmiIi dc nao diinu; 

» » ^ % 

a) Iki duong lliang ina 2 dirdiig ihang nao cung cal nhaii thi chiing dong qiiN . 

• \ ^ 

h) 1 lai duong thang nain ircn 2 mat song song thi khong c6 dicMii cluing. 

t y I t 

c) Ha diC'm nam Iren 2 mat phang phan hict thi thang hang. 

> ^ » f % “9 

d) l u 4 dicMii khdim ddim phang thi cd 3 dic*m khong dong phang. 

I)S: a) S b) 1) c)!) dTs 

■» f y f ^ 

6. ('ho n diem, n >4 ma khong cd 4 diem nao dong phang. Chung minh 
khong cd 3 dicmi nao thang hang. 

7. (’ho 7 diem ma 4 diC'in niio cung dong phang. Chung minh tat ca 7 dicMu 
deii thugc I mat phang. 

* # ^ ^ 

8. C'ho 2 dudng thang cheo nhau a va b.’lYc'n a lay 2 diem phan bict A, H va 

lien b lay 2 diCmi phan biet C, I). 

a) (.'hung minh AD va CB cheo nhau. 

b) M Iren AC, N IrCm HD thi MN cd song song vdi AB ? CD? 

c) Dav () Ircm MN.C'hirng minh .AO cal CN, BO cal DM. 
l)S: b) khong song song 

9. ('ho tu dien ABC'D, O la diem trong lam giae FiCD, diem M tren AO. 

a) Tim giao tuyen cua (MCD) vdi (ABC); (ABD). 

b) I va J thugc BC, BD. Tim giao tuyen (DM) va (ACD). 

I ID: diing dudng gidng tir dinh S 

10. C'ho hinh lap phirong ABCD.A’B'C'D’.Tim giao tuyen cua cac mat 
phang: 

a) (AA’,CC’) va(BB’,DD’). 

b) (BDC’) vdi2day 

11. C'ho lu dien ABCD. Tren AC, AD Ian lugt lay M, N sao cho MN khong 
song song CD. Ggi O la diem trong tarn giae BCD. 

a) Tim giao diem cua MN vdi CD, vdi (BCD) 

b) Tim giao diem cua BC, BD vdi (OMN). 

12. C'ho lu dien AI3CD. Cigi M, N la diem trong tarn giae ABC’, BCD. Tim 

giao diem cua MN vdi (ACD). 

HD: dung dudng gidng tu dinh B 

13. C'lho hinh chdp S.ABCD, M tren eanh SC. 

a) rim giao ditmi AM vdi (SBD). 

b) Diem N tren BC.Tim giao diem cua SD vdi (AMN). 

14. C'ho hinh binh hanh ABCD nam trong (P) va S d ngoai (P). Lay M thugc 
doan SA, N thugc doan SB. Hai dudng cheo AC, BD cat nhau tai O. 

a) rim giao diem cua (CMN) vdi SO. 

b) Tim giao tuyc*n cua (SAD) va (CMN). 

15. C'ho hinh chdp S.ABCD day hinh thang cd day Idn AB. C}gi I, .I. K Ian 

lugt Iron SA, AB, BC'.Tim giao diem cua: 

*^a)^irdng thang IK vdi (SBD) 

4iVJ 


93 



b) dirang thang SI), SC vdi (UK). 

16. Cho 2 hinh lhang khong la hinh binh hanh AliCI) va ABb'l' cluing day 
Idn AB va khong dong phang. 

a) Tim giao tuyen (AHC) va (BIT)); (FK'l’) va (AI)!') 

b) Lay M thuoc I)F. Tim giao diem AM vdi (BC'L). 

/ 

c) Chirng minh AC va F^F khong cat nhaii. 

HD: a) giao tuyen la dirdng thang di qua 2 giao dicmi cua cac cap dudng 
thang 

17. Cho hinh chop S.ABCL). Lay D’ tren SI). l im thiet dien cua hinh chop 
vdi mat phang (ABD') bang 3 each. 

18. Cho hinh chop S.ABCD. Lay M trong tarn giac SAIT rim thiet dien cua 
hinh chdp vdi mat phang (MCD). 

19. Cho hinh chop S.ABCD, M thuoc mien trong tarn giac SCT). 

a) rim giao tuyen cua (SBM) va (SAC). 

b) Tim giao diem cua dirdng thang MB veVi (SAC). 

c) Tim thiet dien cat hinh chdp bdi (ABM). 

HD: dung dirdng gidng 

20. Cho hinh chop S.ABCD, dirdng thang A song song vdi BD va ihupc 
mat day. Goi M la trung diem SA. Tim thiet dien cat bdi mp(M, A ) tiiy 
theo cac vj tri cua A. 

21. Cho hinh chop S.ABCD cd day la tir giac loi. Xac dinh thiet dien qua SA 

va chia day thanh 2 phan cd dien tich bang nhau. 

*» *> 

HD: goi I la trung diem cua BD, ve dudng thang qua I, song song \di 
AC cat CD tai J thi mat phang can tim la mat phang (SAJ) 

22. Cho tu dien deu ABCD cd 6 canh bang a. Goi I la trung diem cua ,AI). .1 
va K la diem ddi xirng vdi D qua C va B. 

a) Xac djnh thiet dien cat bdi (UK) 

b) Ti'nh dien tich thiet dien. 

23. Cho hinh chdp S.ABCD, AC cat BD tai O. Goi M, N, I la 3 diC’iii ircn 
AD, CD, SO. Tim thiet dien cat bdi (MNl). 

24. Cho tir dien ABCD. Goi H, K la trung diem cua CA, CB va ilicm M 
thuoc tarn giac F3CD. Bien luan thiet dien cat tir dien bdi (Ml IK). 

25. Cho hinh lap phuong ABCD.A’B'C'DLXac dinh thiet dien cat bdi mat 
phang di qua 3 trung diem: 

a) I, J, K cua 3 canh lien tiep B'B, BA, AD. 

b) M, N, P cua 3 canh AB, B'C', DDL 
HD: b) gidng song song vdi canh A A' 

26. Cho hinh chdp S.ABCD. Mot mat phang cat 4 canh ben tai A', IT, 1)'. 
Goi (), O’ la giao dicmi 2 dudng chco tir giac ABCD, A'B'C'D'. C'hiVng 
minh S, Q, O’ thang hang. 

f ^ . 

HD; 3 diem cung nam tren 2 mat phang phan bict 

■tiV '. -A / 
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27. C'ho hinli lap phiKrng AIK'l).A‘B'(’‘!)‘.'l icn 4 canh ben lay 4 diC*in 
M, N, I’, O sao cho chung dong phang. dpi \l, \\ G, II la giao diC*m eua 
cae din'rng thang MN. NP. PQ, QM \di mat phang (A’B’C'I)'). 

a) ('hung minh P. I', (i. II thang hang. 

h) (iiao diCmi ci'ia MP \ ai (A'B’C"!)' ) c6 thupc dirang nay khong ? 

28. C'h() hinh chop S.ABC'D.DiC'in M tren BC, N tren SI). 

a) Tim giao diCmi I ciia BN, J ciia MN vdi (SAC). 

b) DM cat AC tai K.Chung minh S, K, .1 thang hang. 

c) Xac dinh thiet dien cal bdi (BC'N). 

29. Cho tu dien ABCI), goi Ci la trpng tarn tarn giac ACD.Lay M, N, P thupc 

PI) 1 


' . AU n^ 1 

cac doan AB, C A, D.A sao cho -=- 

M B N A 


PA 


Cioi I, .1 la giao dicmi cua MN voi BC, MP vai BI). 

* \ 1 

a) ('hung minh M(j. PI, N.l dong phang 

b) dpi F., F la trung diC'm cua CI), NI; II la giao diem cua MG voi BF, K 
la giao diem cua dl- vdi (BCD). Chung minh I I, K, I, J thang hang. 

30. C'ho 4 dudng thang ddi mot cat nhau va khong dong phang. Chung minh 
chung dong quy. 

Ill): dung each chung minh dong quy lien tiep, kel hop vdi phan chung 

31. Cho n dudng thang, n >4 ddi mot cat nhau va khong dong phang.Chung 
n\inh chung dong quy. 

32. C'ho hinh chop S.ABCI) cd day khong la hinh thang. Tren canh SC lay 
diem E. 


a) I'im giao diem F’ cua SD vdi (ABE). 

b) ('hung minh 3 dudng thang AB, CD, EF dong quy. 

HD: b) chuyen qua thang hang 

33. Cho tu dien ABCI).dpi E, F, G Ian Iirpt la 3 diem tren AB, AC, BD sao 
cho dutmg thang EF cat BC tai 1, EG cat AD tai H. Chung minh CD, IG, HE 
dong quy. 

HD: Chung minh cac dudng thang ddi mot cat nhau va khong dong 
phang. 

34. Cho hinh chop S.ABCI). Goi I, J la 2 diem tren AD, SB. 

a) Tim cac giao diem K, L cua I J, D J vdi (SAC). 

b) Cho AD cat BC tai O, O J cat SC tai M.Chung minh 4 diem A, K, L, M 

y 

thang hang. 

HD: 4 diem cung nam tren 2 mat phang phan biet 

35. Cho A, B nam ngoai mat phang (P) sao cho AB khong song song (P). 
Diem M Imi dong trong khdng gian sao cho MA, MB cat (P) tai A’, B . 
Chung minh dudng thang A'B* di qua 1 diem cd dinh. 

DS: quajiiao diem cua dudng thang AB vdi mp(P) 
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36. I ren mat phang (Q) clio 2 tia song song Ax, By. Ilai diem lirii doni M 
Iren Ax, N tren By khac A, B. Diem O co djnh khong thupe (Q). 

a) Chirng minh OA, MN chco nhau. 

b) Cipi 1 Irung diem MN.Chirng minh 01 nam Iren 1 mat phang eo ilirh. 
Ill): b) dung duong lhang song song va each deu Ax, liy 

37. Cho hinh chop S.ABCD.Mpt mat phang liru dong qua 2 trung diem 1, .1 
cua SA, SC.Mat phang nay eat SB, SD tai M, N. Chung minh MN di qua 
1 diem co dinh. 

l)S: giao diem cua IJ veVi mp(SBD) 

38. C’ho hinh chop S.ABCD day khong co cap canh song song. M luu dong 
tren eanh SB. 

a) Tim giao diem N eua SC voi mp(ADM). 

b) Tim tap hop giao diem E cua AN va DM. 

39. Cho tir dien ABCD.I, J tren AB, AC ma 1.1 khong song song veVi IK'. Mat 
phang luu dong qua IJ eat CD, DB Ian lugt tai M, N. 

a) Chung minh MN di qua 1 diem co djnh. 

b) Tim tap hgp giao diem eua IN va JM; IM va JN. 

40. Cho hinh chop S.ABC.Mot mat phang (a) hm dong qua A cat canh SB. S(' 

tai B’, C’. Chung minh neu -^5_ + -5^=:4 thi mat phang (rx) ehua 1 

SB' SC 


duong thang co dinh. 

Ill): gpi I la trung diem cua BC va T la trung diem cua B’C’ 

41. Cho hinh chop S.ABCD. AB va CD keo dai cat nhau tai E, AD va IK' 
keo dai cat nhau tai E voi AD < DF.Gpi I, J Ian lupl la trung diem SA. SlE 
Mat phang luu dong qua I J eat SC, SD Ian lupt tai M, N. 

a) Chirng minh 1 J, MN, SE dong quy. 

•» 

b) rim tap hop giao diem cua IM va JN. 

9 

e) Tim lap hop giao diC*m cua IN va JM. 

III): b) c) quy lich la cac giao tuyen 

9 

42. Ciiu liinh ciidp S.AIK.' gpi (i la trpng tarn day.Mot mat phang (E) liru 

ddnu cat 3 canh bCm tai A', B'. C\ Chirng minh neu t —- 8 

• " • • SA' SB' S( ' 

thi mp{I ) chira 1 duong lhang cd djnh. 
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43 C’ho hinh chop S.ABC. TrC'ii 3 canli bcMi lay A’, 13', C' liru dong. Chirng 
niinh ncii: SA = n.SA'. SB = (n * 1)SB', SC = (n ^ 2)SC' ihi mat phang 


(.\'B’C’) chira 1 dirong lhang co dinh. 

Hi): VC liinh binh hanh SABI ihi AIV qua I c6 djnh 

44 Cho luc giac ghcnh AIK'Dld’ c6 3 cap canh doi song song. Chirng minh 
3 dirdng chco d(3ng qiiy. 

45 Cho hinh lap phirang ABCD.A'B'C'D'. 

a) Chirng minh 4 dirong chco dong quy. 

b) 1'im diem Ci Irong lam giac A'DB ma A, (i, C’ thang hang. 

DS: b) G la trqng lam ciia lam giac A’DB 

46 Ch(> tir dien SABC.Qiia C dimg mat phang (P) cat AL3 SB lai R', B”.Qua 
B dirng mat phang (Q) cat AC, SC tai C', C”. Dirdng lhang BC” cat 
CB” lai O’, BC' c^t CB' lai O". Gia sir O'O” cat SA lai I. 

a) ('hirng minh AO”, SO', BC dong quy. 

b) (Chirng minh I, B', B” va I, C’, C” lhang hang. 

47. Cho Id dien ABCD.Gpi P, L, M, N, R, S Ian lirgt la trung diem canh 
AB, CD, BC, DA, BD, C,'A. Td diem O bat ky trong khong gian ve 6 
dudng lhang: qua P, // OL; qua L, // OP; qua M, // ON; qua N, // OM; 
qua R, // OS; qua S, // OR. Chdng minh 6 dirdng thang nay dong quy. 

7 9 

DiS: diem doi xdng cua O qua trong tarn G 

48. C.ho hinh lap phuong ABCD.A'B'C'D'. Ba diem luu dong M, N, P tren 3 
c^nh ben AA’, BB’, CC’. 

a) i Xac djnh thiet dien MNPQ cat bdi (MNP). 

b) ) Tim quf tich giao diem T cua dudng thing MP vdi (ABCD) 

H D: b) c) tim 2 mat phang c6 djnh Ian lugt chda 2 dudng thang luu 
d^ng thi giao diem thuoc giao tuyen c6 djnh. 



§2. duOnc thang va mat phanc 

SONG SONG 


A. KIEN THUC Ca BAN 


• HAl DlTONG THANG SONG SONG 

- Hai dirong th^g gpi la dong phang neu chung cung nam trong mot mat 
phing. 

- Hai dircmg thSng goi la cheo nhau neu chung khong dong phang. 

- Hai duong thang gpi la song song neu chung dong phang va khong c6 
diem chung. 

- Vi tri tuorng doi giiJa hai duong thang: c6 4 vi tri tuong doi la 2 duong 

t / 

thang trung nhau, song song, cat nhau va cheo nhau. 



a = b 


a // b 


a n b = I 


a cheo b 


- Trong khong gian, qua mot diem nam ngqai mot duong thing c6 mot 
va chi mpt duong thang song song voi duong thang do. 

- Hai duong thang phan biet cung song song voi mot duong thang thu ba 
thi song song voi nhau. 

- Dinh li ve giao tuyen cua ba mat ph^g. 

Neu ba mat phang doi mot cat nhau theo ba giao tuyen phan biet thi ba 
giao tuyen ay hoac dong quy hoac doi mot song song. 




a 



- Neu hai mat phang cat nhau Ian lugt di qua hai duong thang song song 
thi giao tuyen cua chung song song voi hai duong thang do hoac in'mg voi 
mot trong hai duOTg thang do. 

- Ba doan thSng noi trung diem cac canh doi dien cua mot lir divn dong 
quy tai trung diem G cua moi doan. Diem G do goi la trong tarn cua tiV djfn. 


98-" 



































• DUONCil THANG S()N(; SONG VOI MAT PHANG 

- Mpl cluang lhang va mot mat phSng goi la song song voi nhau neu 
chung k'long c6 dicMn chung. 

- Vi tri tuong doi giira dircVng thang va mat phang: Co 3 vj tri tirong doi 
la dinmg thang song song mat phang, dudng thang cat mat phang va duang 
thang n^m tren mat phang. 


a 


a 


/ 





a // (P) 


a n (P) = I 


a 


(P) 


- I)iiih It CO ban: 


Ncu duang thang a kliong nam tren mat phang (P) va song song vai mot 
duong thang nao do nam tren (P) thi a song song vai (P). 

- duang thang a song song vai mat phang (P) thi moi mat phang (Q) 

f f f 

chua a nia cat (P) thi cat theo giao tuyen song song vai a. 




' mot duang thang song song vai mot mat phang thi no song song 
vai mot duang thang nao do trong mat phang. 

' Nea hai mat phang cat nhau cung song song vai mgt duang thang thi 
giao tuycn cua chung cung song song vdi dudng thang do. 

^ r ^ 

' Nei a va b la hai dudng thang cheo nhau thi c6 duy nhat mot mat phang 
chua a \d song song vdi b. 




D , 

. V. . / ■ 

* 


• •• #» «• «• 


• • • • 9 


• ^ - .V. 


* « « 


# 4 • 


t • 
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B. PHAN DANG TOAN 


DANG 1: VI TRl TUONG 06l 


• " ' • 4 ‘u- - * ' ‘ - . ; . = • 

• Hai dirang thang c6 4 vj tri tuang doi:). 

- Dong phang: Trung nhau, cat hhau, song song. ‘ . 

- Khong dong phang: Cheo nhau. , 

De chirng minh 2 dirong cheo^ i.haii ta thuang su dung phiiang phap plian 
chung: Gia sir 2 duang th^g khongxheo.nhau nen chung dong phang. Tir 
do dira ve dieu v6 ly. 


-V i*!' 


• Mot duang thang va mot mat phang c6 3 vj tri tuang doi: duang thanu nam 
trcn mat phang, duang thang cat mat phang va duang th^g song song vai 
mat phang. 

> » y 

Dc chung minh duang thang song song vai mat phang, ngoai cacii dua 

j y f ^ 

vao djnh ly ca ban, ta c6 the gia su duang thang cat mat phang cho truac, tu 
do suy ra dieu vo ly. Han nua neu. duang thang khong thuoc mat phang thi 

y y 

duang thang song song vdi mat phang do. .. - 


Vi du 1: T im menh de dung trong cac menh de sau day: 

a) 1 lai dudng thang cheo nhau thi khong c6 diem chung; 

b) 1 lai duang thang khong co diem chung thi cheo nhau; 

c) I lai duang thang khong song song thi cheo nhau; 

y f 

d) Hai dudng thang phan biet khong cat nhau va khong song song ihi 
cheo nhau. 

Giai 

% % 

Dua vao cac djnh nghia ve 2 dudng thang thi menh de: 

% 

a) dung va d) dung. 

Vi du 2: 7'ronu cac menh de sau, menh dc nao dung? 

y 

a) 1 lai dudng thang phan biet cung song song vdi mot mat phang Ihi song 
song vdi nhau; 

9 y y y 

b) Neu dudng thang song song vdi mot dudng thang thuoc mat phang thi 
dudng thang song song vdi mat phang do; 

f ^ ^ \ ^ 

c) Mot dudng thang cat mot trong hai dudng thang song song thi cat 
dudng thang cdn lai; 

9 y ^ 

d) Mot mat phang cat mot trong hai dudng thang song song thi cat dudng 
thang cdn lai. 

Giai 


Dua vao djnh nghTa va djnh ly ca ban thi menh de d) dung. 

Vi du 3 : Chq mp(P) va hai dudng thang song song a, b. Menh de nao diing 
trong cac'mcnh dc sau day: 

a) Neu (P) song song vdi a thi (P) cung song song vdi b; 




















h) Men (I*) song song V(Vi a ihi (!’) song song \ cVi b hoac chua b; 
e) Ncu (i‘) song song \ 6i a llii (P) chira b: 

(I) Ncu (P) cbira a ihi (P) c6 the song song vai b. 

• lai 

l)ira vao cljnh ngliTa \ a djnh ly co ban thi mcnli dc b) dung va d) dung. 

> 

Vijjii 4: Clio liai duong thang a va b ciing song song vai mp(P). Vj iri tuerng 
doi cua a va b the nao'.’ 

iiai 

* } f 

I la dirang thang a \ a b cb the xay ra mcH trong bon trirang hgp: triing 

f 

nhfU, cat nhau, song song, chco nhau: 

a 


a 



a 


a 


A 





Vi du S : Cho tir dien ABCD. Tren canh AC lay 2 diem phan bict M va N, 
tier canh BD lay 2 diem phan biet F, \'a F. Chung minh 2 dirang thang 
chd) nhau: 


a) aB va CD. 


b) MF va NF. 

Giai 


c 



D 


a) Ciia sir 2 dirang thang AB va CD khong 
cheo nhau thi AB va CD dong phang nen 
c6 Tiat phang (P) ehua 2 dirofng thang AB 
Va CD. Tu do thi 4 diem A, B, C, D dong 
ph^g: v6 ly. 

Va} AB va CD khong dong phang. 

b) Gia sir ME va NF dong phang thi c6 mot mat phang chua 2 duang thang 
nay. Vi M, N thuoc AC va E, F thuoc BD nen 4 diem A, B, C, D cung 
dory phang; v6 ly. Vay 2 dirang thang ME va NF cheo nhau. 

Vi du » : Cho hai dirang thang a va b cheo nhau. Co hay khong hai duong 
tharg p, q song song vai nhau, moi duang deu cat ca a va b?. 

Giai 



Giasu ton tai 2 duang thang p va q thoa de bai. 

Duong thang p cat a va b tai A va B; q cat a va b tai C va D. Vi p // q nen 
c6 np(p; q) chua bon diem A, C, B, D . 

Ta CO A va C deu thuoc mp(p, q) nen 
dudng thang a thuoc mp(p; q). 

Tueng tu b Cling thuoc mp(p; q). Tu do 
siiyra a va b dong phang (Irai gia thiet). 

Va\ khpQg CO hai duang thang p, q song 
SQjii vdfi nhau va cat ca a va b. 
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Vi du 7 : Cho dirang thang a c nip(P) va mot dirdng lhang b cal (P) lei liidm 

^ 9 

M. Chung minh rang ncu a khong di qua M thi a va h la iiai dirdng thang 

^ 9 y 

cheo nhau (dau hieu nhan biet hai dirdng thang clicn) nhau). 

iiai 

Gia sir a, b khong cheo nhau khi do 


a, b c (Q) va vi a c (Q), M e (Q) 



va M khong thuoc a, nen (Q) = (P) 

=> b c (P), trai vdi gia thict b cal 
(P). Vay a, b chco nhau, 

Vi du 8 : Chung minh, trong khong gian qua mot diem cho trude nan mgoai 
dudng thang thi c6 mol va chi mol dudng thang song song vdi diudng 
thang do. 



( 


iiai 


Gia su A la mot diem nam ngoai dudng ihaing a 
cho trude. Theo lien de ()-clit ve dudng tlhang 
song song thi trong mp{A; a) cd duy nhatdiudng 
thang b di qua A va song song vdi a. 

Hien nhien neu mot dudng thang di qua A va khong nam Iren m:)(.A; a) 
thi khong the song song vdi a. Vay dudng thang b la duy nhal. 

•9 

Vi du 9 : Chung minh, hai dudng thang phan biet cung song song \ di diudng 
thang ihu ba thi 2 dudng thang do song song vdi nhau. 

Giai 

Cho ba dudng thang a, b, c trong do b va c phan biet , dudng thang lb // a 
va dudng thang c // a. 

9 •» 

- Neu mp(a; b) trung vdi mp(a; c) thi theo hinh hoc phang ta cd diudng 
thang b // c. 

9 9 •% 

- Neu mp(a; b) khac mp(a; c), lay mot diem C tren c va goi c' la giao 

9 

tuyen eua mp(C; b) va mp(a; c). 

9 9 ^ ^ » 

Gia su c' // a thi c' phai trung vdi c. Khi do c // b, vi neu c cat b tai diiem I 

y 

thi I G mp(a; c) va 1 g mp(a; b), suy ra I phai thuoc dudng thingi a la 

9 9 

giao tuyen cua mp(a; c) va mp(a; b). Vay a va b cat nhau tai I: vd K'. 

9 ^ 

Gia su c' cat a tai mot diem .1 thi khi do J vua thuoc mp(C; b) laii . ua 

9 

thuoc mp(a; b) suy ra J thuoc giao tuyen b cua mp(C; b) va mp(a;b'). luc 
a va b cat nhau tai J: vo ly. 

Tom lai ta cd b // c. 











■y f 

\\ dll lO : C lio liai diiong ihfing chco nhaii Clurng niinh c6 duy nhal mot mat 

• • y 

phaig cliua diidng thang nay \ a song song vai dirang thang kia. 

■ lai 

/ y y 

I a\ mot diem M nam trCm a. Ve qua 
M not dudng thang b' song song vdi 

-t 9 

b Khi do. hai dirdnu thanu a \ a b' cat 
nha.i \ac djiih mp(l*) song song \ di b. b 

f y 

Net CO mat phang (Q) khac (1^) ciing 

# 

di cua a va song song vdi b thi a la giao tiiycn cua (P) va (Q) nen a // b, 
tiai \ ai gia thiet. Vay mp(P) la duy nhat. 

■> y \ 

Vi dll ll : Cho hai dudng thang cheo nhau a va b va mot diem M khdng nam 
tier a va b. Chung minh rang cd mot va chi mot mat phang di qua M 
soni song vdi ca a va b hoac song song vdi mot dudng thang va chira 
dircng thang kia. 

( '1 • • 

>iai 

■» \ 

Gqi a', b' la nhirng dudng thang di qua M Ian lugt 
son^ song vdi a va b. Vi a, b cheo nhau nen a', b' 
phai biet, do dd cd mp(P) di qua a' va b'. Mat 
phaig (P) hoac song song vdi a, hoac chua a, 
nip(P) hoac song song vdi b hoac chua b. 

Nhing mp(P) khdng the dong thdi chua a va b vi 
nhu vay a, b khdng cheo nhau. Vay mp(P) song 
soni \’di ca a va b, hoac song song vdi mot trong 
hai iudng thang dd va chua dudng thang kia. 

Vi ’i \'a b' duy nhat nen mp(P) duy nhat qua M thoa dieu kien. 

*» y \ 

Vi du .2 : Cho hai dudng thang cheo nhau a, b va mot diem M khdng nam 
trer a va b. Hay xac dinh mot dudng thang c di qua M cat ca a va b. 
Troig trudng hop nao khdng cd dudng thang c? 

Giai 

t / 

Vi mp(a; M) va mp(b; M) cd diem chung M nen cat 

nhau theo mot giao tuyen c di qua M. Dudng thang 

^ ■> / 

c nam trong mp(a; M) va mp(b; M) nen c cd the cat 
a va cat b. Khi dd c la dudng thang phai xac dinh. 

9 

Neu c // a hoac c // b thi dudng thang c khdng thoa 
m^ yen cau. Trudng hop nay xay ra khi mp(b; M) // a 
hoac mp(a; M) // b. 

Vi du ]3 : Cho tir dien ABCD va ba diem P, Q, R Ian lugt nam tren ba canh 
AB CD, BC. I lay xac djnh giao diem S cua mp(PQR) vdi canh AD neu: 

a)£ [C. b) PR cat AC! 
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( ^ • -T • 

iiai 

a) Xet PR // AC. Tir Q ta ve dirong lhang song song voi AC cal Al) lai 
Ta CO QS // PR ncn bon dicnn P, Q, R, S dong phang. 


S 


VayS = inp(PQR)n A[). 


B 


A 



13 


A 



I) 


b) Xel PR cat AC lai I. Khi do IQ = (PQR) n (ACD). Diiang lhang IQ cat 
AD lai S. 

Vay S = (PQR) n AD. 

Vi du 14: Cho Ur dien ABCD. Bon diem P, Q, R, S Ian liral nam Iren l^on 
canh AB, BC, CD, DA va khong trung voi cac dinh cua tir dien. Clu'mg 
minh rang: bon diem P, Q, R, S dong phang khi va chi khi ba dmmg 
lhang PQ, RS, AC hoac ddi mot song song hoac dong quy. 

Giai 

Neu P, Q, R, S dong phang thi chung cung thuoc mot mp(cx) nao do. Xet 

7 

ba mat phang: mp(a), mp(ABC), mp(ACD). a 

Ta c6: PQ = (a) n (ABC), 

RS = ((X) n (ACD), 

AC = (ABC) n (ACD). Theo djnh li ve 
giao luyen cua ba mat phang, ta suy ra PQ, 

AC, RS hoac doi mol song song hoac dong 
quy. 

Ngirgc lai, neu ba dirang lhang PQ, AC, RS 
hoac doi mol song song hoac dong quy thi hai 
duang thang PQ va RS hoac song song hoac cat nhau. Vay hai duong 
thang PQ va RS cung thuoc mot mat phang, tir do bon diem P, Q. R. S 

7 7 

dong phang. 

Vi du 15 : Cho hinh chop tir giac S.ABCD co AD cat BC. Hay lim diem M 

nam tren canh SD va diem N Iren canh SC sao cho AM // BN. 

• • 

lai 

Gpil giao diem cua BC va AD, khi do (SAD) n (SBC) = SI. 



I) 










DANG 2: CHUNG MINH SONG SONG 




A f • ■ ’ •» 

• De ch'mg minh 2 duang thang song song, la c6 the chung minh: . 

^ \ f 7 • 

-1 lai duang thang dong phang va khong c6 diem chung. • 

f t ^ 7 _ 

- N(U 2 duang thang dong phang thi sir dung dinh ly Talet, cac hinh 
thang, Knh binh hanh, duang trung binh cua tarn giac, quan he song song va 
vuong gac,... 

- Hd duang phan biet cung song song vdi duang.thang thu ba thi. song 
song va nhau. 

7 / 

- M)t duang thang la giao tuyen cua 2 mat ph^g ma mot mat chua 

7 7 . ,.7 

dudng tiang con lai va duang th^g nay song song vai mSt phang thu hai 
(giao tiuen song song). v ^ ' 

- Ntu ba mat phang cat nhau theo ba giao tuyen phan biet thi ba giao 




tuyen do hoac dong quy hoac doi mot song song. 

A ’ ^ ’ 

• De chimg minh duong thang song song voi mat phang ta cd the chung minh: 

- Duong thang va mat phang khong c6 diem chung. 

- Dvdng th^g nam ngoai mat phang va song song vdi. mot dudng thang 

cuamatphing. ■ ^ ^ - 

Chuy: Tu quan he song song ta c6 the chung minh cac h? thuc, danh gia 


'K 

tl SO. 












■'9- 


' i.* * 




1 


-V ' 


t rV: . -V*’ V- 

. L 4. 




Vi tiu 1: Cho tu dien ABCD. Goi M, N theo thu tu la trung diem cua AB, BC. 
Mat phang (P) qua M, N cat canh DA, DC tai E va F. Chung minh EF 
sonj. song vdi MN, AC. 

>iai 

Ba nat phang (ABC), (ACD) va (P) Ian 
lugt cat nhau theo cac giao tuyen AC, 

MNva EF phan biet. 

Vi MN // AC (dudng trung binh cua tarn b/ _ .\_\_l -X 

giac ABC) nen theo dinh ly ve giao 

/ ' * T * 7 r 

tuym cda ba mat phang doi mot cat nhau n 

lilhl'g-l/MN, AC. r 


# t 

. .-1 
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du 2 : Cho lir dicn ABCD c6 I va J Ian lirirl la trong tani cac tiun gii'ic 
ABC va ABD. Chmig minh: 

a) IJ // CD. b) 1.1 // mp(ACD), (BC'D). 

■lai 


i 


a) Goi K trung diem cua AB. 

Vi I la trong tarn cua tarn giac ABC 

nen I e KC va vi J la trong tarn cua 
tarn giac ABD nen J e KD. 

Trong mp(KCD): 

KI KJ 1 


A 


KC KD 3 


IJ // CD. 



B \- 


I) 


C 


b) Ta c6 IJ khong thuoc mat. 

phang (ACD) va IJ // CD, CD cz (ACD) 

nen IJ // (ACD). Tuang tir IJ // (BCD). 

Vi du 3: Cho hinh tir dicn ABCD Goi M, N Ian lirgt la trung diem cua cac 

# 

canh AB va AC. 

a) Xet vi tri tirong doi cua duong thang MN va mp(BCD). 

b) Goi d la giao tuyen cua hai mat phang (DMN) va (DBC). Chung minh 


d // mp(ABC). 



• a • 

Giai 

a) MN la dudng trung binh cua tarn giac ABC 
nen MN // BC. 

Ta CO MN khong thuoc mp(BCD) Men 
MN // mp(BCD). 

b) Vi MN // (BCD) nen mp(DMN) di qua MN 
cit mp(BCD) thco giao tuyen d // MN. Vay 
d // mp(ABC). 


Vi du 4; Cho tu dien ABCD. Goi G la trong tarn tarn giac ABD. J'ren doan 
BC lay diem M sao cho MB = 2MC. Chung minh rang MG song song 
voi mp(ACD). 

Giai 

Goi I la trung diem AD. 

Trong tarn giac CBI ta c6; 

BM 


BC 


9 

— = -nen MG //Cl. 
BI 3 


c 


Vi Cl nam trong mat phang (ACD) 
va MG khong thuoc (ACD) nen MG // (ACD). 



I) 














n 


Vijju 5 : ('ho hinh lap plurong ABC'D-ATVC'’!^' 
i;) Clu'mg minh ,A(' // mp( A'B'C’T)'). 

I)) Cipi I va ,1 la 2 lain ci’ia 2 hinh vuong ABC!) va ABB'A'. C'hirng minh 
lj/7 inp(A’IVC'I)). 

iiai 

a) AC' // A'C” ina dirong lhang A'C" ihupc 
iap( A'BX"I)’) nC*n AC’"// mp( A'B'C'I)'). 

b) Tain giac BDA' cb dircrng Irung binh 

7 

ll // DA' ma dirang tliang IJ khong thupc 
inp(A'B’CD) nCm IJ H mp(A'B'CD). 

VijJu 6 : Cho hai hinh binh hanh ABCD va 
ABbr khong cung nain trong mot mat ^ 

9 

jihang. 

a) (loi () va O' Ian lirat la lam ciia ABCD va ABEF. Churng minh 00' song 
song vai cac mat phang (ADF) va (BCE). 

b) (jpi M va N la trong tarn cac tarn giac ABD va ABE. Chung minh MN 

song song vai mat phang (CDEF). D C 

C • O • 

iiai 

a) Ta c6: 00' // DF, nen; 00' // (ADF). 

Tirang tir: 0(J' // CE nen 00' // (BCE) 

‘7 

b) Cjoi I la trung diem cua AB. ^ 

Trong mp(IDE), vi M, N, la trong tarn nen: 



IM 

ID 


IN 1 

_ = i^MN//DE. 
IE 3 



Vi MN khong nam trong (CDEF) nen MN // (CDEF). 

Vi du 7 : Cho Ur dien ABCD. Cac diem P, Q Ian lugt la trung diem cua AB 
va CD; diem R nam tren canh BC sao cho BR = 2RC. Goi S la giao diem 
cua mp(PQR) va canh AD. Chung minh rang AS = 2SD. 

Giai 

Ooi I la giao diem cua RQ va BD; E la trung diem cua BR. 

Khi do EB = ER = RC va RQ // ED. ^ 

Tam giac BRI cb: 

ED // RQ, 

BD ' BE 


SUV ra: 


D1 ER 


= 1 


Do do DB = DI nen AD va IP la 

hai duang trung tuyen cua tarn ® 

^ _ 

giac ABI nen giao diem S cua AD 
va IP 1? trong tarn cua tarn giac 
API vdj^o AS = 2SD. 

u 
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A 


I) 


Vi du 8: C3oi (i la trong tarn ciia tir dicn AlH'I). 

^ t * 

a) Chirng minh rang dirmig lhang di qua Cl va mol dinh cua lu dicn sc di 

^ ^ 9 

qua irgng lam cua mal doi dicn vai dinh ay. 

b) Goi A' la Irong lam cua mal BCD. 

Chimg minh rang GA = 3GA'. 

• a • 

>iai 

a) Goi P, Q Ian lugt la Irung diem cua 
AB va CD ihi Irong lam G cua Ur dien 
ABCD la Irung diem cua PQ. 

Gia sir duong lhang AG cat mp(BCD) 
tai A'. Ta chung minh A' la trong lam 
lam giac BCD. Ta c6 A' thuoc duong 

9 

Irung tuyen BQ cua lam giac F3CD. 

Tir P ta ve PP' // A.\' (P' e BQ) thi PP' la dirang Irung binh cua lam giac 
ABA', con GA' la duong trung binh cua lam giac QPP', do do A A' - 3PP'. 
PP' = 2GA' va BP' = P'A' = A'Q. 

Vay A' la trong tarn tarn giac BCD. 

b) Ta CO AA' = 4GA' nen GA = 3GA'. 

Vi du 9 : Cho hinh chop S.ABC va mot diem M nam trong tarn giac ABC'. 

. Cac duong thang qua M Ian lugt song song voi cac duong thang SA. SB, 

SC cat cac mat phang (SBC), (SCA), (SAB) tai A', B', C. 

MA' MB' MC , 

Chimg minh rang -+-+ - = 1 . 



SA SB 


SC 

Giai 


Keo dai AM cat BC tai N. Trong mp(SAN) ke MA' song song voi SA cat 
SN tai A'. Diem A' la diem can tim. ^ 

Tuong tu xac djnh dirge cac diem B', C, 

^.MBC 


Ta c6: 


S 


AN 


ma 


ABC 

MN MA' 


Do do 


AN 
S 


MBC 


s 


ABC 


SA 

MA' 

‘ SA 


S 


Tuong tu : — 

S 


MCA 


MB' S 


.M\B 


ABC 


SB S 


ABC 


MC 

sc 



B 


MA' MB' MC 
Vav : -s-+ 


^MBC ^ ^ 


MCA 


iS 


MAB 


s 


ABC 


SA 


SB SC 


s 


.ABC 


s 


- 1 . 


ABC 


Vi du 10 : Cho hinh chop S.ABCD co day la hinh binh hanh. 
(P) Ian lugl cat cac canh SA, SB, SC tai A', B', C. Goi 
ciia AQ va BD; 1 la giao diem cua A'C va SO. 


f 

Mol mat phring 
O la uiao diem 
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;i) I iiii giao diCMii I)' cua nip(l’) vdi canh SD. 


b) Chung ininh ranu 


SA SC 


-I 


Sli SI) 

- * •• +■ - 


SA’ SC SIC SI)’ 

iiai 


a) Trang mp(SAC), A'C” cal SO lai I. Trong nip(SBr)), IVI cat SD lai 1)'. 
Khi do I)' chinh la giao diem ciia mp(P) vai SI). 

b) Trang mp(SAC), vc AI-: // A'C cat SO tai F; 

VC Cl' // A'C cdt SO tai F. 


s 


' I ' ' 

I a co: 


SA SK SO-OF 


S A ’ SI 
SC SF 


SI 

so . OF 


SC’ SI 


SI 


Vi O la trung diem cua AC 

vaAF//CF, nen OF = OF. 

,, SA SC 2SO 
Siy ra ; --f- = - 

SA’ SC SI 

SB SD 2SO 
Fi'cmg tir: -+- = - 

^ ■ SB' SD’ SI 

SA SC SB SD 
V zy ! - 1 - 1 - 

SA’ SC SB' SD’ 






■ ' S f * 


• Giao tuyen song song: 

- Men ba mat phang phan biet doi mot cat nhau theo ba giao tuyin phan 
biet tH ba giao tuyen ay hoac dong quy hoac doi mot song song voi nhau. 

- Cho duong than^ song song voi mat phang.. Neu c6 mat phang chira 

dirdrnj. thang nay va cat mat phang thi giao tuyen song song voi duemg thang 
da cho. ' ‘‘ • ?, 

^ ^ f % , A' •» 

- Men hai mSt phang cat nhau Ian lugt chua hai duong thang song song 
thi giio tuyen cua chung song song voi it nhM mot trong hai duong thang do. 

- Veu hai mSt phang cat nhau cung song song voi mgt duong thang thi 
giao Uyen cua chung song song voi duong thang do. 

• ThiH dien song song: 

Sir dung cac tinh chat va ket qua ve giao tuyen song song o tren de tim 

cac dnh va cac canh cua thiet dien. 

• * 

•• • / 

Cut y: Sir diing mat phang phu va cac ky thuat da neu: cat nhau hoic-keo 
clai cit nhau, duong gidng, giao tuyen goc va quan he de bai cho. 






109 



























Vi du 1 : Cho hinh chop S.AIK'D co day la hinh binh hanh AHC'I). rim liiao 

^ ** 

tuyen cua cac cap mat phang: 

a) (SAB) va (SCO) b) (SAD) va (SBC). 


iiai 

a) S la diem chung cua 2 mp(SAB) va 
(SCD). Gpi giao tuyen cua (SAB) va 
(SCD) la Sx. 


Vi AB // CD, AB c (SAB), CD c (SCD) 
nen mat phang (SAB) cat mp(SCD) theo 
giao tuyen Sx // AB, CD. 
b) Ve Sy // AD thi Sy c mp(SAD) 

Vi BC // AD nen Sy // BC, do do 
Sy c mp(SBC). 



B 


C' 


a) (SAC) va (SBD) 

s 


Vay (SAD) n (SBC) = Sy. 

Vi du 2: Cho hinh chop S.ABCD c6 day la hinh thanu, AB // CD. Xac dinh 
giao tuyen cua 2 mat phang: 

b)(SAB) va(SCD). 

Giai 

a) Trong mp(ABCD), AC n liD = O thi S 
va O la 2 diem chung cua 2 mp(SAC'), 
(SBO) nen giao tuyen cua chung la SO. 

b) Ba mat phang (SAB), (SCD), (ABCD) 
cat nhau theo. 3 giao tuyen phan biet 
AB, DC, St. 

Vi AB // DC nen St // AB, DC. 



Vi du 3 : Cho tu dien SABC, Tren 2 canh SA, SB Ian lirat lay M, N sao cho 
MS = 2MA, NS =. 2NB. Xac dinh giao tuyen ciia 2 mp(ABC) va 


mp(CMN). 


X /CAD\ MS „ NS 

Trong mp(SAB): -= 2 = 


lai 


s 


MA 


NB 


nen MN // AB. 

Do do mp(CMN) chira MN cat 

^ _ 

mat phang (ABC) theo giao 
tuyen Cx // AB. 



B 


















s 





D 


C 


<lu 4: C lio hinh chop S.ABC'I) c6 day la hinh binh hanh. f)icin M thupc 
cadi SA. Xac dinh lliicl dicn ciia hinh chop S.ABCD khi cal bcVi mat 
ph.nig (MIK’). 

iiai 

Tci c6 nip(MBC') va mp(SAI)). Ian 
ind di qua hai dircViig thang song 
soig BC va AD va c6 diem chung 

f ^ 

M nCm giao luycn la dirdng thang 

MX song song voi Al) (N e SI)). 

/ 

V?.y thict dien cua hinh chop 
S..\.BCD khi cat bai mp(MBC) la 
hinh thang MNCB. 

Vi ilu 5: Cho lir dicn ABC'D. Goi M la mot diem nam tren canh AB khac A 

• • • 

/ *1 

\a B. Cat lir dien boi mat phang (P) qua M song song vai cac dirong 
thing AC \ a BD. Chung minh thiet dien la hinh binh hanh. 

Giai 

Tir M ve duong thang song song vai AC 
cat BC tai N va ve duong thang song song 
vdi BD cat AD tai F. Do do (P) chinh la 
iTip(MNF). . 

Gpi E la giao diem cua (P) voi CD thi thiet 
dien la tu giac MNEF. Vi duong thang MN 
song song voi mp(ACD) nen mp(P) qua 

MN cat mp(ACD) 

/ 

theo giao tuyen EF song song voi MN. 

/ 

Tuong tu, giao tuyen NE song song voi 
MF. Vay thiet dien la hinh binh hanh MNEF. 
Vi du 6 : Cho hinh chop S.ABCD c6 day la tu giac loi, O la giao diem cua 
hai duong cheo AC va BD. Xac djnh thiet dien cua hinh chop khi cat boi 
mit phang di qua 0. song song voi AB va SC. Thiet dien do la hinh gi? 

Giai 

Qaa O ve duong thang song song 
vd AB, cat BC va AD tai M va N. 

Tt M ve duong thang song song 

vd SC, cat SB tai B'. Tu B' ve 

/ 

dvdng thang song song voi BA cat 
SA tai A'. 

Ti CO MN // B'A' nen thiet dien la 
hiih thang A'B'MN. 


B 



c 






0 
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Vi du 7: Cho hinh chop S.ABCl) c6 day la hinli binli hanh. Xac dinh ihiOl 
dicn cua hinh chop khi cat boi mat phang di qua triing diem M ciia canh 
AB, song song voi BD va SA. 

( '% • 'P • 

jiai 

Qua M VC dirong thang song song voi BD cat 
AD tai N va cat AC tai I. Qua M, I, N ve cac 

■» \ P 

duong thang song song vai SA Ian luot cat 
SB, SC, SD tai R, Q, P. 

Thiet dien la ngu giac MNPQR. 

Cach khac: Tim giao diem Q ciia mat phang 

/ \ f p 

cat vai canh SC bang each noi giao diem J 
cua MN va BC vai R va keo dai cat SC tai Q. 

Vi du 8 : Cho tir dien ABCD. Ve thiet dien ciia tu dien khi cat bdi mat phang 
di qua trpng tarn cua tu dien va song song voi BC, AD. 

A Giai 

(ioi I, J Ian lirat la trunu diem ciia B(.', AD 
thi trung dican (i ciia IJ la trpng tarn ciia lir 

dien ABCD. Theo tinh chat giao tuyen 

1 

song song, qua G ve dircmg thang MN // AD 

9 

(M G Al, N 6 DI). Qua M ve duang thang 
HP // BC (1<: G AB, F G AC) va qua N ve 
duang thang PQ // IK" (P g CD, Q g BD). 
Hinh binh hanh FId’Q la thiet dien can 
dung. 

Vi du 9 : Cho hinh chop S.ABCD, tu giac day c6 cac canh doi AB va CD keo 
dai cat nhau tai E, AD va BC cat nhau tai F. Gpi (a) la mat phang cat 
SA, SB, SC, SD Ian lupt tai A', B', C', D'. 

Tim dieu kien cua mp(a) de thiet dien A'B'C'D' la: 
a) Hinh thang? b) Hinh binh hanh? 

(>iai 



I) 


s 


a) 


Ta CO (SAB) n (SCD) = SE, 
(SAD)n(SBC) = SF 
Thiet dien A'B'C'D' la hinh thang 

A'B' // CD' hoac A'D' // B'C. 


h) 


(a) song song SD hoac SI'. 

I'hict dien A'B'C'D' la hinh binh hanh 

A'B' // CD' va A'B' // B'C 
(a) song song vai SI: va SI'. 
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/ % 9 t f 

\ i (III 10: NOu each cat lir dicii AlU'l) bang mot mat phang dc thict dicn la: 

a) llinh tbang h) I linh binli hanh c) Hinli thoi. 

( '1 • • 

fiai 

I ' 

a) ('hpn mat phang di qua M, N la hai diem Ian 
luqt nam ticn hai canh AB, BC' va song song 
voi BI) thi thict dicn la hinh lhang MNh’l'. 

b) C'hpn mat phang qua diem M nam tren canh AB 
\'a song song \'cVi hai duang thang lil) va AC' thi 
thict dicn la hinh hinh hanh MNld'. 

c) la tim dicn kic*n de thict diem hinh hinh hanh 

MNHh' troim cau b) la hinh thoi. 


I) 



I) 


C’ 


, MF AM BD.AM 

I a co: - = - Mr = - 


A 


lU) AB 
MN Mli 


AC AB 


MN = 


An 

AC.MB 


AB 


Tir giac MNFI’ la hinh thoi 


li 




Ml- = MN o BD.AM = AC.MB 
AM _ AC 
MB ~ BD 



D 


C 


Vay, ncu ta cdt tir dicn ABCD bang men mat phang (P) qua M thuoc canh 

AB sao cho-^^^ = va song song vdi BD, AC thi duac thict dicn ciia 

MB Bl) 

lir dicn la hinh thoi. 

Vi dull : Tren cac canh AAi va CCi cua hinh lap phuang ABCD.A|B|C|Di 
Ian lirot lay cac diem M va N sao cho MA| = 2MA, NC = 2NCi. Goi (tx) 
la mat phang di qua MN va song song vai BiD|. 

a) Xac djnh giao tuyen cua (a) va mp(A|BiCiDi). 

b) Dimg thict dicn khi cat boi mp(a). 

Giai 

a) Trong mp(AAi; CCh), keo 
dai MN cat A|Ci tai 1. 

Vi ((x) qua M, N va song 


song .vm BD, nen (a) cat 
mat day (AiBiCjDi) theo 
giao tuyen It // B|D|. 
b) Giao tuyen It cat dirbng thang A|B|, 
AiD| tai J, K. 

Trong mp(AA|, BBi), JM n BBi = E 
Trong mp(C'Ci, DD|), KM n DDi = h 





Vay Ihiet dicn la tir giac MENF co dirong chco EF // BiDi. 


t 


• • * 






11.3 

















s 


du 12 : Cho hinh chop S.ABCI) c6 day la hinh thang ABCd) (AI) ■/ BC ). 
Gpi M, N va G Ian lirgt la trung diem ciia AB, CD va irgng tarn lam iliac 
SAD. 

a) Xac dinli giao tuyen ciia mp(SAB) va mp(SCD). 

b) Dirng thiet dien cua hinh chop S.ABCD khi cat 
bai mp(MNG). 

iiai 

a) Gpi O la giao diem ciia AB va CD. 

1 / 

Dirong thang SO la giao tuyen cua cac mat 
phang (SAB) va (SCD). 

b) Ta CO dirong trung binh MN // AD, BC, ve 
duong thang d qua G va song song vdi AD 
cat SD, SA theo thu tu tai E, F. 

Hinh thang MNEF la thiet dien can dung. 

Vi du 13 : Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh Noi 
AB = a, AD = 2a. Mat ben SAB la mot tarn giac vuong can tai dinh A. 
Tren canh AD lay mot diem M va dat AM = x (0 < x < 2a). Xac dinh va 
tinh dien tich thiet dien cit bdi mp(a) di qua M, song song vdi SA va 



A <-- 


I) 


CD. 


s 



D C 

Ap dung dinh ly Talet, ta cd; 


( ^ • O • 

jiai 

0 

Ta cd mp(a) song song vai giao tuyen 
DC ciia hai mat phang (SD(') va 
(ABCD) nen cat hai mat phang nay 
theo hai giao tuyen song song: 

MN // PQ. 

Do do tu giac MNPQ la hinh thang, 
hon nua la hinh thang vuong vi: 

QMN = SAB = 90^ 


PQ _ ^ QM 

MN SA 
X , MQ 

PQ = — va - 

2 SA 


1 


= 1 - 


DM 


= 1 - 


2a - X 


DA 
DM 2a - X 


2a 


DA 


2a 


MQ = 


2a 

2a - X 


2 


Vay SMNt*p=-(MN + PQ).MQ 

1 , X, 2a - X 4a’ - 

= -(a + —)- =- 

2 2 2 8 


X 



f 



























DANG 4: TOAN t6nG HOP 

• • 


A • ^ ^ ’ 

- l ap hgp diem la mat pliang: Trirac hct xac dinh mat phang (a) sc chira 
cac diem M can tim quy tich, sau do chung minh M g (a), Xem xet giai han 
theo yeu cau ciia bai loan va lam phan dao. 

- Yeu to CO djnh: Sir dung each xac djnh diem, dirdmg thang, mat phang 
cung nhu tuong giao cua dudng thang, mat phang c6 djnh. 

- Sir dung cac ket qua vc giao tuyen song song, giao tuyen qua 2 diem 
phan biet, giao diem cua liai dudng thang, duong th^g va mat phang de xac 
dinh thiet dicn. 


1 j 

Vi du 1 : Cho hai ni’ra dudng thang Ax va By cheo nhau. Hai diem M va N 
Ian lugt di dong trCm Ax va By sao cho AM = BN. 

a) Chung minh rang dudng thang MN luon luon song song vdi mot mat 
phang cd dinh. 

b) Chung minh trung diem I cua MN thuoc mot mat phang c6 dinh. 

Giai 

a) I)ung Bx' // Ax. Trong mat phang (Ax, Bx'), 

9 / 

dudng thang qua M song song vdi AB cat 
Bx' tai M'. 

Ta c6: BM' = BN = AM. 

Vay BNM' la tarn giac can tai B nen 
M'N song song vdi phan giac ngoai 




Bt cua gdc x'By . 


1 



/r 


Ta cd: < 


MM’//AB fMM'//(AB, 


M'N//Bt 


V 


N//(AB, 


N 


Nen hai mat phang (MM'N) va (AB, Bt) song song vdi nhau. 

7 / 

1 u do suy ra MN luon luon song song vdi mat phang (AB, Bt) c6 djnh. 
b) Cioi r trung diem NM' thi BI' vuong gdc NM' ma tarn giac BNM' can tai 
B nen I' thuoc phan giac trong Bu c6 djnh. 

Vi ir // MM' nen IT // AB do dd I thuoc mp(A, Bu) c6 djnh. 

Vi du 2 : Cho tu dien ABCD. Mot mat phang (P) di dong luon song song vdi 2 
duimg thang CD, AB Ian lugt cat cac canh AC, AD, BD, BC tai M, N, E, F. 

a) Chung minh rang tu giac MNEF la mot hinh binh hanh. 

b) Tim tap hgp tarn I cua hinh binh hanh MNEF. 

Giai 


a) Ta cd AB // (P), AB c (ABC) => (ABC) n (P) = MF // AB 
va AB // (P), AB c (ABD) => (ABD) n (P) = NE // AB. 
Do dd MF // NE // AB. Chung minh tuemg tu: 

MN // El' // CD. 

Va^^U^giac MNEF la hinh binh hanh. 



A • 
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I) 


b) (ioi 11 va K Ian lirgl la Irung diem ciia Ali va Cl), a 
( joi J va I, Ian lirat la cac uiao diCmi 
ciia cac cap duang thang Cl I va MF, 

DH va NF thi ba diem J, 1, I. thang 
hang tren giao tuyen cua 2 mp(P) va 

(HCD). 

Ta CO 11,1, K hang hang. 

Vay khi (P) di dong Ihi tarn I cua hinh 
binh hanh MNHF chay tren doan thang 
HK. 

Ngirgc lai, lay mot diem I bat ki tren doan thang HK. Qua 1 kc dirong 
thang song song voi CD Ian lugt cat CH va DH tai J va L. Qua J va L Ian 
liriTt ve hai din'mg thang MF (M e AC, F e BC), NF (N e AD. F g BD) 
cung song song voi AB thi tir giac MNFF la hinh binh hanh va cd tarn la 1. 
Vay tap hop tarn I ciia hinh binh hanh MNFF la doan thang HK. 

Vi du 3 : Cho hinh chop S.ABCD c6 day la hinh binh hanh. Ggi M la mot 

f ■# •# I 

diC*m chuyen dong tren canh SC va a la mat phang chiia dudng thang 
AM va song song voi BD. 

a) Chiing minh rang mat phang a luon luon di qua mot dirdng thang cd 
djnh khi M chuyen dong tren canh SC. 

b) Mat phang a cat SB va SD Ian lugt tai F va F. Ggi 1 la giao dican ciia 
MF va CB, J la giao diem cua MF va CD. Chung minh ba diem 1, .1, A 
thang hang. 

Giai S 

a) (X di qua A va song song vdi BD nen 
cat mp(ABCD) theo giao tuyen d di 
qua A, song song voi BD cd djnh. 

b) Ggi O la giao diem cua AC va BD, 

K la giao diem cua AM va SO, the 

thi K la mot diem chung cua a va 
(SBD). Vi a // BD nen a ck (SBD) 

9 

theo giao tuyen qua K la FF song 
song vdi BD. 

Ba diem I, J va A deu thuoc giao 
tuyen d ciia hai mat phang a va 
(ABCD) nen I, J, A thang hang. 

du 4 : Cho hinh chdp S.ABCD cd day la hinh binh hanh ABC'D. M la mdl 
dicmi di dong tren doan AB. Mot mat phang (ix) di qua M va song .son 



c; 




vdi SA va BC; (a) cat SB, SC va CD Ian lugt tai N, P \a Q. 
a) I hict dicn MNPQ la hinh gi? 







h) (loi I la giao diC'iii cua MN va I’Q. (’hirng minh rang I nam Iren mol 


duong thang cd dinh. 


B 



( 


iiai 


a) Mat phang ((x) qua M, song song \cVi SA. 
IK' nen cat mp(ABCD) thco giao tuyen 
MQ // BC, Q G DC, cat mp(SAF^) thco 
giao tuyen MN // SA, N g Sli va cal 
mp(SBC') thco giao tuyen NP // BC, 

P G SC. 

I'a CO NP // MQ nen thict dicn la hinh 
thang MNPQ. 


A 


b) l a CO MN e mp(S/\B) c6 djnh va QP c mp(SCD) c6 dinh nen giao diC*m 
1 cua MN va PQ thuqc giao tuyen cua (SAB) va (SCD) c6 djnh 
Vi AFi // CF^ nen giao tuyen Sx // AF^, CD. 

•% \ f ^ 

Vay giao diem F nam tren Sx c6 dinh. 

Vi du 5: Cho tir dien AFKF). Cho 1 va J tirong irng la trung diem cua 13C va 
AC, M la mot diem tuy y tren canh AD. 

a) Tim giao tuyen d cua hai mat phang (MU) va (AF3F)). 

b) Goi N la gicio diem cua BD voi 
giao tuyen d, K la giao diem cua 
IN va JM. Chirng minh khi M thay 

doi thi K thuoc mot dirong thang 

/ 

CO dinh. 

Giai 

7 

a) Ta CO M la diem chung cua 2 
mp(MFJ) va (ABF)). 

Vi FJ // AB nen (MU) ck (ABD) theo 
giao tuyen d la Mt // AFi / U. 

b) Ta CO IN thuoc mp(BCD) c6 djnh. 
va JM thuoc mp(ACD) cd dinh 
va (BCD) n (ACD) = CD 

do do giao diem cua FN va JM la K g CD c6 djnh. 

Vi du 6; Trong mat phang (a) cho tarn giac ABC. Tir ba dinh ciia tarn giac 
nay, ve cac tia song song cung chieu Ax, By, Cz khong nam trong (a). 
Tren Ax lay doan AA', tren By lay doan BB' tren Cz lay doan CC. 

a) Goi I, J va K Ian lucTt la cac giao diem B'C, C'A' va A'FT vai (a). 

r'W • I I I t' ♦! - I ' > IFJ JC KA 

Chirng minh 1, J, K thang hang va 777 -tt- 7777 ~ ^ • 

1C J A K D 

b) Goi G va G' Ian krgt la trong tarn cua cac tarn giac ABC va A'B'C^'. 
Chirng minh GG' // AA'. 





IT' iv 
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a) 


iiai 

Ta CO 1, J, K thang hang Iren giao tuyen cua 2 mp(ABC) va (A'B'C") 
Vi CC // BB' 


IB BB' 


IC CC 
Tirang tir c6 : 
JC ^ CC 

JA “ AA’ 


, KA 
va - 

KB 


IB JC KA , 
Dodo: —.—.-= I 

IC JA KB 

b) Goi H va H' Ian Iirgt la 
triing diem cac canh BC va 
B'C thi HH' // BB', do do: 
HU' // AA' 


Ta c6: 


AG 2 A'G' 



GG' // AA'. 


AH 3 A'H' 

Vi du 7 : Ch6 hinh chop tarn giac S.ABC. Goi K, N theo thij tu la trung diCm 

cua SA, BC. Diem M chia doan SC theo ti so . 

3 

a) Tim ti so dien tich tarn giac ASC va AKM. 

b) Xac djnh thiet dien cua hinh chop khi cat bai mat ph^g (a) qua M, N. C. 

' LA 

c) Gia six mp(a) cat AB tai L» tinh ti so 


LB 


Giai 


5 


a) Vi K trung diem SA va SC = — SM nen: ' 

2 


^ASC _ ^ 


ASC 


S 


AKM 


1 

2 


Sc 


= 2 .^ = 5 
SM 


SNLA 


b) Keo dai MK cat CA tai H. 

Trong mat phang (ABC) 
noi N vai H cat AB tai L. 
Tu giac MKLN la thiet 
dien can dirng. c 

c) Trong mp(SAC) tu A ve 



AE// SC(E G Mil) thi: 

AE = SM= -MC 

3 


HA AE 2 




HC MC 

Goi j lafrong diem cua AC thi: 


3 






jrs 



H/’i = 2AC. 








































AI.//NI 


Al. _ llA _ 1 
N\ '~ 111 "^5 


AI. AL 2 


AH 2N1 


5 


VA 


LA 




' I.H 2 

Vi <lii8 : C’ho hinh chop S.AHC’l) c6 day la hinh lhang ABCI), day kVn la Al) 
\ a Al) = 2HC. (k)i () la giao diem cua AC va BD, G la trong tain cua 
lam giac SCI). 

a) Chirng niinh rang OG song song (SBC). 

b) Goi M la Imng diem cua SI). Chimg minh rang CM // (SAB). 


a) Gi)i n la trung diem cua SC. 

01) Al) 


BC // AD =>— = — - 2 

OB BC 

01) _ 2 _ DO 

DB " 3 “ I)H 
-OG//BHnen 0G//(SBC). 
b) Gn M' la trung diem cua SA 

AD 


MM’ // AD va MM' = 


2 



Mat khac vi BC // AD va BC = 


AD 

2 


nen BC // MM' va BC = MM' 


D) do tir giac BCMM' la hinh binh hanh 
- CM // BM' ^ CM // (SAB) 

Vi dt 9 : Cho hinh chop S.ABCD c6 day la mot tu giac loi. Goi M, I, J, O Ian 
luJt la trung diem cua SD, AB, CD, IJ. 

\ f \ 

a) Chung minh rang neu Gi, G 2 Ian lugt la trong tarn cua tarn giac SAB 
va ABC thi GiGi song song MJ. 

b Chimg minh rang tarn duong thang ma moi dudng th^g di qua trung 
diem cua mot canh hinh chop va trong tmn cua tarn giac tao bdi ba dinh 
hinh chop khong nam tren canh noi tren dong quy tai mot diem G. 
cj Chung minh rang diem G nam tren doan thang SO va GS = 4G0. 

Giai 



a) Ta c6 


, IG, _ 


IS 


^=- =>GiG2//SC. 
IC 3 


:> I) 


Mat khac MJ la dubmg trung binh cua 
tarn giac DSC nen MJ // SC. Tu do suy 
ra G 1 G 2 // MJ. 

b) Ta CO tarn dudng thang da cho khong 
dong phang; ta chi can chung minh 
chung cat nhau tung doi mot thi dong 
quy. 





















l,ay hai dirang lhang bal ki irong tarn diiang lhang ticn, chang ban iiiui 
hai duang lhang M(i 2 va .Ki|- 1 heo can a) thi H Ml, do do M(i; \a 
JGi nam irong mp(Ci|(j 2 JM)- 
Vay MG 2 va JG| cal nliau => dpcm. 


c) Xcl mp(ABCD) la c6: OA f OH ^ OC f 01) = 0 

=> 01) = -(OA + OB + OC) = - 3 OG 2 (\i (12 la irong lam lam giac AIK ) 

O, G 2 . D lhang hang va OI) = 3 OG 2 . 

Xel ba mal phang (G 1 G 2 JM), (G 2 MD), (SIJ), la c6 

(G 1 G 2 JM) n (G 2 MD) = (i 2 M; (G 1 G 2 JM) n (SIJ) = G|J; 
(G 2 MI))n(SIJ) = S0. 

Do do 3 giao luyen G 2 M, GiJ va SO dong quy. Thco kcl qua can b) llii 
G 2 M va GiJ cal nhau tai G. Vay diem G nam Iren SO. 

Ve MM' song song vai SO va cal G 2 D lai M', la c6: 

OG., OG., '1 


1 C) c 

OM’ = M'I)=-0D=-OG^va = ^ 

2 2 MM' G.,M' o 


-OG.. 

2 


r> 


0G= -MM'= -SO 

5 5 


(iS = 4G0. 


Vi du 10: Cho hinh chop S.ABCD co day la hinh lhang ABCD (AB // CD). 
Gpi E, F Iheo thir tir la triing diem cua SD, SB. 

a) Xac dinh j^iao tuyen d cua mp(SAB) va mp(SCD). 

b) Dimg thiel dien cua hinh chop khi cat bai mp(AEF). , 

c) Goi I la giao diem cua SC va mp(AEF). Hay xac dinh cac giao diCun 
M va N qua cAc cap dirong thing CB va FI, CD va El. Chung minli ba 

diim M, N, A lhang hang. 

• O • 

siai 

a) Vi AB // CD nen giao tuyin d cua 2 mp(SAB) va (SCD) la dirong lhang 
di qua S song song AB, CD. 

b) Trong mp(SAB), d n AF = J. 

Trong mp(SCD), SC n EJ = I 
thi AEIF la ihiet dien can di^g. 

c) Vi E la Irung diem cua SD va I 
khong phai la trung diem cua 
SC. Do do, trong mp(SBC) co 
IF n BC = M va irong 
mp(d; DC) co IE n DC = N. 

Ba diem A, M. N deu thuoc 
Cling hai mat phang (ABCD) 
va (AFE) nen chung ihiioc 
giao tuyen va do do chung 




J20 














































\i (ill II : C'ho li'r clicn dcu AIK'I) c6 cac canli bang a. (ioi M \a N Ian lirai 
la tiling diC’in ci’ia (’I) \ a AR. 

a) I lav xac dinh dicMii I e AC'. .1 e I)N sao cho IJ // BM. 

•% 

b) l inh do dai doan thring l.l tbco a. ^ 

( 1 • • 

iiai 

a) liong mp(B('l)). lii I) vc dubng 

f 

thing song song voi BM cat CB 

ta K. Nbi K. va N cat AC' tai I. 

• • 

Tiong nip(BCl)), tir I \’c dirong 
thing song song voi l)K cat 

9 

drone thane l)N tai J. Khi do 
th.‘o each dirng ta c6 IJ // BM. 
b) D.> I^M la dirong triing binh ciia lain giac 



C'CDnC'n: KD = 2BM = 2.— 


c 


= aV3 




Cii>i 11 la trung diC*m ciia BC', khi do: 

NK Kll 3HC 


Nil//AC 


N1 MC HC 


NK = 3NI 


= 3 


1 


a 


KD = 31J. Vay IJ - -KD = 

3 3 




s 


Vi Uii 12: C'ho h'lnh chop S.ABCD c6 day la hinh thang ABCD voi day la 
A3 \a BC. Goi I va J Ian lugt la trong tam cua cac tarn giac SAD va 
SBC. Mat phang (ADJ) cat SB, SC Ian Iirgt tai M, N. Mat phang (BCI) 
ck SA, SD Ian lugt tai Q. 

a) Chimg minh MN song song voi PQ. 

b) Gia sir AM cat BP tai E; CQ cat DN tai F. Chimg minh rang EF song 
song voi MN va PQ. Tinh EF theo a = AD va b = BC. 

Giai 

a) Vi AD // BC nen iTip(ADJ) cal (SBC) theo giao 
lu/en MN // AD, BC va mp(BCI) c4t (SAD) 
thfo giao luyen PQ // AD, BC. 

Viy MN // PQ. 

b) Tico: (AMND)n(PBCQ) = EF 
vaEF//AI), BC, MN, PQ 
n c6 CP n EF = K => EF = EK + KF. 


V PM // AB 


pp: pm sp 2 


V FK // BC 


EB AB 
EK PE 


SA 3 
PE 



I) 


2 

=-=^EK = 


BC PB PE + EB 5 


5 





Trcmg ig KI 


- a. Vav HF 
5 


• ^ 


2 ^ 2 . 2 , , 
— a + - b = — (a + b). 

5 5 5 
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C. BAILUYEN TAP 


1. Cho hinh chop S.ABCD, AC cat DB tai O.Cioi M, N, P, Q la triing dicm 
cua cac canh SA, SB, SC, SD. 

a) Clurng minh MP// AC, NQ// BD 

b) Chirng minh SO, MP, NQ dong qiiy. 

f 

HD: b) SO la giao tuyen cua 2 mat cheo 

2. Cho hinh chop S.ABCD day la hinh thang vai canh day AB va Cl) 
(AB> CD). Gpi M, N Ian lirgt la trung diem cua SA, SIC 

a) Chung minh MN//CD. 

b) Tim giao diem P cua SC va mat phang (ADN). Keo dai AN va DP cat 
nhau tai I. Chirng minh SI//AB//CD. Tu giac SABI la hinh gi? 

DS: b) Tir giac SABI la hinh binh hanh 

3. Cho hinh chop S.ABCD day la hinh chCr nhat. Goi 1, J, H, F la trpng tain 4 

mat ben. 

% 7 

a) Chung minh 1, J, E, F dong phang. 

b) Chimg minh tu giac IJEF la hinh thoi. 

4. Cho hinh chop S.ABCD day ABCD la hinh thang vdi cac canh day 
AB = 2CD. Gpi I, J Ian krpt la trung diem cua AD, BC va G la trpng tain 
tarn giac SAB. 

a) Tim giao tuyen cua (SAB) va (IJG). 

b) Xac djnh thiet dien cua hinh chop vai mat phang (IJG). 

HD: b) giao tuyen song song 

5. Cho.tir dien ABCD. Gpi I, J la trung diem cua BC, BD va E Ihupc canh AD. 

a) Xac djnh thiet cat boi (IJE) 

b) Tim vj Iri E de thiet dien la hinh binh hanh. 

c) Tim dieu kien cua tu dien va vi tri E de thiet dien la hinh thoi. 

DS: c) AB = CD va E la trung diem cua AD 

6 . Cho hinh chop S.ABCD day la hinh binh hanh tarn O. (ipi M la trung 
diem cua SB, G la trpng tarn tarn giac SAD. 

a) Tim giao diem I cua GM vdi (ABCD). Chirng minh: I d trCm dircuig 
thang CD vaIC=2ID. 

b) Tim giao diem J cua (OMG) vdi AD. Finh JA / JD. 

c) Tim giao diem K cua (OMG) vdi SA. Tinh KA / KS. 

DS: b)JA/JD = 2 c) KA / KS = 2 

7. Cho tir dien ABCD. Gpi 1 va J Ian lupt la trung diem cua AC va B(\ 
Tren canh BD, ta lay diem K sao cho BK=2KD. 

a) Tim giao diem E cua CD vdi (UK). Chung minh: DE=DC'. 

b) Tim giao dicMii F cua AD vdi (UK). Chirng minh: FA=21“1). 

c) Chimg minh FK song song vdi U. 

d) Gpi M va N la hai diem bat ky tren hai canh AB \a CD. Fini giao 

% ■ *» 9 

J diem cua dudng thang MN vdi mat phang (UK). 


8. ('ho U'r diC*n /\U( '!). I ,av M N. I’. Q Iren 4 canh AB, BC, Cl), DA. 


^ V 

('lahig niinh M. N. P, (^) dong phang khi \ a chi khi: 


.. MA NB VC 


MBNCIM)(iA 


-1 


n ** / \ 

111): Irong phan dan. giii sir mat phang (MNP) cal canh AI) lai Q' rdi 
Chung minh (/ = (,). 

I t 

9. Cho hai dirong lhang phan bicl a. b va mat phang (Q). 

a) (jia sir a//b va b/7((^). Vi tri lirong doi cua a va (Q)? 

b) Cjia sir a//((^)) va b//((,)). Co the ket luan gi ve a va b? 

10. a) NCu: a //h va b c (Q)) thi a va (Q) ? 

b) Neu a // ((,)) \ a b c: (Q) ihi a va b ? 

f f 9 0 

c) Neu a // (Q) \a (!’) chi'ra a. (P) cat (Q) theo giao tuyen d thi a va d the nao? 

11. Clo hinli chop S.ABCI) c6 day ABC!) la mot tir giac loi. Gpi O la giao 

0 

diem cua hai dirdng chek) AC va BD. Xac dinh thiel dien cua hinh chop 
ca: biVi mat phang (Q) di qua O. song song vai AC va SB. Fhiet dien do 
la hinh lii? 

0 9 

111 ): dung tinh chat giao tuyen song song 

12. Cho hinh chop S.ABCI) c6 day la mot hinh binh hanh. 

Xic djnh thiet dien cua hinh chop cat bai mat phang (P) di qua diem M 
cui canh AB, song song vai BD va SA. 

1.^. Cho tir dien ABCD .Mat phang (P) song song AB, CD. 

a) Chirng minh thiet dien la hinh binh hanh . 

b) Tim quy tich tarn O cua thiet dien 

c) Dinh vj tri (P) cat canh AC de thiet dien la hinh thoi. 

14. Cho hinh chop S.ABCD c6 day la mot hinh binh hanh. Goi M, N Ian lirgt 

*1 _ 

la trung diem cac canh AB, CD. 

a) Chimg minh MN song song vai cac mat phang (SBC) va (SAD) 

b) Goi P la trung diem SA. Chung minh: SB, SC song song voi mat 
phang (MNP). 

c) Goi Gi, G 2 la trong tarn tarn giac ABC, SBC. Chung minh duong 
thang G 1 G 2 song song vai mat phang (SAC). 

HD: c) dung tinh chat ti Ic cua trong tarn 

15. Oo tu diem ABCD. Gpi O, O’ Ian lupt la tarn dirorng tron npi tiep cac 
tan giac ABC va ABD. Chirng minh dicu kien can va du de OO’ song 

AB + AC 

soig VOI (BCD) a: - = -. 

^ ^ BD AB + AD 

HD: dung tinh chat ti le cua duong phan giac cat chia canh doi 

16. Cko hinh chop S.ABCD c6 day la hinh binh hanh. Gpi C’ la trung diem 
cui SC, M la mot diem di dong tren canh SA, (P) la mat phang luon qua 
CM va song song voi BC. 

a) Chung minh: (P) luon chua mot duong thang c6 dinh. 

b) Xac. dinh thiet dien ma (P) cat hinh chop S.ABCD. Dinh M de thiet 
ien hinh binh hanh. 


/ • 
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15 


16 


17 


c) Tim lap hgp giao diC'm cua liai canh ddi cua thicl dicn. 

Cho hai hinii.binh hanh ABC’I) va ABl-l' cV iroiig liai mal phaii; kl^ic 
nhau. I rcMi cac canh AI) va BB Ian IiktI lav cac diem M, N luu dong s;u> 
cho AM/Al) = nU/nR 

a) Chirng minh MN luon song song voi 1 mat phang cd djnh 

b) Tim lap hgp triing diem 1 ciia MN. 

Ill): b) dung dirong trung binh 

Cho hinh chop S.AI3CP. M, N la hai diem Iren AIT C'i). (!’) la mat 
phang qua MN \ a song song vai SA. 

a) Xac dinh Ihiet dicn cua hinh chop vai mat phang (P). 

b) Tim dieu kicn cua MN de Ihict dien la hinh thang. 

DS: b) MN song song vai liC 

Trong mat phang (^Q) cho lam giac ABC vudng tai A, goc B 60”. AB a. 
Ggi () la trung diem cua BC. Lay diem S a ngoai (Q), sao cho SB a \ a 
SB_LOA. Ggi M la mol diC*m tren canh AB, mat phang (P) qua M \ a 
song song vai SB va OA, cat BC, SC, SA Ian lirgt tai N. P. 0. Dal 
X = BM (0 < X < a). 

a) Chung minh MNI^Q la hinh thang vuong. 

b) Tinh iheo a va x dien tich cua hinh thang nay. I'inh x de dien lich nay 
la Ian nhat. 

Ill): b) dung bat dang thirc Cdsi, ket qua x = -^ 

3 

18. Cho lir dien deu ABCD, canh a. 1 la trung diem cua AC, J la mg diem 
tren canh AD sao cho AJ=2JD. M la mot diem di dong trong lam giac 
BCD sao cho (MU) song song vai AB. 

a) Tim lap hgp diem M. 

b) Tinh dien tich thiet dien cal bai mat phang (MU). 

DS: b) S = 

7 

19. Cho hinh chop S.ABC.Goi O la mot diC*m ben trong tarn giac ABC'. C^ua 
O ve nhCnig dirang thang Ian lirgt song song vdi SA, SB, SC cal cic mat 
(SBC), (SCA), (SAB) tai A’, B\ C’. Djnh O de lich OA*.()B\()C’c6 gia 
trj Ian nhat. 

III): Chirng minh -+-+-= 1 

^ SA SB SC 

20. Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tarn O. Di}ni M 
la mot diem di dong tren SC, (P) la mat phang qua AM va song soig \ (Vi 
BD. 

9 9 

a) Chirng minh: (P) luon chira mot dirang thang c6 dinh. 

b) 1 im cac giao diC*m 11 va K cua (P) vai SB, SD. 

. . , SI^ SI) SC . •',•11 '' !»• 

Chimg minh -+- co gia tn khong doi. 

SH SK SM 
DS: b) gia trj bang 1 khong doi. 










§J. HAI MAT PHANC SONG SONG 


A.KIENTHUCCa BAN 


• Mai mat phang song song 

- Hai mat phang song song neu chiing khong c6 diem chung. 

- Vi tri tuang doi cua 2 mat phang: Co 3 vi tri tirorng doi la 2 m$t trung 

/ 

nliau, 2 mat cal nhau va 2 mat song song. 



(P) ^ (Q) 

Dinh ly ca ban: 








(P) n (Q) = a 


(P) // (Q) 


; _ - Neu mat phang (P) chua hai duong thang a, b cat nhau va cung song 
song vai mat phang (Q) thi (P) song song vai (Q). 

: - Qua mot diem nam ngoai mot mat phang, c6 mot va chi mot mat phang 
song song vai mat phang do. 

- Neu duong th^g a song song voi mat phSng (Q) thi c6 duy nhat mot 
m^t ph^g (P) chua a va song song vai (Q). 

- Hai mat phSng phan biet cung song song vai mat phang thu ba thi song 

^ I* , ' * ' ” 

song vai nhau. . ' ^ ' 


- Neu hai mat ph^g (P) va (Q) song song thi mpi mat ph^g (R) da cat 

B * * - * 

(P) thi phai cat (Q) va cac giao tuyen cua chiing song song. 


I- ’ 


* s. 
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• Djnh ly Ta-let: 

% 

Ba mat phang doi mot song song 

^ f W 

chan ra tren hai cat tuyen bat ki cac doan 
thang tuorng ung ti le. 

AB BC CA 

A'B'~B'C'~C'A' 

• Djnh ly Ta-let dao: 

Gia sir tren hai duang thang a va a' 
Ian lugt lay cac diem A, B, C va A', B', C 
sao cho: 


AB 


BC 


CA 



A’B' B'C CA' 

Khi do, ba dirong thang AA', BB', 

CC Ian lugt nam tren ba mat phang song 
song, tuc la chung ciing song song voi 
mot mat phang. 

Chu y: Dang thuc kep de bao dam thu tu cua A, B, C va A', B', C nhu nhaii. 

• HINH LANG TRU vA HINH HOP 

• • . ' 

- Hinh lang try c6 2 day la 2 mat song song va bang nhau, cac canh bOn 
song song va bang nhau. 

Neu day la hinh l^g try la tarn giac, tu giac, ngu giac, ... thi l^g trii tiroiig 
img dugc ggi la lang try t^ giac, lang try tu giac, lang try ngu giac,..; 


I W .-* 




4 


- Hinh lang try c6 day la hinh binh hanh dugc ggi la hinh hop 


-• 


’iV 


‘ ♦ 



\ \ ✓ 
\ ^ ^ 





C’ 



.. # 
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- Hinh chop cut tao iien khi cat hinh chop bai mot mat phang song song 
vori da'. 

I'uy theo day la tarn giac, tir giac, ngu giac, ... ta c6 hinh chop cut tarn 
gidc, h nh chop cut tir giiic, hinh chop cut ngu giac,... 

I lirh chop cut A'lA' 2 ...A'„.AiA 2 ...An c6: 

Ha. day la liai da giac c6 canh tuong umg song song va ti so cac canh 

linmg jng bang nhau. Cac mat ben la nhung hinh thang. Cac duong th^g 

% ^ 

chua ciic canh ben dong quy tai mot diem. 


B.PHAN DANGTOAN 


DANG 1: CHLTNG MINH SONG SONG 


• I lai nSt phang song song khi thoa mot trong cac dieu kien: 

• - Hii mat phang khong c6 diem chung. 

- Khi mot mat phang chua hai duong th^g cat nhaii va cung song song 

voi ni& mat phang kia. , - 

- Khi hai duong thang cat nhau ciia mot mSt phSng Ian lugt song song 
voi hai duong thang ciia mat ph^g con lai. . 

* t ^ 

- Hii mat phang phan biet cung song song voi mat phang thu ba. 

''*■ - Djnh ly Talet dao 

: Chu y: Chung minh 2 duong thSng song song, duong thSng song song 
voi phang, ngoai cac each da biet thi CO them; 

- Neu hai mat phang song song bj cat boi mat phang thu ba thi hai giao 

tuyeii sang song voi nhau. . . ; » . ^ 

• - N3u 2 mat phang song song, mpi duong thang nam tren m|t phang nay 
thi song song voi mat phang kia. 




. J V 




Vi du t : Cho tir dien ABCD. Goi M, N, P Ian lugt la trong tarn cua cac tarn 
gia: ABC, ACD, ABD. Chimg minh rang mp(MNP) song song 
mp(BCD). 



Gpi I, J va K Ian lugt la trung diem cua 
cac canh BC, CD va BD. 

T h (0 tinh chat trong tarn cua tarn giac ta c6: 


AM _ AN _ AP _ 2 

AI ~ AJ “ AK ~ 3 
vIN // IJ. 
MalJc(BCD) 

.vIN // (BCD). 


























Mp(MNP) chira 2 dirang lhang cat nhau MN va NP cung song song xdi 

mp(IiCr)). Vay (MNP) // (BCD). 

Vi du 2: Tu bon dinh cua hinh binh hanh AIKd) ve bon nira dudnu lhanu 

^ / » 

song song cung chieii Ax, liy, Cz va Dt sao cho chiing cat mat pliang 

•% P 9 •> 

(ABCD). Mot mat phang (a) cat bon nira dirang thang thco thir tir ndi 
tren tai A', B', C va D'. Chirng minh: 

a) (Ax, By) // (Cz, Dt), (Ax, Dt) // (By, Cz). 

b) Tir giac A'B'C'D' la hinh binh hanh. 

c) AA' + CC = BB' + DD'. 

Giai 



a) Ta CO Ax // Dt Ax // (Cz, Dt) 

AB//DC=>AIW/(Cz, Dt) 

I 

Vi mp(Ax, By) chira 2 dirdng thang 
Ax, AB cat nhau cung song song \ ai 
(Cy, Dt) ncn (Ax, By) // (Cz, Dt). 
Tirang tu (Ax, Dt)// (By, Cz). 

b) Mat phang (a) cat 2 cap mat phang 
song song (Ax, By) va (Cz, Dt); 
(Ax, Dt) va (By, Cz) thco cac giao 
tuyen A'B’ // D'C, A'D' // B’('' nCm 
A'B'C'D' la hinh binh hanh. 

c) Gpi O, O' Ian lugt la tarn cac hinh binh hanh ABCD, A'B'C'D'. 

Ta CO OO' la duang trung binh cua hinh thang AA'C'C ncn c6 

AA'+CC 


00 ' = 


2 


Tirong tir chimg minh dugc 00' = 


BB'+ DD' 
2 


Vay AA' + CC = BB' -t DD'. 

Vi du 3 : Cho hinh chop S.ABCD day la hinh binh hanh tarn O. Cigi M, N Ian 
lirgt la trung diem cua SA, SD. 

a) Chung minh rang (OMN) song song vdi (SBC). 

b) Ggi P va Q la trung diem cua AB va ON. Chirng minh PQ song song 

voi (SBC). s 

Giai 

a) Ta CO OM // SC (duang trung binh). 


OM // (SBC). 

Vi ON // SB (duang trung binh). 


ON//(SBC) 

Do do mp(OMN) chira 2 duang thang OM, 

ON cat rihau, cung song song vdi mp(SBC) ^ 
.neht0NIN)//(SBC). 



h 


t 


X 












b T[i c6; OI’ // Al) (dumig tiling binh tain giac ABD) 
Via Al) // MN. SUV ra OP // ! 



PQ c (OMN) ina (OMN) // (SB('). 

Vay PO//(SBC'). 

\i (III 4 : C lio liai hinli binh liaiili AlK'l) va AIBil^' nam trong hai mat phang 
khac nhau. l-ay cac diem M. N Ian luot ihupc cac diiang cheo AC, IB* 
sao elio MC = 2AM; Nl- - 2BN. Qua M, N ve cae dirang thang song 

9 \ 

soim \ {Vi AB cat cac canh Al). AP Ian lirat lai M|, Ni. 

a) C'hirnu minh rang:MN // DPi 

b) Chung minh rang:M|N| // mp(DPP ); 

c) C’hirng minh rang; mp(MN'N|M|) // mp(I)HP'). 

iiai 

a (Ipi O la giao diem ciia 2 cheo AC va BI). 

AM 1 2 

Vi _= 1 nCm AM - - AO 

MC 2 d 

f 

l)o do M la Irpng tarn tarn giac AFil) hay M ihuoc Irung tuyen 1)1 cua 

9 

tani giac A13D. Chi'rng minh tirong tir thi N thuoc dirang trung tuyen lil 
cua lam giac ABIA Xct tarn giac KID. p p 

IN IM 


1 a co; 


I p: ID 


b Vi MM I//CD 


NM // dp;. 

AM , AM 1 


M.l) 


MC 2 


ViNN, //AB 


AN, m 1 
N,P’ ” NF' 2 


D 



n 


Dodo 

M,D 


AN, 

N.F 


M,N,//DFr4>M,N,//(DEF). 


c) Pa CO NN, // KF nen NN, // (DKF). 

> *» / 

Mat phang (MMiNiN) chira 2 dirang thang cat nhau M|N|, NNi cung 
song song vai (DKF) nen (MM|N|N) // (DKF). 

V du 5; Cho hai dirang thang cheo nhau. Chimg minh rang c6 dung hai mat 
phang song song vai nhau Ian lirat di qua hai dirang thang do. 


( "t • 

>1 


• 






(jia sir a va b la hai dirang thang cheo nhau. Qua mol 
diem A thuoc a, ve duang thang b' song song vdi b va 

1 t 

qua mot diem thuoc b ve duang thang a' song song 
vai a. 

(jpi (P) la mp(a; b'), (Q) la mp(b; a') thi (P) // (Q). 

% 

Ciia sir con c6 mp(P') va mp(Q') Ian lugt qua a va b va 
song song vdi nhau. Khi do la co b' // (P') va b // (P) 
SUV ra giao tuyen a cua (P) va (P') cung song song vdi 
b, trai vdi gia Ihiel. Vay (P') trung (P) va do do (Q') 
trung (Q): dpem. 


f .. >-■ 
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1 


t \ % 

Vi dll 6: Cho hai diranu thanu cheo nhau a va b Ian lirat nain ircn liai mat 

\ f t ' 

phang song song (P) va (Q). Chirng minh rang ncu diC*m M khdiiL niam 

\ / » 

trcn (P) va khong nam tren (Q) thi c6 duy nhal mol dirdng thang C\ upii 
M cat ca a va b. 

>iai 


Gia sir c = mp(M; a) n mp(M; b). 
Ta can chirng minh c cat ca a va b. 
Vi c va a phan biet cung nam tren 
mot mat phang nen hoac c // a 
hoac c cat a. Cung vay, hoac c // b 
hoac c cat b. 



y \ 

Khong the xay ra ra dong thoi c // a, c // b vi a va b cheo nhau. (iia sar c 
song song vai a thi phai cat b, tire la c di qua mot diem cua mp( ^)i \ a 
song song vai a, suy ra c phai thuoc mp(Q) va do do M thupc (Q) (in'ii 
vai gia thiet). Tirang tir, khong the c 6 c song song vai b. l om lai c p>li;ii 
cat ca a va b. 

^ ^ X 

Gia sir c 6 dirang thang c' khac c di qua M, cat ca a va b thi a va b diong 
phang: Vo li. 

Vi du 7: Cho mat phann (P) va mot diem A nam niioai (1*). Chirng miinh 

rang tat ca nhung duang thang di qua A va song song vai (P) deii cam 
^ *» 

nam trong mot mat phang (Q) song song vai (P). 

Giai 


G 



7 f 

Goi (Q) la mat phang duy nhat di qua A va soni stoiig 

*> r 

vai (P). Gia su a la mot dirang thang bat ki qua Av va 
song song vai (P). Ta phai chirng minh dirang tlang a 
nam tren (Q). 

*? 

Vi a // (P) nen c 6 duang thang b thuoc (P) sao ch) la va 

^ / 

b song song. Vay mp(a; b) cat (Q) theo giao tuye:n a' 
qua A va song song vai b. Do do a trung vai a', tine la 
a nam tren (Q). 

Vi du 8: Cho ba tia Ox, Ov, Oz khong dong phang. Chirng minh rang caic tia 
phan giac ngoai cua cac goc xOy, yOz va zOx dong phang. 

G 




Goi Ai, A 2 , A 3 Ian luat la ba duang phan 
giac ngoai cua cac goc xOy, yOz, zOx. 
I'ren cac tia Ox, Oy, Oz Ian lirgrt lay cac 
diem A, B, C sao cho OA = OB = OC, tarn 
giac can OAB, OBC, OCA tai O nen phan 
giac ngoai tai dinh song song vai canh da\’, 

do do Ap/^ AB, A 2 // BC, A 3 // CA. 
















Do do A I, A:. A.; // (AIK') nia chung qua () ncMi A|, A:, A 3 dong pliang 
Iren mat phang qua (). song song vdi (ABC). 

Vi du 9 : C’lio tir dicn AIK'I) va bon diem M, N, b ian lirol nam trC*n cac 
eaih Ali, IK’, Cl) \ a DA. C'liirng minh rang: Neu bon diC'm M, N. I’ 


deng phang thi 


MA NB EC KD 


= 1 


MB N(' Kl) FA 

( ^ • • 

iiai 


I f 9 

Vc dirdng thang A bat ki cat mat 
pbing (MNHF) (ai mq> diem (A F^on 

■y \ 

mK phang Ian Iirot qua A. FC C, F) va 
doag iho'i song song vtVi mat phang 
(IV.NFiFD eat dirdng thang A theo thir tir 
laiA', B'. C, D'. 

Theo dinh Iv Fa-let ta ed; 

• y 

MA OA' NB OB' 


MB OB' NC OC 
b:c OC OF)' 


A’ 


O 


D' 

B' 


tr 



c 


I) 


KD OF)’’ FA OA 


A 


Vay: 


MA NB EC FD OA' OB' OC OD’ 


= 1. 



MB NC ED FA OB' OC OD' OA' 

Vi du 10 : Cho tir dien ABCF). Flay dirng mot hinh hop ngoai tiep tu dien do 
(tir: la dirng mot hinh hop sao eho moi canh cua tu dien la dudng cheo 
cu£ mot mat cua hinh hop). 

Giai 

Qua moi canh cua hinh tu dien ABCF3 ta 

f 

dung mot mat phang song song vai canh 

doi dien. Khi do sau mat phang vira 

dung se cat nhau tao thanh mot hinh hop 

can tim c 6 sau mat ben nam tren sau mat 

• • 

phang noi tren. 

C"ach khac: Qua trung diem I cua AB ta dung doan thang CD' bang doan 
C’Dsao cho CD' // CF3 va I la trung diem ciia CD'. Qua trung diem 1' cua 
C''D ta dung doan A'B' bang doan AB sao cho A'B' // AB va 1' la trung 
dien cua A'B'. Khi do ACBD'.A'CB'D la hinh hop can dimg. 

Vi du 11 : Chung minh djnh ly Ta-let dao: Tren 2 duemg thang cheo nhau a 
Va b Ian lucrt lay cac diem A, B, C va A', B', C sao cho 

^ , khi do ba duemg thang AA', BB', CC Ian luert nam 

A'B' B'C CA' 6 6 ’’ 

•> 

trer 3 mat phang song song, do do chung cung song song voi mot mat 

. 





\ 




f < 
? .V 



131 
































■ lai 

» 

Vi a va a' chco nhau ncn hai dirong thang AA' va BIV chco nliaii ncn c6 liai 
mal pliaiig (P) va (Q) song song, Ian IirtI di qua A A' va lilV. Qua C' dung 
mp(R) song song voi mp(l^) cal a' lai Q". Do (P), (Q) , (R) doi niqi H>ng 
song ncn thco dinh ly I’a-lct la c6: 

AB BC CA 


A'B’ B'C" C"A’ 


Ma 


AB 


liC 


CA 


A'B' B'C CA' 


ncMi la CO B'C" --- B'C va C"A' = CA'. 



C: 


Vay C" = C. Suy ra ba duong lhang AA', BB', C('' nani Iren ba niai 
•» 

phang song song. Do do chung cung song song voi inql mal phang. 
dll 12: Cho Ur dien AliCD. Gpi M la Irung dicMii cua AB. I loi mal phang 

t 

(P) qua diem M, song song voi ca AD va BC' co di qua irung dic*m N cua 
CD khong? 

fiai 

1 > 

Goi (Q) la mal phang dura duong lhang AD 

I 

va song song voi BC; (R) la mal phang cliha 

9 

duong lhang BC va song song voi AD. l a c6 
ba mal phang (P), (Q) va (R) ddi mql .song 
i) song, ncn Ihco djnh 11 fa-lcl la c6: 

AM _ MB BA 
” NT " Cl) 
voi N' = Cl) o (P). 

Mal khac AM = BM ncn N' la Irung dic'm cua C.'D, lire la N' Irung \ oi N. 
Vay mp(P) di qua N. 



DANG 2: LANG TRU VA HlNH HQP ] 


- I Pmh lang try c6 hai mat day la hai hinh da giac c6 cac canh tuong irng 
song song va bang nhau, c6 cac mat ben la nhirng hinh binh hanh, c6 cac 
canh ben song song va bang nhau. 

- Hinh hop la hinh lang try c6 day la hinh binh hmih. 

- Trong moi hinh hop, bon duong chco cat nhau lai trung dic'm moi 
dirong, diem cat nhau do goi la tarn hinh hop. 

Chii y: Sir dyng cac quan he song song, giao tuyen song song, quan he 

f f / / ^ 

cac yen to trong lang try va hinh hop, ket hop voi kicn thirc hinh hoc phang 
de giai toan. 

















V^i dii 1: ('ho lang iru lam giac A'lVC.AlU'. (ioi I. (j va K Ian Imrl la Irong 
lAni ciia cac lam giac AIK', AC C'’ va A'lVC. 

Ch.rng minh: a) (KiK) // (BB'C”C) b) (A'OK) // (AIB'). 

( ^ • '9 • 

iiai 

•» 

a) (ioi M va M' lirong Crng la iriing diem ci’ia AC' va A'C”. 

0 

1 hc'o linh dial Irong lam cua lam giac la c6: ,v m' 

Ml 


c 


MG 


1 


MB MG' d 
-> i(;//(BB'(:(;’) 
MI M'K 


MB M'B 
va MM’ // BB' 


IG // BC 




B 


1K//BB’. A 

=> IK //(BB’C’C'). 

(BB’C'C). 

b) (ioi li va r tirong irng la irung diem eiia BC va B'C 

=> mi //CF => b'f://(A’cf). 

Ma AE//A'Fr^ AF.//(A’CF). 

Do do (AEB') // (A'C'F) hay (AIB') // (A'GK). 

Vi dll 2: Cho hinh lanu tru tarn giae ABC.A'B'C. Goi G, G' Ian lirgt la Irong 
lam eua tarn giac ABC va A'B'C. Mot mat phang (a) cat cac canh AA', 
BB', CC, GG' Ian lugt tai Ai, Bi, C| va Gi. C'hu’ng minh rang: 

a) GG' song song va bang canh ben cua hinh lang tru. 

b) (j| la trong tarn cua lam giac AiBiC). 

c) G|G' = - (A, A + BiB’ + C|C'); G|G = - (A,A + B|B + C|C). 


3 


3 


Giai 

a) Goi I, r Ian luol la trung diem cua cac canh 
BC, B'C thi IF song song va bang A A' nen tu 

giac AII'A' la hinh binh hanh, do do AI song 

% 

song va bang AT. 

Ta CO AG = - AI, A'G' = - AT, 

3 3 

ma AI = AT nen AG song song va bang A'G'. 
Do do tir giac AGG'A' la hinh binh hanh. 

Vay GG' song song va bang AA'. 

b) BjCi cat ir tai I| thi I| la trung diem cua B|Ci va ta c 6 AAi // GGi // II| 

nen: = —. Vay Gi la trong tarn tarn giac AiBiCi. 

A j Ij AI 3 

t 

c) Goi E la giao diem cua hai duong thang A'Gi va IF. 

TacpX,lt= GiAM,r= i(B|B' + C,C'),G|G' = |l2l’ 




• • • 
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ncn; G,G'= - (I 2 I 1 ^ \\V)= - 

3 3 3 

1 


VlUVGU^') 
2 2 


-(Ai.V < CiC'l. 

tJ 


Tirang tir GiG = i(A|A + B|B + C,C). 

3 

Vi du 3 : Cho hinh lang Iru tarn giac ABC.A'B'C c6 cac canh hen la 
AA', BB', CC. Goi I va I' Ian lirol la Irung diem cua hai canh BC' va 

a) Chung minh rang AI // A'l'. 

b) Tim giao diem cua I A' vdi mat phang (AB'C). 

c) Chung minh giao luyen cua (AB'C) va (A'BC) song song veVi BC'. 

iiai 


a) Ta CO 11’ // BB' va 11' = BB'. Ma AA' // BB' va AA’ = BB' 
nen: AA' // IT va AA' = 11' 

AA'l'l la hinh binh hanh. 


c ’ 


Vay Al // AT. 

b) Trong mp(AA', 11'): lA' n AT = E 
thi E G lA'; E e Al' 


E e lA', E e (AB’C). 


,\ 


c) 



Do do lA' n (AB'C) = E. 

Ta CO E thuoc 2 mp (AB'C) va (A'BC). Ba 
mat phang (AB'C), (A'BC), (BB'CC”) cat 
nhau theo 3 giao tuyen BC, B'C, Et phan biet. 

Vi BC // B'C nen giao tuyen Et // BC, B'C. 

\ ^ f 

Vi du 4: Chung minh rang neu hinh lang trii tarn giac co thict dien la mot 
hinh ngu giac thi hai canh ciia ngii giac do song song. 

iiai 

r f 

Vi hinh lang try tarn giac c6 5 mat, nen neu thiet dien la mot ngu giiic thi 
5 canh ngu giac do Ian lircrt nam tren 5 mat cua lang try. Do do cd hai 
canh nam tren hai mat day cua lang try la 2 giao tuyen song song. 

Vi du 5 : Cho lang try tarn giac ABC.A'B'C. Goi M. N, P Ian luyl la iriing 
diem cac canh AB, AA', A'C. Hay dung thiet dien cua lang try klu cat 
bdi mp(MNP)). 

jiai 

Trong mp(AA'; BB') dirdng thang MN cat 
A'B' va BB' Ian luot tai 1 va K. Trong 
mp(A'B'C’'), IP cat B'C'’ tai Q. v.'i Ircmg 
mp(BB'; CC ') KQ cat BC tai R. 

Vay thiet dien la ngu giac MNPQR. 
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Vi dll (' ! ('ho hiiih Ifing iru tain giac ABC'.A'IVC''. Ooi II la ining diem cua 
caul- A’lV. 

a) C lung minh rang diidng thang C'B' song song voi mp( Al 1C''). 

f t 

b) rim giao lu\C‘n d cua hai mat phang (AIVC'') va (A'BC'). C'hirng minh 
rAng d song song vdi mp(BB'C.''C'). 

c) X'lc djnh thict dicn cua hinh lang tru ABC'.A'B'C" khi cal btVi mp(l I; d). 

( 1 • > • 

iiai 

a) (ioi I la tarn cua hinh hinh hanh AA'C''C'. 

Xct lam giac A'B'C' thi III la mol duxmg 
Ining hinh ciia no, nen CB' // HI. Mat 
khai HI nam trong mat phang (AHC'’) 
ncnCB’//mp(AHC’). 

b) Cipi J la tarn cua hinh binh hanh 
AA'B'B. I'a cd I. J la hai diem chung 
cua hai mat phang (AB'C”) va (A'BC). 

Vav giao tiiycn d cua chung la dudng 
tharg IJ. Vi d // B’C nen d // (BB'C'C). 

■» r 

c) Dircng thang HJ cat AB tai M. Ta cd 
AA'// HM, suy ra AA' // mp(H; d) nen 
mp(\A'C'C) cat mp(H; d) theo giao tiiyen qua I va song song voi AA'. 
Giao tuyen nay cat AC va A'C Ian lugt tai N va E. Vay thiet dien la hinh 
bin! hanh MNEH. 

Vi Um 7 : Cho lang trii ABC'.A'B'C. Cioi H la trung diem cua A'B'. 

a) Chung minh CB' song song voi mat phang (AHC). 

b) lim giao diem cua AC vdi (BCH). 

c) Mat phang (a) qua trung diem M cua CC va song song vdi AH va 
CB'. Xac dinh thiet dien va ti so ma cac dinh cua thiet dien chia canh 



B' 


tJong ung cua lang tru. 



Giai 


a) Goi K la trung diem cua AB, ta cd: 
B'K // AH => B'K // (AHC), 


KC//HC => KC//(AHC) 

Mat ph^g (B’KC) chua 2 dudmg thang B’K, KC 
cung song song vdi mp(AHC’) nen (B'KC) // (AHC). 

ma CB' c (B’KC) nen CB' // (AHC). 
b) Mat phang (BCH) cat (A'B'C) theo giao tuyen 1 IE 
// BC (vi 2 day song song). Noi CL cat AC tai I, 
thi I la giao diem ciia AC vdi mat phang (BCH). 


B 


it 
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c) la CO (B'KC) // (MIC) va (a) // AH, (a) // C'lV 


(a) // (IVKc:) va 


(AIIC). Do do (a) cat (BCC'B') Iheo giao tuycn MN song song \(Vi C'B'. 
cat (A'B'C) theo giao tuycn NP song song voi C'll. cat (AlilVA) thco 
giao tuycn PQ song song vai AH, cat (ABC) thco giao tuycn (,)R song 
song vai CK. Vay thiet dicn la ngu giac MNPQR. 

Ta CO M la trung diem CC, theo each dung thi ta c6 N, P, Q, K Ian luat 

la trung diem cua C'B', B'H, AK, AC nen M, N, P, Q, R thco thu tii chia 
% 

cac doan CC, B'C, A'B', AB, A*'^ thco cac ti so 1, 1, 3, i, 1. 

3 

Vi du 8: Cho hinh lang tru tarn giac ABC.AiBiCi. 

a) Dung thiet dicn cua hinh lang tru vai mp(a) di cjua AC| va song song 
vaiCB, 

b) Goi G| la trong tarn cua tarn giac AiB|C|. Xac djnh giao tuycn cua 
mp(a) va mp(BB|Gi). 

c) Xac djnh giao diem J cua duang thang BM vai mp(a) trong do M la 


/ 

trung diem cua canh AiC|. Tinh ti so 

■lai 


JG, 

JO 


a) Theo tinh chat giao tuyen song song, trong 
mp(BCCiBi) ve qua C| duang thang song song 
vai CB|, cat BB, tai E, thi BiE = CCi = BB,. 
Trong mp(ABBiAi) AE n A|Bi = I thi I la trung 
diem cua A|Bi. Tam giac ACJ la thiet dien can 
dung. 

b) Goi M, N Ian lugt la trung diem cua A|Ci, 
AC. Duang thang MN cat AC| tai O. 

Ta CO O va G| thuoc hai mat phang (a) va 
(BBiGi) nen duang thang OG| la giao tuyen 

cua chung; 

•> ^ 

c) Giao diem J cua duang thang BM vai mp(a) 

chinh la giao diem J cua BM va OG|. 



N 


13 


Ve Gill//BiB thi 


- BB 

,. JG, _G,H_3''"' 


JO OM 1 


-MN 

2 



\ i 9 

Vi ilu 9 : Chung minh rang tong hinh phuang tat ca cac duang cheo cua mot 

\ t ' 

hinh hop bang tong binh phuang tat ca cac canh cua hinh hop do. 

iiai 

Ta chung minh trong mot hinh binh hanh. tong binh phuang hai duang 
cheo,bang tong binh phuang bon canh. 
cf. Tam giac ABD c6 trung tuyen AO: 















































\ 



I) 


Air + AI)“ = 2A()“ + 


BD- A( 


V_' 


IB)’ 


-f - 


> 


B 


C 


2 2 

Do do: AC; + BI)“ = 2 (AB-+ AI)') 

Ap dung ddi \ (Vi 2 hinh binh hanh ACX''A' va BDD'B' 

+ CA’“ = 2 (A(’- + AA'“) 
vaBI)'-+l)B” = 2 (BI)' + BB'-) 

Non AC“ + C'A’’ + BI)’" + l)B'“ = 2 |(AC- + BIA) + (AA'^ + BB'-")! 

= 2 |( 2 (Air + Al)-) + 2 AA'"| = 4(Air + Al)'“’ + AA'^) 

Vi 12 canh hinh hop chia lam 3 nhom song song va bang nhau dpcni. 

Vi du 10 : Cho binh hop ABC'D.A'B’C'D'. 

a) Chirng minh mat phang (BI)A') song song (B'I)'C). 

b) Chirng minh dirbng chco AC di qua irpng tam Gi va (}> cua hai tarn 
giac BDA' va B'D'C, hon mra G| va (jt chia doan AC thanh ba phan 
bang nhau. 

c) Cac trunii diC'm cua sail canh BC, CD. DD', D'A', A'lV, B'B cung nam 
tren mot mat phang 

>iai 

a) I lai mat phang (BDA') va (B'D'C) song song vi ta c 6 BD // B'D', BA' // D'C 

BD, BA' //(B'D'C). 

b) Cloi O va O' Ian lirgt la tam cua day 
ABCD va A'B'CD'. Dirong cheo AC 
nam trong mat phang (AA'CC), AC 
cat A'O tai Gi. Xet tam giac BDA' thi 
A'O la mot triing tuyen va AO // A'C 

GiO AO 1 , 4' r' 1 ' 

-=-= — , do do G| la 

G,A' A'C 2 

trong tam cua tam giac BDA'. 

1 inmg tir thi Cj? la trong tam cua tam 
giac B'D'C ^ 

la c 6 A'O // O'C va O trung diem AC, O' trung diem A'C non G| la 
trung diem cua AG 2 va G 2 la trung diem cua C'Gi. 

VayAGi=G,G 2 = G 2 C. 

c) Goi E, F, J, K, M, N Ian lirgt la trung diem cua cac canh BC, CD, DD', 
D’A', A'B’, B'B. 

Ta CO EF // JN, JN // KM va EF // BD, FJ // BA', 
KM // BD, MN // BA'. Do do hai mat phang 
(EFJN) va (JKMN) deu song song voi 
mp(A'BD). 

Nhirng hai mat phang (EFJN), (JKMN) c 6 
cluing diem J nen chung phai trung nhau. 

Vay sau diem E, F, J,. K, M, N cung nam tren 

y 

mot mat phang. 


nen 



.\ 





137 















































Vi du 11 : Cho hinh hop thoi ABCD.A'B'C'D' c6 tal ca cac canh deii bAng 
nhau. Tren AB, DD', C'B' lay ba diem M, N, P sao cho AM = D'N == H'P. 
Chung minh rang mp(MNP) song song mp(AB'D'). ir c’ 

Giai 

Vi cac canh cua hinh hop bang nhau 
va AM = D’N = B'P nen MB = PC' = ND. 

BM CP MB MA AB 


TQ CO * 

■ MA PB’ PC’ PB' C’B’ 
Theo djnh li Ta let dao, cac dirong thang 



M H 


BC’, MP, AB’ cung song song voi mot mat phang hay MP // mp(AB'l)'). 

Tircmg tir thi dirge MN // mp(AB’D’). 

Vay mp(MNP) // mp(AB’D’) 

^ / 

Vi du 12 : Chung minh rang neu thiet dien cua hinh hop la mot luc giac. thi 
cac canh doi cua luc giac do phai song song vai nhau. 

• o • 

Giai 

Hinh hop c6 6 mat, trong do hai mat doi dien song song vai nhau. Neu 

f \ 

thiet dien la luc giac thi phai c6 6 canh nam tren 6 mat cua hinh hop. Suy 
ra luc giac do c6 cac canh doi song song la cac giao tuyen cua cac mat 

f 

doi song song. 

Vi du 13 : Cho hinh hop ABCD.A’B’C’D’. Ve thiet dien cua hinh hop tao bai 
mat phang di qua hai trung diem M, N cua cac canh AB, AD va tani O 
cua mat CDD’C’. 



Giai 

Ggi I va J Ian lugt la cac giao diem cua ducrng 

thang MN voi BC va CD. Ggi P, Q Ian lugt la cac 

^ ^ _ _ 

giao diem cua dudmg thang JO voi cac canh DD’, 
Q CC. Ggi R la giao cua BB’ va duong thang IQ. 
Vay thiet dien la ngu giac MNPQR. 

Cach khac: Phoi hgp voi giao tuyen song song: 

PR // MN, BD. 

Vi du 14 : Cho hinh hop ABCD.A’B’C’D’. Tren ba canh AB, DD’, C'B’ Lan 
luot lay ba diem M, N, P khong trung voi cac dinh sao cho 
AM D’N B’P 

AB " D’D " B’C’' 

a) Chung minh rang mp(MNP) va mp(AB’D’) song song vai nhau. 

b) Xac dinh thiet dien cua hinh hop khi cat bai mp(MNP). 

Giai 


a) Taco: 



- W 



D’N B'P 


DI)' B'C 
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» • 


am _ MB _ BA 
P'N 


, AM 

VII - 


MB BA 


A 



IBP P(” (VIP 

rhci> clinh li Ta-lcl dao, tlii MN song song 
v<Vi .np((x); vcVi mp((/) song song \'cn Al)'. 

Bf) \'a MP song song voi mp(fi); NcVi 
nip( B song song voi AB'. IK'. 

Vi lU) // B'l)'. BC // AI)' nen hai mp(a) va nip((5) deu song song voi 
nip(AB'I)) do do MN va MP deu song song voi mp(AFPD'). Vay 
mp(MNP) // inp(AB'r)'). 

b) 1 ir VI ve MH song song \ di AB', tir P \ e PF song song voi B'D'. Pir N \ e 
NK song song vdi AD' cal AD tai K. Thiet dien la luc giac MFPFNK c 6 

f 

ciic canh ddi song song. 

Vi dll 15 : Cho hinh hop ABCD.A|BiC|Di. Goi M, N va O Ian lirgt la trung 
dien ciia eac canh AiB|. CCi va tarn ciia day ABCD 

9 ‘9 

a) Xae djnh giao diC*m S cua duong thang MN va mp(ABCD); 


b) Pirng ihiet dien cua hinh hop khi cat boi mp(MNO); 

c) Goi I la giao diem cua B|Ci va mp(MNO). Tinh ti so 


IC, 




Goi E la trung diem cua AB, thi ME // CN. 

Trong mp(MNCE): S = MN n CE do do S 
cung la giao ciia MN voi mp(ABCD). 

SO cat CD tai H va AB tai K. HN cat CJ), 
tai J, JM cat B,Ci tai I. Ngu giac HKMIN 

f % 

la thiet dien can dimg. 


NC // ME, NC = i ME 

2 


AK = CH = iKE 

2 


=>CH= iAE= -AB = C,J. 

3 6 

IB, MB, 1 

IC, C,J 3 
















































































DANG 3: YEU TO CO OINH - TAP HOP Ol£M 

■ ■■■■■>■■ __ _- ■ ■ ■ ■ - A _:_ _ 


• Yeu to CO dinh: ; , 

- Dirong th^g hoac mat phang di qua diem co djnh: diem c6 dinh la giao 

* ' t f 1 * * t f 

diem cua 2 duang th^g c6 dinh hoac giao diem cua mot duong thang co 
djnh voi mot mSt pharig co djnh khac. 

- Mat phang song song niot duong thang co djnh: mat phang clira niqt 

^ ^ _ ' 

giao luyen song song voi mot dirong thang; dung djnh ly Ta-Iet dao. dira ve 

t 

cac mat phang song song. 

• Tap hop diem: ‘ 

- Xac djnh mat phang co djnh chua diem do. 

- Chung minh diem thuoc mat ph^g hoac mot mien, mot dirong :iia mat 
phang/ 

- Jjioi han quy ti'ch va lam phan dao. 

Vi du 1 : Cho tir dien ABCD. Goi 1 va J Ian lirot la hai diCun di dong ren cac 

canh AD va BC sao cho — = Chung minh rang IJ liidn luon song 

ID JC 






1 / 

song voi mot mat phang co djnh. 

Giai 

Qua I ve duong thang song song voi CD, 
cat AC tai H, ta co: 

HA lA JB ^ j II n 





HC ID JC 

Do do AB va CD song song (HII) 

*» 

Goi (P) la mat phang qua AB va song song 
voi CD thi (HH) // (P) c6 djnh. 

Ma IJ c (IJH) IJ // (P) c6 djnh. 

Cach khac: Dung djnh ly Ta-lcH dao. 

Vi du 2 : Cho hai hinh binh hanh ABCD va ABTh khong cung nan trong 
mot mat phang. Goi M va N la hai diem di dong tuong irng tren AD va 

AM BN minh rang dirong thang MN luon hi6n 


BE sao cho: 

MD NE 
song song voi mot mat phang c6 djnh. 

*iai 

I rong mat phang (ADF) qua M ve 
duong thang MP song song vcVi DI', 
cat AD tai M. 

,, , AP AM BN 

pf~md"ne 

nen PN //FE. Do do (MNP) // (DEF). 



C 




//Vi'lyJN^C (MNP) nen MN song song voi mat phang (I)IJ') co dinL 

A ‘ 
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I ^ • '• 

^ilu 3: C'lu) hai clicin M. N Ian lual ihiiv doi Iren hai mat phang song song 

» > 9 

(■’) \ a (Q). Tim tap hop nhi'nig diC'in I ehia d(.u.in thang MN theo mot ti so 
k eho triroc. k / 0. 

( 1 • • 

iiai 

9 \ ^ 9 

lav tren (P) \a (O) Ian lupt hai diC'in Mo. No ed djnh. Cipi lo ehia doan 

t 9 9 

thang MoNo theo li so k tlii lo ed djnh. 

I iM 


la ed 



O <) 


IN IN 


- - k 


() () 


> 


IM 


IN 


IM • IN 


MN 


loMo 


loNo 


1 M 


... M N 

U U U () 


MuNo 



'ilKH> djnh li la-let dao thi MqM, lol, 

% > 

NoN nam trem ba mat phang song song. 

Su> ra diem I nam trC*n mp(K) di qua b, 

9 

\a song song \ di (P) va (Q) ed djnh. 

9 -f 1 r 

Pao lai, lay diC-m 1 g mp(R) \ a \ e qua I mdt dircmg thang nao do eat (P) va 

IM 1 M 

( ^)) Ian lupt tai M va N thi theo djnh li Ta-let thuan — ^ = k . Vav 


IN 


1 N 

o o 


» 

cuy ti'eh eua diem 1 la mat phang (R). 

V^i du 4: ('ho hai dirdng thang eheo nhau a, b. Hai diem M, • m 

edi trem a va b. Tim lap hpp nhirng diC’m 1 ehia doan thang MN theo mdt 

/ 

li sd k eho Irirde, k ^ 0. 

Giai 

Lav hai die*m ed dinh Mo, No Ian lirat nam Iren a, b va diem lo ehia MoNo 
• , * ; . * 
llieo li sd k eho Irirde thi lo ed djnh. 

IM IN MN 


.. , IM - I„M„ 

. a eo — = k -• 


IN 


loN.. 


-> 


loM, 


loN 


MoN, 



I'heo djnh ly I'a-let thi: 


/ ^ 

Ap dung djnh ly Ta-let dao thi ba doan thang k,!, 

MoM, NoN nam tren ba mat phang song song. Do 
do I nSm tren mp(R) di qua !» va song song vdi a 
va b, mat phiing nay dirge xae djnh bai 2 dudng 
thang qua Mo la a' // a. b' // b. 

Dao lai, lay diem I g mp(R), hai mp(I; a) ya (I; b) 
efu nhau theo giao luyen, giao luyen nay eat a va b 

tai M, N. 

IM 


IN 


IqM.. . 

loNo 


t t 

Vay quy lieh eae diCmi I la mat phang (R). 
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du 5 : Cho dicMii A c6 djnh nam ngoai mat pliang (!’). Diem M liiu dpng 
tren (P). Tim tap heyp cac trung diC*m 1 cua AM. 

iiai 


A 


Lay diem B c6 djnh tren (P) 

Goi O la trung diem cua AB thi O c6 djnh. 

Ta CO 01 // BM 


01 // (P) do do I nam 
tren mat phang (Q) c6 djnh, di qua O va 
song song (P). 

Dao lai, voi I bat ky tren (Q), A1 cat (P) 
tai M. Vi (P) // (Q) nen mp(ABM) cat 2 
mat phang (P) va (Q) iheo 2 giao diem 
01 // BM 


lA _0A 
IM " OB 


= 1 


I trung diem AM. 



Vay quy tich cae diem 1 la mat phang (Q). 

^ -I 

Vi du 6 : Cho hai tia Ax va Fiy nam tren hai dircmg thang cheo nhau. Mqt 
diem M ehay tren Ax va mot diem N chay tren F^y sao eho AM = kBN 
(k > 0 cho triroc). 

a) Chimg minh rang MN song song \'ai mot mat phang co djnli. 

b) Tim tap hgrp cac diem 1 thuoc do^ MN sao cho IM = klN. 

iiai 

a) Ve tia Bz song song va cung lurang voi tia 
Ax. Tren cac tia Ax, F^y va W/. Ian lirgt lay cae 

, AM 

diem c6 djnh Mo, No va M'o sao cho 



BN 




0 


va BM'o = AMo- 

Lay diem M' thuoc tia Bz sao cho liM' - 
thi^MM' // MoM'o va NM' // NoM'o. 

F)o do (MNM') // mp(MoNoM'o). 

f 9 

Vay MN luon song song voi mat phang co djnh (MoNoM'o). 

Cach khac: F)ung djnh ly Ta-let dao. 
b) Goi O la mot diem thuoc doan thang AFi 

OA 


AM 


sao cho 


OB 


= k nen O co dinh. Tu O ta 


ve hai tia Ox' va Oy' sao cho Ox' // Ax, 
Oy' // By. Ve MM' // AFT M' g Ox' va 
NN' // AB, N' G Oy'. 


1 ^ ' 

a CO 


IM M'M OA 


IN 


N'N OB 


= k 


MNaM'N' = I 





-Tf■ iw 
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ivr OM' 

I rung lam giac M'ON; - 7 ^= k =^ 77 - 77 ' ^ phan giac 


IN- 


ON 


(>l cua goc .\’( )> ’. 

/ -y f 

Oao lai. lay I la mot diC'm bal ki ihupc tia phan giac Ot cua goc x'Oy'. 

Vc 111 // Oy'. 11 e ().\'. lay M' g 1 lx' sao cho IIM' = kl R). 

M’IcdlOv' tai N'lhi IM' = klN'. 

^ » 

(igi M \a N Ian liurt la nhfrng diem thugc cac tia Ax, I^y sao cho 




\M = OM'; BN = ON". l a c6 I. M, N tliang hang va 


IM 

IN 


= k . Vay lap 


t 

hgp cac diem I la tia phan giac Ot cua goc x'Oy'. 

Vi tiu 7; Cho tir dien ABCI). Ilai diem M, N Ian lirgt thay doi tren hai canh 

'I 

AB va Cl). Tim tap hiyp cac trung diem cua MN. 

Giai 


1 

Ogi I la trung dic'm ciia MN. Ggi P, 
0, R, S Ian lirgt la trung diem cua 
BC, CA, AI) va DB. 


A 


Vi 


PB PC BC 


IM IN MN 


nen BM, PI, 



D 


CN cung song song voi mot mat 

y » 

phang, mat phang nay song song 
voi AB va CD. Ggi (a) la mat 
phang qua P va song song voi mat 

phang do thi I e (a) co dinh. 

Mat phang nay cat tu dien ABCD theo thiet dien la hinh binh hanh 
PQRS. Vi M chi chay tren doan AB, N chi chay tren doan CD nen diem I 
luon nam trong tu dien, tire la 1 luon nam trong hinh binh hanh PQRS. 
Dao lai, lay mot diem I nam trong hinh binh hanh PQRS. Mai mat phang 
(lAB), (ICD) cat nhau theo giao tuyen qua I, cat canh AB, CD tai M, N. 
Iheo djnh ly Ta-let thi 1 la trung diem cua MN. Vay tap hop cac diem 1 
la hinh binh hanh PQRS cung voi cac diem trong cua no. 

Vi du 8 : Cho tir dien ABCD. Ggi 1, J la hai diem di dong Ian loot tren cac 

canh AD, BC sao cho — = — . Tim tap hop diem M chia doan IJ theo ti 

ID IC 


so k cho trirdc. 


>iai 


Qua 1 ve III // CD, II e AC, ta c6: 
HA lA JB 


HC ID JC 


IIJ//AB. 


Dodo AB, CQ//(III.I). 

Mat ph5hg (HI I) cat BD tai K nen tir giac IHJK la hinh binh hanh. Qua 
M ve dubng thang song song voi AB, cat HI tai P, JK tai Q. 
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fa c6: 


II^ uq IM 


I’ll Qr] MJ 


- k Mia 111 // .IK /' ('!). 


Do do 1\ Q Ian hr(Yt ihudc Joan Al- va Bk \6i I' 

^ • • • 

la diem chia Cl) ihco ti so k. (loi 1: la diCmi eliia 
AB iheo li k. Do do !•!, k c6 dinh. 


B X ' 


D 


Ta CO PQ // AB. 
dinh. 


PM _ IM 

M q ~ 


= k ==> M G k;k CO 


c 


Tir do suy ra tap hop nlurng diem M la doan Id'. 
Vi tiu 9 : Cho hinh chop S.ABC. Cac diem 1, J, K Ian liroi la trong tan cac 
tam giac SAB, SBC, SCA. 

a) Chijng minh rang (UK) // (ABC). 

_ 9 \ 

b) Tim tap hop cac diem M nam trong hinh chop S.ABC' sao chc KM 
song song voi mp(ABC). 

iiai 


a) Goi r, J', K' Ian lugt la giao diem cua cac cap dirong '' 

th^ng SI va AB, SJ va BC, SK va CA. Khi do P, J', K* 

Ian lirgt la trung diem cua cac canh AB, BC va CA. 

.p , SI SK SJ 2 
laco:— =-=-= — 

SI' SK' SJ' 3 ^ 

IK // I'K', KJ // K'J' 

IK, KJ // mp(rJ'K'). 
mp(IJK) // mp(rj'K'). 

Vay (IJK)//(ABC). b 

b) Ta CO KM // (ABC) khi va chi khi KM thuoc mp(P) qua K va .song son^' 



s\- - 


(• 


voi mp(ABC). Vay KM // (ABC) khi va chi khi M e (P) co djnh. 

Goi A', B', C Ian lugt la cac giao dicmi cua (P) voi cac canh SA, SB, SC. Tu 
CO cac giao luy4n A'B' // AB, B'C // BC, CA' // CA. 

f \ ^ • 

Theo gia thiet M chi nam trong hinh chop S.ABC, nen tap hgp cac dien M 
sao cho KM // (ABC) la tam giac A'B'C. 



9 ^- • 


•X 


• Mot mat pharig dugc xac dinh neu biet mot trong cac dieu kien sau da>: 

- Mat phang di qua ba diem khong thang hang. 

- Mat phang di qua mot diem va mot dirong thang khong chira diem 16, 

- Mat phang di qua hai duong thang cat nhau. 

- Mat phang di qua hai duong thang song song. 

- Mat phang di qua mot duong thang va song song v6fi mot duong tiang 
chco voi duong thang ay. 

- Mat phang di qua mot diem va song song voi mgl mat phang kiong 
chua diem ay. 

















• llinh chop cut co hai day nam tren hai mat phang song song; cac mat 
ben dcii la hinh lliang; cac dubng lhang chira cac canh ben dong quy lai mol 

9 

diem. 

7 

Chu y: Sir dung hinh hoc phang, qiian he song song va cac vj tri tirang 

r 7 7 7 7 

doi cua diem, dirang thang, mat phang de giai loan. 

Vi tju 1 : I'rong ciic menh dc sau, mcnh dc nao dung? 

a) I lai mat phang phiin bicl cung song song voi mot dirang lhang ihi song 
song vai ahau; 

I 7 

b) I lai mat phang phan biet cung song song vai mol mat phang thi .song 
song vai nhau. 

r -I f \ 

c) Neu hai mat phang song song thi moi duang lhang nam tren mat 

• 7 7 

phang nay deu song song vai mat phang kia. 

7 7 7 / 7 

d) Qua mot diem nam ngoai duang thang thi c6 duy nhal mot mat phang 
song song vai duang lhang do. 

G # o • 

lai 

Dira vao cac dinh nghia thi menh de b) dung va c) dung. 

Vi du 2: Frong cac menh, menh de nao dung? 

f 7 7 ^ *» 

a) Neu hai mat phang song thi moi duang thang nam tren mat phang nay 
deu song song vai moi duang thang nam tren mat phang kia. 

b) Neu hai mat phang phan biet Ian lugt di qua hai duang thang song 
song thi song song vai nhau. 

f 7 / 7 ^ 

c) Neu mot duang thang cat mot trong hai mat phang song song thi cat 
mat phang con lai. 

7 \ 7 f 7 

d) Qua mot diem nam ngoai mat phang thi c6 duy nhat mot mat phang 


song song vai mat phang do. 


Giai 


Dua vao cac djnh nghia thi menh de c) dung va d) dung. 

7 7 

Vi du 3 : Trong cac menh de sau, menh de nao dung? 

a) Hinh hop la mot hinh lang tru 

b) Hinh lang tru c6 tat ca cac canh song song. 

c) Hinh lang tru c6 tat ca cac mat ben bang nhau. 

0 7 

d) Hinh hop c6 cac mat doi dien bang nhau, 

iiai 


7 

Dua vad cac dinh nghTa thi m^nh de .a) dung va.d) dung 
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Vi du 4: Cho hinli chop cut ABC.A'IVC c6 s 

day kVn ABC va cac canh ben A A', 13 B', 

CC. dpi M, N, k Ian krat la trung diem 
ciia eac canh AB, BC, CA va M', N', P' 

^ 9 

Ian lirat la trung diem cua cac canh A'B', 

B’C, C'A'. Chirng minh MNP.M'N'P' la 
hinh chop cut. 

iiai Ai -A------>>(• 

Gpi S la diem dong quy eua cac dirong 
thang AA', BB' va CC. Ta co cac dirong 
thang MM', NN', PP' cung dong quy tai 
S va M’N' // MN, M'P’ // MP nen 
mp(M'N'P') song song voi mp(MNP). 

Vay MNP.M'N'F^' la hinh chop cut. 

Vi du 5 : Cho hinh chop cut tu giac ABCD.A'B'CD' c6 cac canh ben la A A'. 
BB', CC, DD' va c6 day Ion ABCD la hinh binh hanh. Cipi M, N. P. Q 
Ian lirot la giao diem ciia cac cap duong thang Al)' va BC'', CB' va l)A'. 
BA' va CD', AB' va DC. Chong minh bon diem M, N, P, Q) dong phaiig. 

Giai 

•» ^ 

Goi S la diem dong quy ciia cac duong 
thLg AA', BB', CC, DD'. Vi BC’ song 
song vdi AD nen giao tuyen A ciia hai mat 
phang (BB'C'C), (AA'D'D) di qua S va 
song song voi BC'. Ta c6 M. N la hai diem 
chung cua hai mat phang ndi trc*n nen M, 

N deu thuoc A. 

c L.i luan tirong tir. hai diem P, Q thupc giao 
tuyen A' ciia hai mat phang (ABB'A') va 

f 

(CDD'C) (giao tuyen nay di qua S va st)ng 
song voi AB). Vay bon diem M. N. P, Q 
cung nam tren mp(A, A'). 

f 0 

Vi du 6: Mot mat phanu sonu sonu voi mat dav ciia mot hinh chop va cat 
hinh cheSp theo mot thiet dien. Co nhan xet gi ve thiet dien \a da giiic 
day. 

jiai 

r / 

Thiet dien la mot da giac c6 cac canh song song voi da giiic day vii li so 

% 

cac canh song song ciia hai da giac bang nhau. Ngoai ra cac gdc luong 

\ 0 ' 

irng ciia hai da giac do bang nhau. Vay thiet dien la da giae dong dang 
\(Vi day. 





^ JL •• 


ir 




I 




14b 













Vi 


» 

ih^Cho ha mat phanu ((/). ((^), (y) doi mot song song vcVi nliau. liai 

t 0 ■> 0 

dir( ng tliang a va a' cat ha mat phang ay thco thi'r tir noi trcn tai A. li, C’ 
v;'i a'. IV. C”. C'ho Ali - .^>cm, IK' = 4cm. A'C = 14cm. 1 1 'nh do dai A'lV. 
IVC. 

iiai 

Vi ,• mat phang doi mot song song non thco dinh ly 4'a-lcl: 

AH _ ifc _ A(' 

A'B' ~ irC ~ A'C 

„ ,,,, A’C.Ali 11.3 ^ 

Do Jo: A B =-=-= 6 cm 


AC' 


6 


Sii) ra IVC” = A'C - .A'B' = 8 (cm). 

Vi dll y . Cho hinh chop S.ABCI) day la hinh binh hanh lam O c6 AC = a, 
Bl) = h. l am giac SBl) la tarn giac deu. Mot mat phang (a) di dong .song 

sonc voi mat phang (SBD) va qua diem 1 ten doan AC. 

^ ■> 

a) Xac Jjnh va tinh dicn lich thiet dicn cua hinh chop vdi mat phang ((x). 

b) Tim de dicn tich thict dicn Idn lihat. 

jiai 


a) Ta >ct 3 trirdng hop 

, f ^ 

- N(U 1 ti ling 0 thi thict dicn la tarn giac deu SBD canh b c6 Ssbd = 


lrV3 


1 


- Ndi 1 thuoc doan (3A: 0 < x < 


a 

2 


s 


Vi la) // (SBD) ncn theo tinh chat giao 
tiiyin song song thi (ABCD) cat theo giao 
tuyCn MN qua I, song song voi BD. 

Tircng tir (ix) cat (SAB) theo giao tuyen 
MB song song vdi SB va cat (SAD) theo 
giai tuyen NP song song vdi SD. 

Thict dicn la tarn giac deu MNP dong 
di^int vdi tarn giac deu SBD. 

T . Smkp mNf 
Ta (o: - 



B 


S 


BCD 




BD 


J 


Do vIN // BD 


b- n/3 


MN _ A1 _ 2x 
BD “ AO ” a 

“ b-x-N/s 


MNI 


1 


cay 


a 


2 


a 


- Ncu 1 thuoc doan OC'; 


< X < a 




























giac dcLi SBl). 


dilain 


^HKL 

^BCI) 




S 


ilKl 


_ b“\/3 4(a-x)" \)~{a -\fii 


i 


a 


a 


So sanh 3 kct qua Iren 


n/ / a ' c b-.xVd 1)“%/^ 

Neu 0 < X < — Ihi Smnp =- 5 — < - 

2 a' 1 

XI* ^ ^ ^ .U'c b“(a-x)“\/3 b-x/a 

Neu — < X < a thi Shki “--<- 

2 a'' 1 

XT* \/a 

Neu X = — thi SsBD - 

2 1 


Vay dien tich ihiel dien kVn nhal khi x - 


a 

2 


Vi du 9: Cho hinh ehop S.ABC. Gqi K va N Ian lugl la Irung diC-in ei'i; SA 
va BC; M la diem nam giira S va C. 

a) Chirng minh rang mat phang di qua K, song song vcVi AB va S( hi di 

■* * 

qua diem N. 

b) Xac dinh thilt dien cua hinh chop S.ABC khi cal boi mp(KMN). ('u'rng 
minh KN chia thilt dien lhanh hai phan c 6 dien tich bang nhau. 



b) Neu M la Irung diem cua SC thi ihiel dien la hinh binh hanh MCPN. 
Irong do P la Irung diCun ciia AB. . Duong cheo KN chia hinh hinh hanh 
MKPN lhanh hai phan c6 dien tich bang nhau. 

- Neu M khong la irung dic'm ciia S('. Cioi Q la giao dic'm cua Kvl va 
AC, P la giao diem cua QN va .'XB. Khi do ihiel dien la lir giac MKlN. 
(loi.I, J la Irung diem cua SB. AC thi IKJN la hinh binh hanh. Kl ! .\B 
• va’ IN // SC' nC'n^AB. SC // (IK. 1 N). 


• • 
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I>) do ha iiial pliang ddi nipt song song Ian luat clu'ra KN, AB. SC.^ Cipi 
(/ la giao diCaii cim Ml* va KN thi () la giao dicMii ci’ia Ml* \6i (IK.IN). 
('ic mat phang song song Ian krai cal SA lai K, A, S va cal Ml* lai (). I*. 


riicodinh li'd a-lcl 


OM KS 

"on “ li^ 


» 

1 ticMi () lii Iriing diC'iii ciia MI*. 


M 


Vi O la Irung dic'iii cua Ml* nCai Smkn “ => dpcm. 

(It 10: Cho hinh lap phircrng ABCD.A'B’C''D’ canh a. TrC*n AB, CC, Cl)' 
V? .\A' Ian lirpt lay cac diCan M. N. I*. Q sao cho AM - (’’N ('*1* AQ x 

(( < X < a). 

a C'lurng niinh 4 dican M, N, I*. Q dong phang va Ml*, NQ cal nhaii lai 

mdl dican c6 dinh. 

• • 

b Chung niinh nial phang (MNPQ) luon chira mot dirang lhang c6 dinh. 
l)inhxdc(MNI*Q)//(A'BC'). 

9 9 

c Dung ihict diCai cua hinh lap phuang cat bai (MNI*Q). 'rinh gia lia kVn 
nhal va iiho nhal cua chu vi thiet dicn. 

Tiai 

■ — ■ -• 1 

a) Id c6; AQ = NC do do NQ di qua Irung dican cua A'C, lire qua lain () 
cia hinh lap phircmg. 


b) 


c) 


I rang tu AM = PC', do do Ml* di qua 

tring dican 0 cua A'C. Vay Ml*. NQ cal 

nkaii lai lain O cua hinh lap phuang va 

c( M, N, 1*, Q dong phang. 

'D c6; AM = AQ = x va AB = A A' - a 

- MQ // A'H =:> A'B // (MNPQ) 

Viy (MNPQ) chua duong lhang co 

dinh qua O va song song voi 
* ^ 

AB.Duong nay di qua irung diem R 
vj S cua BC' vi A’D'. 


O' 


(MNPQ) // (A'BC) => BC // (MNPQ) 

BR 



N 


C 


^ BC" // RN 


BC 
1 


C'N I 

-::!> X = — 

CC 2 


Dio lai, ncu x - ihi MQ // A'B; RN // BC 


(MNPQ) // (A'BC). Vay x = 


1 

2 


Tiicl dicai la hie giac MRNPSQ c6 lam doi xung la O. Suy ra ciic cap 
cmh MQ va NP, MR va SP, RN va SQ bang nhau. 


r- 

."f. 


'l l c6; MR = RN = SP = SQ - 

i9 

t 

9 

* f * 

MQ - NP = x \/2 . 



a 


2 


1 


( 

.+ (a - x) 
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a 


Kco dai R'B mol doan BRj = — , 

2 


a 


keo dai 13'A' mot doan A'S| = — ihi: 

2 

MR = MR, =QS = QSi. 

Chu vi ihiet dien p bang 2 Ian do 
dai dirong gap khuc S|QMR|. Do 
dai S|QMR| ngan nhat khi S|. Q, 

M, R| thang hang. 

Chu vi thict dien ngan nhat khi M h Mi, 

Q = Qi, vai M la giao diem cua SiRi vai 
AB va Q la giao diem cua S|Ri vai A A', 
lire M, Q la Irung diem cua AB, AA'. 

Vay min(p) = 6M|Q| = 3a V2 . 



K 


Khi M G AM) Ihi p < Si A + ARi = 2^An'^ + BRf = a^/5 


Khi M G BMi Ihi p < SiA’ + A’B + BRi 


a 


+ 'd^^2 + - = aiyl2 + 1 ) 
2 2 


Vi a Vs < a( V 2 + 1) Chu vi p < a( V 2 + 1) vai moi M. Dang thirc say 
ra khi M = B = A'. Vay max(p) = 2a( V 2 + 1). 


C. BAI LUYEN TAP 


1 


Cho hinh chop S.ABCD, Goi M, N, P Ian lugt la trung diem cua SA, SB. 
SD. 


a) Chung minh mat phang (MNP) song song vai (ABCD). 

b) Tim giao diem cua SC vai mat phang (MNP). 

f / 

III): b) dung tinh chat giao tuyen song song 

t r / 

2. Chirng minh hai mat phang song song chan tren hai cat tuyen song si'ng 
nhirng doan thang bang nhau. 

3. Trong (P) cho hinh hinh hanh ABCD. Qua A, B, C, 1) Ian lirgt ve bon 
duang thang a, b, c, d song song vai nhau va khong nam tren (P). I'rC'n a, 
b, c Ian lirgt lay 3 diem A\ B', C’ luy y. 

a) Hay xac dinh giao diCun D' cua d vAh mat phang (A'B'C'). 

b) Chung minh A’B’C’D’ la hinh hinh hanh va AA' + CC’ = BB’ + 1)1)'. 

c) Khi cac diC'm A’, W , C’ thay doi, tim quy lich giao diem ciia A'C" 
vdi B’D'. 


1 

I)S: c) duang thang qua tarn cua hinh hinh hanh ABCD va song S(»ng 




vai dircmg thang a, b, c, d. 


9m 


•vs ^ 


m V. 

^ > 
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4 




6 


8 


C'Ih) dicni () nani ngoai mai phang (P). Clpi M la mol diC'm tliay ddi IrCai 

r 

(I’). I im qiiy ti'ch cac diC*m M chia OM thco ti k cho triroc. 

I > 

Cho 2 diC'in M. N lhay doi trCai 2 mat phang song song (P) \a (Q). Tim 

tap hop cac Irung diem I ciia doan MN. 

* ■» 

l)S: mat phang song song voi (I^) va (Q), di c|ua trung diC’m ci’ia doan 
cd dinh c6 2 mut tluioc (P) va (Q). 

Cho hai dudng lhang chco nhau a va b. Gpi M va N la hai diem di dong 
Ian lirpt tre*n a va b. I'im tap hop cac trung diem I cua doan MN. 

■* t \ 

C’ho hai ni’ra dudng thang Ax va By eheo nhau. Hai diem M va N Ian lirot 
di dong trcMi .Ax va B\’ sao cho AM= BN. 

a) Chirng minh MN luon song song vdi mot mat phang cd djnh. 

b) Tim tap hop cac trung diem I cua MN. 

III): (joi () la trung diem cua AB cd dinh, ve Ox' song song Ax, Oy' 

-I X ■> 

song song vdi By. Chuyen ve mat phang x’Oy’. 

Cho hinh chop S.AFKT) day la hinh thang, day Idn AB = 3a, AD = CD = a. 
Mat ben (SAB) la tarn giac can dinh S vdi SA=2a, (Z) la mat phang di 
ddng song song vdi (SAB), cat cac canh AD, BC, SC, SD theo thi'r lir tai 
M, N, P, Q. 

a) Chung minh : MNPQ la hinh thang can. 

b) Goi I la giao diem ciia MQ va NP. Tim tap hop nhung diem I khi M di 
dong tren AD 

c) Goi .1 la giao diem cua MP va NQ. Chung minh: IJ cd phuong khdng 
ddi va .1 di dong trong mot mat phang cd djnh. 

DS: b) giao tuyen ciia mp(SAD) va mp(SBC). 

9. Cho hinh hop .ABCD.A’B’C'D’. Ve Ihiet dien cat bdi mat phang qua 3 

trung diem ciia AB, AD va CC’. 

I ID: mat phang cat 2 mat song song theo 2 giao tuyen song song 

10. Cho hinh hop ABCD.A’B'C'D'.Goi I, K Ian lugt la tarn cac hinh hinh 
hanh ABCD, BCC'B'. Xac dinh thiet dien cua mat phang (A’IK) vdi 
hinh hop da cho. 

11. Cho hinh hop ABCD.A’B'C’D’. Tren 3 canh AB, DD’, C'B" Ian lugt lay 

AM D'N B'P 

M, N, P sao cho 


AB D'D B'C 


f t 




a) Chimg minh (MNP) // (AB'D’). 

b) Xac djnh thiet dien cat bdi (MNP). 

12 . Cho hinh lap phuong ABCD.A’B'C’D’.Ggi E, F, K la trung diem ciia 
AB. DD', B'C’.Xac dinh thiet dien cat bdi : 


a) mp(EFB) 

b) mp(EFC) 

c) mp(EFC ) 

d) mp(EFK) 





13. Cho liinh lang Iru lam giac AIK’.A'Ii'C''. (ioi M \'a M' laii Iii\rl la irimg 
diC'm ci’ia canh BC va IVC". 

a) Chirng minh: AM//A'Nr. 

b) Tim giao diem ciia mat phang (AB'C') veVi duang lhang A'M. 

c) Tim giao tuyen d cua hai mat phang (AB'C) va (BA'C'). 

t f 1 

d) Tim giao diem G cua dirdng thang d voi mat phang (AM A”). C'hi'mg 
minh G la Irong lam eiia tarn giac AB'C'. 

14. Cho mot hinh lang tru ABCD.A'B’C'D’, day la hinh lhang cd AD “ C'l) 
= BC = a, AB = 2a. Mat phang (P) qua A cat cac canh BIT, C'C', DD* 
Ian lirat lai M, N. P. 

a) Tir giac AMNP la hinh gi? So sanh AM va NP. 

b) Tim tap hop giao diem cua AN va MP khi (ID di dong. 

c) Chimg minh BM+2r)P=2CN. 

' ’ ^ ' ft* 

III): b) tap hgp la giao tuyen cua 2 mat phang co c} 1 1 d 1L. ^ c. cl 

duang thang AN va MP 

15. Cho mot hinh lang tru tir giac ABCD.A'B'CT)’.Cluing minh 

a) llai dirdrng cheo AC' va A’C cal nhau, hai duang cheo BI)' va B'l) cat 
nhau. 

b) Khoang each giua 2 giao diem cua hai cap dudng cheo ndi trcMi bang 
do dai doan noi Irung diem cua hai duang cheo 2 day. 

16. Cho hinh chop cut lam giac ABC.A'B’C’ trong do ABC la day Idn. Gqi 
S la diem dong quy cua cac duang thang AA', BIT, CC’. Chung minh : 
SA' SB' Se 

SA ” SB " SC ■ 

% 

HD: dung dinh nghTa ve hinh chop cut 

17. Cho hinh chop S.ABCD. Tu giac day c6 AB va CD cdt nhau tai I-, AD 
va BC cat nhau tai F, AC va BD cat nhau lai G. Gpi (P) la mat phang cal 

SA, SB, SC Ian lugt lai A', B', C". 

a) I lay lim giao diC'm D' ciia canh SD vdi (P). 

b) Co bao nhieu mat phang (P) dc tu giac A'lTC’D’ la mot hinh hinh hanh? 

18. Cho tu dicn ABCD. Cipi (P) la mat phdng lhay ddi ludn luon di qua cac 

f 

Irung dicMU I va K cua cac canh DA va DB. Gia sir (P) cat cac canh (,A. 

CB Ian luat tai M va N. 

• • 

a) l u giac MNKl co linh chat gi? Vdi vj tri nao ciia (P) tii' giac do la hinh 


..biiih hanh. 
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• ^ 9 

h) C'hirng ininh giao dicni O ciia MI va NK ihuoc mol cluang thang c6 dinh. 

o) (joi d la giao IuvCmi cua mat phang (!’) \a mat pliang (OAli). ('hung 
minh d liidn liidn nam trong mpl mat phang cd djiili. 

f 

III): h) dung giao luycn song song 

19. ('ho lir dicn AIK'I) c6 AB=AC=Cl)=a va Ali vudng goc vdi ('I). Lay 

1 t 

inpt diem M IrCm canh AC veVi AM=x (()<x<a). Mat phang (W) di qua M 
song song vdi AB va Cl) cat BC, FMd, AI) tai N. P. Q. 

:i) C'hirng minh: MNI\) la mpl hinh chir nhal. 

h) d I'nh dicn lich hinh chir nhat nay thco a va x. 

c) Xac dinh x dc dicn tich cua hinh chir nhat MNPQ la Idn nhat. 

I)S: b) S = x(a - x) 

20. C'ho mat phang (P) va hai dirdng thang chco nhau a. b cal (P) tai A va B. 
(ipi m la dirdng thang lhay ddi luon luon song song vdi (P) va cal a tai 
M, cat b tai N. Qua diem N ve dirdng thang c song song vdi a cal (P) tai 
dicMii C'. 

a) Lir giac MNCA la hinh gi? 

^ X • 1 

b) Chirng minh diem C luon luon chay tren mot dirdng thang cd dinh. 

-j •> 9 

c) Xac djnh vi tri cua dirdng thang m de dp dai MN nhd nhat. 

21. C'ho hai hinh vudng ABCD va ABEF nam trong hai mat phang cat nhau. 
Tren cac dirdng cheo AC va BF ta lay cac diem M, N sao cho AM~BN. 
Mat phang (P) chura MN va song song vdi AB cat AD va Ah' Ian lirgt tai 

M’vaN’. 

u) Tir giac MNN’M’ la hinh gi? 
b) Chirng minh: M’N' song song vdi EC. 

■» 

e) Chung minh: MN song song vdi mat phang (DEF). 

d) Tinh doan AM de DM, AB va EN dong quy theo a = AB. 


f)S: d) AM = 


a \/2 


3 


22 . 


23 



Cho hinh hop ABCD.A’B’C'DL Gpi M, N Ian luprt la trung diem cua 
AA’ va CC’. Mot diem M nam tren canh ben DDL 

a) Xac djnh giao diem Q cua doan thang BB’ va mp(MNP). 

b) Mat ph^ng (MNP) cat hinh hop theo mot thiet dien gi? 

e) Tim giao tuyen cua (MNP) vdi (ABCD). 

Cho hinh lang trii tarn giac ABC.A’B’CL Gpi M va N Ian lugt la trung 
diC*m cua cac canh AA' va AC. 

a) Dung thiet dien cua hinh lang tru vxVi mat phang (MNB ). 

b) Qpi,f la trung diem cua canh B’G’. Dung thiet dien cua hinh lang tru 
^ridiiTiai phang (MNP). 
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24.Cho lang tru AHC.A'li'C' day lain giac dcii canh a. Cioi M. N, I* a 3 

t \ ^ 

diem Ian lirat nam Iren ba doan AB'. AC". B'C' sao jho 

• • 

AM C'N CB 


AB' A( 


1 I 


CB' 


= X . 


a) Dinh x de (MNP)//(A'BC'). Khi do hay tinh dien li'eh eua ihiet Jien 
eat boi mat phang (MNI^). 

b) Tim tap hgp trung diem cua NP khi x thay doi. 

DS: a)x= S = 

3 9 

25. (dio hinh lap phircrng ABCD.A'B’C'D’. llai diem liru dong M tren IB) 
va N tren A’C" .Tim tap hgp trung diem eua : 


a) doan MA’ 

HD: a) duong trung binh 


b)doan MN 
b) hinh vuong 


26. Cho hinh lap phirang ABCD.A'B'CT)' canh a. dTen AB, CC", C"l)' \a 
AA’ Ian lirgt Vay eae diem M, N, P, Q sao eho AM = C'N - ("P - .\Q - x 
(0 < X < a ) 

a) Chirng minh 4 diem M, N, P. Q dong phang va MP. NQ eat nhaii tai 

mot diem eo dinh. 

• • 

• ^ ^ A I 

b) Chirng minh mat phang (MNPQ) luon chira mot duang thang eo dinh. 

c) Djnh X de mat phang (MNPQ)// mp(A'BC’). 

d) Dung thiet dien cat boi (MNPQ). Thiet dien c 6 dae diem gi ve canh? 
Tinh gia trj Ian nhat va nho nhat cua chu vi thiet dien. 

DS: e) X = — 

2 

27. Cho tu dien ABCD, goi G|, Cj 2 , G 3 Ian lugt la trgng tarn tarn giae ABC. 
ACD, ADB. 

a) Chirng minh: mat phang (G 1 G 2 G 3 ) // (BCD). 

b) Tim thiet dien cat boi mat phang (G 1 G 2 G 3 ). Tinh dien tich thiet dien 
biet dien tieh tarn giae BCD la s. 

c) M la diem di dong ben trong tir dien sao cho (i|M luon song song voi 
mat phang (ACD). Tim tap hgp eae diem M. 

f f t ^ 

28. Tir diem O bat ky trong tir dien, ve 6 duang thang song song vai 6 canh 

^ •* 

tu dien eo do dai Ian lugt la a, b, c, d. e, f . Sau duang thang nay hi eae 

cap mat tuang irng chan thanh eae doan dai a', b', e’, d', e', f. 

, a' I)' c' d' e' f’ ^ 

Chung minh : — + — + — + — + — + — = 3. 

a b c d e f 




HD: ghep eae cap tuang img va chimg minh - 


a c 

+ — = 1 . 


fn 


■ »/ ^ 
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§4. PHEP CHIEU SONG SONG 


a.kiekthuccoban 



• Trong khong gian cho mat phang (P) va dirang thang / cat mp(P). 

Vo moi diem M trong khong 

f 

gian, /e dirdng thang di qua M va 
song 5ong hoac trung vai /. Dirdng 
thang nay cat mp(P) tai mot diem M'. 

Phip dat tirong img moi diem M 
trong khong gian vdi diem M' cua mat 
pbaiig (P) nhu tren goi la phep chieu 
song iong len mat phang (P) theo 

phiriyng /. 

f ^ f ^ 

' Mat phang (P) goi la mat phang chieu, dudng thang / goi la phiromg 

• ^ • X ^ X 

chieu; diem M' goi la hinh chieu song song hoSc anh cua diem M qua phep 
chieu 5ong song. 

_ ^ f r 

- - Cho hinh (H). Tap hop (H') gom hinh chieu song song cua tat ca cac 
diem thuoc. (H) goi la hinh chieu song song hoac anh cua hinh (H) qua phep 
chieu noi tren. 

^ •A 

• Tinlichat cua cac dirdng thang khong song song hoac trung phuong chieu: 

' Hinh chieu song song cua mot dudng thang la mot dudng th^g, cua 
mot tia la mot tia. 

• / - t 

' Hinh chieu song song cua hai dudng thang song song la hai dudng 

9 

thang song song hoac trung nhau. 

/ *t f * > \ 

' Fhep chieu song song khong lam thay doi ti so ciia hai doan thang nam 
tren hai dudng thang song song hoac trung nhau. 

• Hinh bieu dien cua mpt hinh (H) trorig khong gian la hinh chieu song song 
eda hiih (H) tren mot mat phang hoac hinh dong dang vdi hinh chieu do. 


.. • 


. 9-r 


f^-.Neu tren hinh (H) c6 hai doan thing nim tren hai dudng thing song 

' ^ A "St • ^ ^ 

sdrig hoac trung nhau thi chung duoc bieu dien bdi hai doan thing nim tren 
h^ dudng thing song song hoic trung nhau, ma ti so cua hai doan thing nay 
edn pkai bing ti so cua hai doan thing tuomg ung tren hinh (H). 

. - Hinh chieu song song cua mot dudng trdn la mot dudng clip hoac mpt 
dudng trdn, hoic die biet c6 the la mpt doan thing. ^ . 























B.CACVIDU 


Vi (lu 1: I'ronu cac iiicnh dc sau, menh de nao duiiu? 

a) Minh chieii song song cua hai duong lhang chco nhaii c 6 ihc liung 
nhau. 

b) Hinh chieu song song cua hai duong thang chco nhau ihi cat nhau 

/ 1 9 

c) Hinh chieu song song cua hai dirbng thang chco nhau c6 the song song 
voi nhau; 

f 1 ' ' 

d) Hinh chieu song song cua hai dirong thang chco nhau c6 the cat nluiu, 
trung nhau, song song voi nhau. 

iiai 

Theo cac dinh nghTa thi menh de c) dung. 

Vi du2 : Trong cac menh de sau, menh de nao dung? 

a) Hinh chieu song song cua hai duong thang cat nhau c6 the song si)ng 
voi nhau. 

b) Hinh chieu song song cua hai duong thang cat nhau cd the cat nhau: 

c) Hinh chieu song song cua hai duong thang cat nhau cd the trung nhau; 

d) Mot duong thang ludn cat hinh chieu song song cua no. 

• -7 • 

jiai 

Dua vao cac djnh nghia thi menh de b) dung va c) dung. 

Vi tiu 3: Ve hinh bieu dien cua: 

a) Mot tu dien va trong tarn cua no. 

b) Mot hinh hop va tarn cua no. 

jiai 

a) Ve hinh bieu dien cua mot tu dien 
ABCD. Lay M va N Ian lugt la trung 
diem cua A13 va CD thi trung diem G cua 
MN se bieu dien cho trong tarn cua lu 
dien. 

b) Ve hinh bieu dien cua mot hinh hop 
ABCD.A'IVC'l)'. Tam cua hinh hop la 
trung diem O cua duong cheo AC. 

Vi du 4 : Ve hinh bieu dien cua: 

a) Mot lam giac vudng noi tiep duong Iron. 

0 

b) Mol hinh chu nhal noi tiep duong Iron. 

( ^ • *7 • 

fiai 

a) Vc clip lam O la hinh bieu dien cua duong trdn 
da cho. Lay B va C la hai diem IrcMi el ip sao cho 
B, O. C thang hang va mot diem A thude clip 
sao cho A khac B va C. 

# 

Khi dd. tarn giac ABC la hinh bieu dien cua mot lam giac vudng noi Hep 
trong mot duong trdn. 



I) 


R 
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N 


M 


• f 



!•: 


F 


% 

h) I linh clu'r nhat AIK.'I) co 2 diion^ chco la 2 dirang kinh dong qiiy tai tain 
() ciia dirdng tmn. 

\^i ilu 5: Vc liinh bicii dicn cua; 

a) Mot hinh \ u6ng noi ticp trong mot dirdng trdn. 

b) Mot luc giac dcu. 

iiai 

a) I linh VLidng MNld- npi ticp (()) khi 
CO 2 dirdng chco la 2 dirdng kinh 
viidng gdc nhau. do do Mbi \'a NF 
song song vdi 2 canh ciia tain giac 
viidng npi ticp (O). 

I iir(Vc bet, vc tarn giac ABC la hinh bicu dicn cua mot lam giac vudng tai 
npi ticp trong mot dirdng Iron. Qua O ta kc hai day MH va Nl' ciia clip 
Ian lirpt song song vdi AC va AB. 

Khi do Hi' giac MNFd' la hinh bieu dicn ciia mpl hinh vudng npi ticp 
trong mot dirdng trdn. 

b) Liic giac dcu AiKd)HI* cd lir uiiic OABC la hinh thoi va cac diem I), Id 
F Ian lirpt la cac diem ddi xirng ciia cac diem A, B, C qua tain O. 

iiai 

Faroe het, ve hinh binh hanli bieu dien cho hinh 
hinh thoi OABC. Lay cac diem D, L, F Ian 
lirpt ddi xung vdi cac diem A', IL, C qua O thi 

I ^ ' 

dirpc hinh bieu dien ciia hinh luc giac deu 
ABCDEF. 

Cach khac: ABDE la hinh chij nhat va OC cat 
BD tai trung diem ciia mdi dudng. 

Vi du 6 : 1 linh thang cd the la hinh bieu dien ciia hinh binh hanh khdng? 

Giai 

Hinh thang khdng the la hinh bieu dien ciia hinh binh hanh vi hai canh 
bCm ciia hinh thang khdng song song trong khi dd cap canh ddi ciia hinh 
binh hanh thi song song. 

Vi du 7: Hinh chieu song song cua hai dirdng thang cheo nhau cd the song 
song vdi nhau hay khdng? 

Giai 

Cho a va b la hai dudng thang cheo nhau 
cd hinh chieu la a' va b'. Neu mat phang 

t 

(a, a') va mat phang (b, b') song song vdi 
nhau thi chon phuong chieu / song song 
vdi 2 mat phang dd va mat phang chieu 
cfit 2 mat song song theo 2 giao tuyen 
a'//b'. 

Vay hinh chieu song song ciia hai dudng 
thshg cheo nhau cd the song song. 




#• 


I 


I ^ 
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Vi du 8 ; rroniz mat plianu (P) cho mot tani uiac AI^C bat ki. C'hiina iniiih 

^ f 9 

rang c6 the xcm tarn gii'ic AfiC la hinh chicu song song cua mot tarn giac 
deu nao do. 


viai 

Goi (Q) la mat phang qua BC va khac \ai (P). 
Trong (Q) ta ve tarn giac deu BCD. Vay ta c6 
the xem tarn giac 

ABC cho triroc la hinh chieu song song cua 


tarn giac deu DBC theo phuong chieu DA len 
mat phang (P). 

•> ^9 •* 9 

Vi du 9 : Chirng minh c6 the chon phuong chieu thich hop de hinh chieu cua 
mot hinh tu dien la mot hinh binh hanh, mot hinh tarn giac. 



Giai 

Ve hinh tir dien ABCD. (ioi (P) la mat phang di qua B. 
C, D lay diem A' tren (P) sao cho A'BCD la hinh binh 
hanh. Chieu tir dien ABCD len mp(P) theo phuong chieu 
AA' ta duoc hinh chieu la hinh binh hanh A'BCD. 


9 

Chieu tu dien do len mp(P) theo phuong chieu AB ta 
duoc hinh chieu la tarn giac BCD. 

Vi du 10 : Tam giac ABC co hinh chieu song song la tarn giac A'B'C. C'hirng 
minh rang trong tarn tarn giac ABC c6 hinh chieu song song la trong lam 


tarn giac A'B'C. 


Giai 


*1 


Goi G la trong tarn lam giac ABC va 
G' la hinh chieu song song cua no. 

Goi M la trung diem cua BC thi A, G, 

M thang hang. Goi M' la hinh chieu 
cua M. Khi do, theo linh chat cua 

9 

phep chieu song song ta co: 

1 ’ t » , B B^^ I"* '1 " 

B', M', C thang hang va = 1 nen M' la trung diem cua B ( . 



A', G'. M' thang hang va 


M’C 

A'G' 


M( 




AG 2 


A'M' AM 3 


Vay G' la trong tarn lam giac A'B'C. 

Vi du 11 : Cho hinh lang Iru tu giac ABCD.A'B'C'D'. 

a) Chirng minh r^ng hai dubng cheo AC' va A'C cfit nhau, hai duong 
chco BD' va B'D cat nhau lai trung diC*m M, N mbi dubng. 

b) Goi F va 1- Ian lugt la trung diem cua hai dubng chco AC va Bl). 
t Chung minh MN = HI-. 
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( 1 • • 

>iai 

a) Hin)i binli hanli AC'C'A' c6 liai dirong 
cliiio la AC” \ a A'C' cal nliau lai Irung clicMii 
M ciia mdi duaim. I irang tir. hai duanu 
clico nl)' va B'i) cal iihau lai Irung diem N 
ciia moi diranu. 

^ ■» 

b) iMicp chicu ihco phircnig A A'. Irung dicmi 

T ^ ^ ^ .X . ' 

r ciia AC' la hinh chicu ciia Irung diem M 

t 

ciia AC. Tirang Ur. irung diem F la hinh 
cliieii Irung diCmi N ciia duong cheo BI)' 


1 )' 


Iren BI). 

Fa c6 liM // CC va FM = 



I) 


('(” 1 ) 1 )' 

—. Ma F'N // DD' va FN = — nen lir giac 


• 0 


9 


2 


MNFF: la hinh binh hanh va MN = HF. 


Vi du 12: Cho hinh hop ABCD.AiBiCiDi. Tim diem 1 Iren dirdng cheo B|I) 


va diem J Iren dirdnu cheo AC sao cho IJ // BC|. Finh li so 


_ID 

nr 


B 


C 


Giai 



c 


Gia sir da tim dirge I g Bil), J g AC 
sao cho IJ // BCi. Xet phep chieu 
song song theo phirtmg CiB len 
mp(ABCD). Khi do hinh chieu cua 
cac diem D, 1, Bi thang hang la I), J, 
B'l lhang hang. Vay J chi'nh la giao 

f 9 

diem ciia hai dirimg thang B'll) va 
AC. 

Tir do ta c6 J nhu sau: 


Ve BiB, =CiB,B’|Dn AC -J. 
Trong mp(BirTiD). ve JI song song vdi BjB'i cat B|D tai I. 

Ta ecS B'l thuoc dirdng thang BC va AD = ^ B'|C. 

ID JI) AD 1 


IBi JB, B;c 2 

c. bAi luyen tap 

1 . Ve hinh bieu dien cua: 


4 


a) mot hinh chop day tarn giac 

b) liigt hirih chop day td giac 


• « 
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2. Vc hinh bicu diC‘n ciia: 

a) mot tir dicn va cac Irimg diem ciia cae canh 

b) mot tir dicn va trong tarn cua mot mat. 

III): dung tinh chat thang hang va ti le cung phircyng 

3. Ve hinh bicu dicn cua: 

a) hai tarn giac vuong cung canh huyen noi ticp ducrng tron 

b) mot luc giac deu noi ticp dirong tron . 

4. Trong mat phang (P) cho mot tarn giac ABC. C'hirng minh c 6 the xcm 
ABC la hinh chieu song song cua mot tarn giac can, tarn giac \ uong nao 
do. 

Hay chon phep chieu song song (phirong chicu va mat chicu) dc liinh 

chicu cua mot tu dicn cho triroc la mot hinh binh hanh ma mat chicu 

• • • • 

khong song song hay chua mat nao cua tu dicn. 

HI): (joi M, N la 2 trung diem cua 2 canh doi dicn. C'hpn phuonu chicu 
la MN va mat chicu (P) cat MN ma khong song song hay chua mat nao 
cua tir dicn 


% 

6 . Cho hai diem A va B a ngoai mat phang (P). Cioi A’ va B’ Ian luot la hinh 

9 f 

chicu song song cua A va B tren (P) theo phuong cua duang thang d cho 

9 \ 

truoc. Chung minh neu AB song song voi (P) thi A’B'=AB. Phan dao c6 
dung khong? 

HI): phan dao khong dung 

*1 9 i 

7. Cho hai diem A va B a ngoai (P), gia su duang thang AFi cat (P) tai diCan 

% 9 

O. Goi A’ va B’ Ian lugt la hinh chieu song song cua A va B tren (P) 
theo phuong ciia duang thang d. 

a) Ba diem O, A’ , Fi’ c6 thang hang khong? Vi sao? 

9 

b) Flay chon phuong chieu d sao cho A’B'=AFT 

/ 

c) Flay chon phuong chicu d sao cho A’B’=2AB. 

I)S: a) ba diem O, A’ , B’ thang hang 

8 . Cho tu dien ABCD. Ggi G la trong tarn cua tarn giac AIK\ 

9 It 

a) Chimg minh hinh chieu song song cua diem Ci trC*n mat phang (B('l)) 
theo phuong ehieu AD la trong tarn ciia tarn giac BCD. 

b) Ggi M, N, F^ Ian lugt la trung diem ciia canh AB, AC’, AD. l im hinh 

9 > 

chieu song song theo phuong AF) cua cac diem M, N, P. 

9 9 

HI): b) phep chieu song song bao toan ti le tren ciing mot dudng thang 
hay hai duong thang song song. 

9. Cho hinh hop ABCF).ATTC'D'. Ggi M, N, K Ian lucyt la cac dic*m thugc 
ba mat bCm (AA\ BB’), (BB’, CC'), (CC', DD'). 

t t • t # 

a) Xac djnh cac giao diem ciia cac dircmg thang MN, NK, KM vdi hai day. 

b) Mat phang (MNK) cat hinh hop theo mot thict dicn gi? 

9 

HI): diing phep chicu song song theo phircmg AA'. 


► « 4 .^' 


CHLTdNG lll:| 

VECTd TRONG KH6NG GIAN 
QUAN He VUdNG G6C 


§1. VECTO TRONG KHONG GIAN 
Sir DONG PHANG CUA VECTO 




A.KItN THUCCa BAN 


r 

• Djnh nghTa vecta va cac phep toan vecta trong khong gian cung giong nhir 
trong mat phang: 


- Tong 2 vecta: AB + BC = AC 

- Hicu 2 vecta: OA - OB = BA 

- Nhan vecta vai 1 so: ka 


nhau. b = 


- Tich v6 hirang: a . b = la 


b i .cos(a , b) 






9 ■> * 


^ —* *■<> 


F ^ 7 

- Quy tac trung diem: I la trung diem cua AB thi: ! 


^ v.» -y 

’ ' 

J 

- 


*• • 


lA + IB = 0 va vai moi diem M thi: MA + MB = 2MI 

• •- 

• ' •- » 

/ 

IV tac tronc tarn: G la tronc tarn cua tarn ciac ABC thi: 


GA + GB + GC = 0 , va vai moi diem M thi: 


MA + MB + MC =3MG. 

- Quy tac hinh binh hanh: Cho hinh binh hanh ABCD thi: 


AD 


'’TV ' 


Trong khong gian: 

- Trong tarn tu di^n: G la trong tarn Ur dien ABCd thi, 

GA + GB + GC + GD = 0 , va vai moi diem M thi: 






MA + MB + MC + MD =4MG A: 

- Quy tac hinh hop: ABCD.A'B'C’D' la hinh hop thi: 

AB + AD + AA' = a5 : 

r - 

Su dong phang cua 3 vectq: • ?" 






^ V 

- V. ♦* 




# f 


Ba vecta gpi la dong phang khi cac gia cua chung cung song song vai 
mpt mat phang.. . ...... . . .• . . 
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* ^ ^ ^ T~# ^ 

- Dieu kien can ya du de ba.vecta a , b , c dong phang la c6 ba so :n. n, 
p khong dong thoi bang 0 sao cho'ma + nb + pc = 0 

- Neu ba vecta a , b, c kliong dong phang thi moi vecto d dcu c6 ih^ 
^ ^ • 0 

Viet diroi dang d = ma H-nb + pc, vdi cac so m, n, p duy nhat. 


B. PHAN DANG TOAN 



■#. v 


.-r Su dung cac phep toan cong, tru, nhan vecta voi mot so, li'ch vb huong. 

- Su dung cac quy tac trung diem, trong tarn tarn giac, trong tain ti'r dien, 
quy tac hinh binh Hanh, hinh hop... 

V - * , 

y . ■■■ # ■ ■ ■ » ^ 

- Diem M chia doan AB theo ti k 1: MA = k MB , va voi moi diem O 

OA-kOB ; 


y ^ 4 
^ 


thi: OM = 


1 - k 


• 1 


« 1 








- Hai tarn giac ABC, A'B'C cung trong tarn khi va chi khi: 
AA' + BB' -b CC' = 0*. - 




VI " ^ -V- 


Vi du 1 : Cho tu dien ABCD. Goi M va N Ian lirgl la trung diem ciia AB va 
CD. Chung minh: 


1 


1 


a) MN = -(AD + BC)= -(AC + BD) 

b) Diem G la trong tarn cua tu dien ABCD khi va chi khi: 


GA + GB + GC + GD = 0 


Giai 


a) Su dung quy tac ba diem, ta c6: 

MN = MA + AD + DN 


MN = MB + BC + CN 
Vi M, N la trung diem cua AB, CD nen 

MA + MB = 0 


DN + CN = 0 


1 




Dodo: MN = -(AD f BC) 

2 


1 



D 


Tuangtirthi: MN 


= -( AC + BD) 
2 


C 


b) Taco: (^A + GB =2GM, GC + GD =2GN 


Do do: GA + GB 


+ GC + GD = 0 0 2GM +2GN = 0 



































































<:ri> (IM f (IN - 0 <=> (1 la iruiig cliCaii ci’ia MN. 

<=> Ci la Irong lain lii dicn ABC’l). 

Vj_du_ 2 : Cdio iir dicn AFK'I) \ (Vi irong lain (i; 

a) Chirng ininh: AP) t A(’ + AI) =4A(’i 

l>) Cioi A' la Irong lain lain giac BCD. Chirng minh: 

A^ . AA' + A^ . t A^ . AA’ =0 

>iai 

a) (joi M. N la Irung dic'in cua AFC CF) 

Taco: AB =2AM 


A 


AC 1 AF) =2 AN 
Vi (i la Irung dicin cua MN ncn: 


AB + AC + AI) =2(AM + AN) = 4AG 
b) A'B . AA’ + T^C . AA’ f A4) . AA’ 



I) 


- f 


-■ AA ’ (A ' F^ + A ’C ^ A ’ 1)) = 0, vi A' trong tarn tarn giac BCD. 

Vi du 3: CFio Fiinli liop ABCD.A’B’C'D'. Goi D,. D 2 , D 3 Ian Firgt la diem d 6 i 
xirng cua diem 1)' qua A. FC, C. Cliirng to rang li la trong tarn cua tir dicn 
I),D2D3D’. 

^ m 

iVdl 






Dal AA’ = a, AB = b, AD = c 


-■ ♦ 


Tir gia thiet, ta c 6 : BD’ ( IB), =2 BA =-2b 






Ma BD' = a - b r c. Vay BD, = -a - b — c 

- f —t ^ * 

Cap luan tirang lu nhir Iren ta co: BD 2 = a + b - c 




- 


va BD 3 =-a + b f c. Vay BD, + BD2 + BD3 + BD' = 0 

Dieu nay chirng to B la trong tarn cua lu dien D 1 D 2 D 3 D'. 

Vi du 4 : Cho hinh chop S.ABCD. 

a) Chirng minh rang neu ABCD la hinh binh 


hanh thi 


SB r SI) = SA I S(' . Dieu ngirgc lai c 6 dung khong? 
b) Cigi O la giao diem cua AC va BD. Chirng to rang ABCD la hinh binh 

hanh khi va chi khi SA + SB + SC + SD = 4SO 

Giai 


a) Ta c 6 : SA + SC = SB + SD <=> SA - SB = SD- 
<r> BA = ^. 

Vay vai hinh chop S.ABCD thi ABCD la hinh 

binh hanh khi va chi khi ^ + SC = SB + ^ 

b) (igi M. N Ian lirgt la trung diem cua AC, BD thi: 

OC =20M, M + 05 =2^ B 
+ SB f SC + SD =4SO 



D 



C 
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o so I OA t SO 1 OB < SO ()(' ♦- SO -4 OI) -4SO 




<=> OA + OB 4 OC i OI) - 0 


•<=> 2( OM fON ) = 0 dicu nay chirng to (), M, N ihSng hang. Mat khac 
M thuoc AC, N ihuoc Bl) va O la giao diC'm cua AC va Bl) ikmi (). VI, N 

I 

thang hang chi xay ra khi O = M = N, tire O la trung diem eiia AC \ a 
liD, hay ABCI) la hinh binh hanh: dpem. 

Vi duS : Cho hinh hop ABCD.A'B’C'D' veVi tarn O. Chimg minh: 

a) AC' = AB + AD + AA’ 


AB 4 B'C + D'D = AI) + D’C 4 B'B = A'C 


—♦ 


b) OA + OB + OC + OD + OA’ + OB' + OC^' + OD’ - 0 

iiai 


a) l a CO ABCD, ACC'A' la cac hinh binh hanh nen: 

AC' = AC f AA' 


A 


I) 


= AB 4 AD + AA’ 


Taco: AB + B'C + D'D 


= AB 4 BC f C'C 


= AC + C'C = A’C + C'C = A'C 


Vi AD = B’C, D’C = AB, B'B = D'D 



!)• 


--♦ 


AD + D’C + B’B = B'C 4 AB + D'D = A’C 
b) Vi tarn O la tmng diem cua cac duong chco AC, Bl)', CA', DIV nen: 




OA 4 OC = 0 , OB + OD' = 0 , OC + OA' = 0 , 

OD 4- OB' = 0 . Cong lai thi c6 dpem. 

Vi du 6 : Cho hinh hop ABCD.A'B'C'D' c6 P va R Ian lirgt la trung diem cac 
canh AB va A'D'. Goi P', Q, Q', R' Ian lugt la tarn cua cac hinh binh hanh 
ABCD, CDD'C, A’B’C'D', ADD'A'. Cluing minh hai tarn giac PQR va 
P'Q'R' CO Cling Irong tarn . 

iiai 


Ta chirng minh rang PP' 4 ()()' t RR' = () 


1 


Tam giac ABD c6 PP' la duong trung binh nen PP' = — AD 

2 


1 


1 


Firongtir: Q()' = — DA'; RR' = — A'A 


1 


- — ♦ 


Dodo: PP' 4 + RR' = AD 4 DA' 4 A'A ) = 0 =>dix'm 


































































N'ijju 7 : 1 rcn nial phang (I*) clio hinh binh hanh A|B|C'|I)|. Vc mol phia clbi 

» 

\oi mat phang (!’) la dung hinli hinli hanh A 2 li 2 ^' 2 l) 2 - 1 ten cac doan 
AI A:. B|Ii 2 . C V l^iD: ti-i hui lirpl lay cac dic*m A. B, C', I) sao clio: 


AA. m. re 


1 ) 1 ) 


1 - 


AA., m., 1)1)., 

w M ^ 

hinh hanh. 


- k. Chung minh rang lir giac AliCI) la hinh 


( i • • 

f lai 


l .av diem (), dal OAi = ai, OBi = hi , 

^ , / 7 

AiBil’iH, la hinh hinh hanh nen: 

^ —• 4 4 

ai + Cl = hi f di . 

rirong lir dal: 


OCi = c,, ODi = di. 


B 


(■ 


OAo — a2, OB'j — 1)2 . OC 2 ~ C2, 

01)2 d2 ihi a2 + C2 1)2 + d2 


--• 


l)al ()A = a. OB = h. OC = c, 01) = d 


I'a CO A chia A 1 A 2 iheo li so -k nen a = 


ai + ka2 

1 + k 


- 4 

Tircrng lir b = 


hi + kb? 

~T7k~ 


^ Cl f kc 2 'I di + kd 2 
c =-, d =- 



1 + k 


1 + k 


Tv ^ (ai fci) +k(a2+C2) 

Do do a + c = - 

1 + k 

p , - (hi +di) +k(bv+d2) 

b + cl =- 


1 + k 


a + c = b + d 


OA + OC = OB + OD 


AB = DC. 


Vay ABCD la hinh binh hanh. 

Vi du 8 : Cho hinh chop S.ABCD day la lu giac, M la trung diem canh AB, 
N la Irung diem cua canh CD, G va Gi Ian luat la trong tarn cua day va 
mat ben (SCD). 

a) Xac djnh I:iA + iB + iC + ID+IS = 0 

b) Chirng minh SG va MG| qua I, tu do chung minh rang doan thang noi 
III dinh voi trpng lam cua day cung voi bon doan thang noi trung diem 

f \ 

cua mot canh day vai trong tarn mat doi dien thi dong quy tai I. 

* 4 * * ■» / ^ 

c) \l la trung diem cua SA, duong thang El cat mat phang day tai F, 
chirng minh F la trong tarn cua ABCD. 

Giai 

a) Vi M, N la trung diem cua AB va CD, ta c 6 : 

iA+rB=2IM,iC + fD=2IN 



. 1A-4^IB + IC + ID =2(IM + IN) 

, 5 .JT ^ 

CPj^ tning diem cua MN nen: 


f • 


• • • • • 













































IM + IN =2I(J 


s 


va r,A ^ GB 4 GC + GO =2GM +2GN = 
ncn G lalrong lam cua ABCD. 

Dodo IA i IB I IC + ID =4IG 


nen lA + IB + IC + II) + IS = 0 


<» 4IG + IS = 0 


Vay I la diem tren doan SG va 


IG ^ 1 
IS 4 



_^ I) 


B 


b) Gi la Irong lain ASCD nen c6 IC + ID + IS = 3 IG i 


- 4 


Do do lA + IB + IC + ID + IS = 2 IM + 3 IG , = 0 


Suy ra I la diem Iren doan MG| va 


IM 3 


IG, 2 


Vay MG] qua I va SG qua 1. 

■> / •> 

4 irang tir chirng minh ba doan lhang noi cac cap trung diem cua EC;; C'D; 
AD vcVi Irong tarn cua ASAD; ASAB; ASBC deu qua I. 

c) Gia sir F la Irong lam ABCD nen c6 IB + IC + ID = 3 fF . 

E la Irung diem cua SA nen c6 lA + IS = 2 IPE 


--♦ 


Do do lA + IB + IC + ID + IS = 2IE + 3 IF = 0 suy ra I la diem 

ihuoc doan EF va — = —, EF qua I, va F la giao diem cua El 'an mal 

IF 2 

day ABCD va F la Irong lam ABCD. 

Vi du 9 : Chung minh voi 4 diem bal ki A, B, C ihi: 


a) AB + DC = AC + DB; AB + CD = AD + CB 

b) DA.i^ + DB.^ + ^.AB=0 

Giai 


a) Taco: AB + DC =(AC + CB) + (DB + BC) 


= AC + DB +(CB BC)= AC f DB 


- ♦ 


Va AB + CD =(AD 4 DB) + (CB + BD) 


= AD 4 CB + (DB + BD) = AD 4 CB 


b) Dira ve goc D. Ta c6: 


DA . BC 4 DB . CA 4 DC . AB 


= DA (DC - DB)4 DB(DA - DC) 4 DC(DB - DA) 


--♦ 


-4 — 


= DA. DC - DA.DB 4 DB.DA - DB.DC ) DC.DB - DC.DA - () 































































































Vi dll 10: Cho lain giac ABC' va inol diC'm (). Vai nidi tlicni M Irong klidng 
giar, kv hicu; t(M) - MA“ + MIV'^ + MC’^ - SMO"^. C'hirnu ininh ranu dica 
kicr can va dii dC* O la trong lam AABC' la t'iM) ludn klidng ddi \ di iiioi 

diCaa M. 

iiai 

CioiG la trong tain ciia AABC. ihi: 

:(M) = MA- + MB' + M(’' - dMCy-" = dMG^ - dMO^ 

+ ((AV-f(lB“ + =3(MG + ^)00 +((}A' +(;B’^ +(U^') 

NciiO =: C3 thi f(M) - C-A' + CiB“ + GC“ = hing so. VM 
Non r(M) = hang sd, thi: t'((3)) = f(G) 

='AGO. (Wj ^ 6.0G' = 0, hay O = G. 

Vi du 11: C'ho tir giac ABC’I). Chirng minh rang: 

a) Ncu ABCI) la hinh clur nhal thi vdi moi diem M trong khdng gian la 
ludn CO MA“ + MC- = MB^ + MD^ 

b) ^cu ABCI) la hinh hinh hanh thi MA^ + MC^ - MIV^ - MD'^ khdng phii 
thudc vao vj tri diem M trong khdng gian. Dieu ngugc lai co dung khdng'.^ 

viai 

a) Ggi 0 la giao diem cua AC va BD, ta c6: 


AC” RD“ 

VIA^ + MC'^ = 2MO'^ + ; MB^ + MD'^ = 2M02 + — 

2 2 

Vi AI3CI) la hinh chir nhat nen AC = BD. 

VavMA’^ + MC'" = MB" + MD". 

b) Goi I, J Ian lirgt trung diem cua AC va BD, khi dd: 

' vlA" + MC"-MB"-MD" 

= (MI + iA)H(MI + IC)'-(MJ + JB)^-(MJ + JD)^ 


= 2MI' + I A" + IC" - 2Mr - JB" - JD 


A 


1 


= 2 (VII' - MJO + - (AC^ - BD"). 

2 

Ndu AI^CD la hinh binh hanh thi I = J, khi do: 

vIA^ + MC" - MB^ - MI)^ = - (AC" - BD^) 

2 

Tucla MA^ t MC^ - MB^ - MD^ khdng phu thudc vao vi tri cua diem M. 
Ngugrc lai, neu MA^ + MC^ - MB^ - MD^ khdng phu thudc vao vi tri cua 
dien M thi MI^ - MJ^ cung la hang sd. Khi dd chon M Ian lugt la diem 1 
va ddm J thi II' - IJ^ = JI^ - JJ^ suy ra -IJ^ = IJ^ tuc la IJ = 0 hay 1 = J. 
Va> ABCD la hinh binh hanh. 

Vi dij U : Clio tir dien ABCD. Goi I, J, H, K, E, F Ian lugl la trung diem cua 
cac :anh AB, CD, BC, AD, AC, BD. Chirng minh rang: 

AB2 - CD^.+ AC" + BD" + BC" + AD" = 4(IJ" + HK" + EF"). 



D 
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>iai 


I rirac het, la chirng minh: 

AC^ + BI)2 + nc^ + AI}2 = AB^ + CD^ + 4IJ^ 

Dal = a , DB = b , = ? . 


AB 


Taco: IJ = lA + AD + DJ =-+ AD + 

2 ‘ 

_ 1 / ^ fx / "\ ^ -a - b + c , 

-(-a + b) + (-a) + — =-nen 

2 '2 2 


DC 


2 


II 


2 “ 


-2 


2 


-2 


AB +CD +4U =(b-a)“+c +(a + b-c) 


2 



lif-- 


c 


= 2 b + 2 a + 2 c - 2 a.c - 2 b.c 


2 


2 


2 


2 


2 


AC + BD + BC + AD =(c-a) +b +(c-b)“+a 

= 2 a + 2 b + 2 c - 2 a.c- 2 b.c 
Vav la c 6 : AC^ + BD^ + BC^ + AD^ = AB^^ + CD‘^ + 4IJ‘' 


Tirang lir la c6: 

AC^ + BD^ + AB^ + CD^ = BC^ + AD^ + 4HK2 
AB^ + CD^ + BC^ + AD^ = AC^ + BD^ + 4EF2 
F3o do: 

AB^ + CD^ + AC^ + BD“ + BC^ + AD^ = 4(IJ- + HK^ + EF^. 

Vi du 13 : Chirng minh rang vdi hai veclo a , b luy y la luon liion c6: 

-.2 -2 2 ' 

a . b > (a . b ) . Dau = xay ra khi nao? 

Giai 


Ta c 6 : a . b = 


a 


I ^ 

b I .cos( a , b) nen: 


(a .b) = I a 


2 I "* 12 I “* 12 2 " -*‘ 2-2 2 -‘2 


b I . cos (a, b ) = a . b . cos (a , b) ^ a . b . 


f —4 —♦ 

Dau = xay ra khi cos(a. b) = ±1 tuc la khi a , b cung phucmg. 

Vi du 14: Cho ba lia Ox, Oy, Oz khong dong phang. 

a) Dal xOy = a, yOz = p,zOx =y. Chung minh rang: 

r> 3 

cosa + cosp + cosy > . 

b) Goi Ox), Oyi, Ozi Ian lirgl la cac lia phan giac cua cac goc xO ’,; 
zOx. Chirng minh rang neu Oxi va Oyi vuong goc vdi nhau 'hii 
vuong goc vdi ca Oxi va Oyi. 

iiai 

f _ \ 

Lay El, E 2 , E 3 Ian lirol Ihudc cac lia Ox. Ov, Oz sao cho 

OEi =0E2 = 0E3 = i. 


- -t 


~4 


Chon CO sd OEi = ei, OE 2 = 02 , OE ,3 = ea 


a) Dp ba^fia^Ox, Oy, Oz khong dong phang nen: (e, + e., + ) > 0 
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»> 




do Jo {'I f ('2 I ('n I- {2v\ .(‘2 + 02.e;< + e.oiM ) > 0 
c> } • 2(c()S(X t cosfi t (•()sy)>() 

Va_\ cos(X + cos(^ + cosy > - — . 


b) I a c6: Ol^a i OKj //()X| 


OlVi + ()E;i // Oy, ; 01^3 + OEi // ()zi 
Vi Ox, lOvi ^ (OEi +OE 2 )( 0 E 2 +^ 3 ) = 0 


lUo ()K2 + 0E,.0E2 4 OEi.OEs +OE 2 .OE 3 =0 


Tat6;(OE, +OE 2 KOEa+OEi) 


^2 


- )E, +0E,.0E2+()E2.0E3 + 0Ei.0E3 =0 
Va\ Ox I ± Oz|. I'lrang lir, ta cung c6 Oyi _L Ozi 


DANG 2: TiNH TOAN VA 












• - t 


* 4 ;4 


- De tl'nh doan AB ta c6 the tinh binh phuong Vo hu^g» AB trong he ca 
so g6m3 vecta khong dong ph^g'i: 






^ /_&. *-rJ .-*' 

.: - Dc tinh goc giua 2 vecta a, b ta cd the tihh".| a 1,-1 b 

he CO sof. - ^ ^ 


ya a. b trong 


- ’\r- r, : i- 

' < 1 ^ /* . . 

‘i De bieu dien mot Vectd tfphg h? ca sd ta Auopg aua’ ve cung goc de 


.vV‘ /Z’ 

W ■ - -^ T *’ 

•^iicr $ * ’ ‘-w* * '' V • y >’ 


*%- 






tinh, ching han vecta MN v^ goc O thi.tinh tfudc^OM v ON thed h? ca,sd, 


4 -4^ 


^do co: MN = 





- ‘t . ♦ 

.r ' - • 


t -y'\ i- . ' 5* V ^ 4 


f.,’- M * , 


... ^ ^1*'^ 

' % -r- —- • » .rf -p . ■ . 

- '-— ryv» V ♦ ^ ^ -A 


Vi dll 1: Cho hai diem A, B. Tim diem M sao cho kMA + tMB = 0 , trong 

/ • 

do i, t la hai so thirc cho trirdc. Bien luan theo k, t. 

Giai 

La> mot diem O nao do, ta c6: 


<MA +tMB = 0 <^^k(OA - OM) + t(OB - OM) = 0 

O cOA + tOB = (k + t)OM . Bien luan: 

kOA + tOB 


Nei' k + t 0 ta c6 OM = 


k +1 


VaN diem M duac xac dinh mot each duy nhat. 

Nei k + t = 0 ma kOA + tOB = 0 , thi moi diem M trong khong gian 
dcuthoa man dieu kien doi hoi. 

Nei k + t = 0 ma kOA + tOB ^ 0 , khong ton tai diem M. 


Vi du 2: Chi^phinh lang tru ABC.A'B'C. 



al^AA 
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a) Hay hicu thj moi vectcr B'C , BC qua cac vecta a , b , c . 

b) (}qi G' la trqng lam tarn giac A'B'C. Bicii thi vectcy AG ' qua 

( 'I • • 

«iai 


a . b>, 


(• . 


a) B'C = B'B + BA + AC =-a - b + c 

ilC' = BA + AC + ^C' = a - b + 

b) Vi (j* la trong tarn tarn giac A'B'C nen: 

—. 1 


(AA 
3 


= -(AA' + A.4' 

3 

= — (3 a + b + c ) 

3 



c 


Vi du 3 : Cho hinh hop ABCD.A'B'CD'. Dat: AB = a , AI) = b. AA' = c 


— - ^ 


Hay bieu thi cac vecta AC, BD', CA' , DB', BC , A'l) . 

Ciidi 



AC = AB + BC + CC = a + b t c 


BD' = BA + AD + DD' =-a + b ^ c 


CA' = CD + DA t AA' =-a - b i c 


D' 


DB' = DC + CB + BB' = a - b + c 


BC = BC + CC = b + c 


A'D = A'D’ + D'D = b - c 

Vi du 4 : Cho hinh tu dien ABCD, goi A', B', C, D' Ian lirgt la trong tinn cua 


— ¥ 


cac mat BCD, CDA, DAB, ABC. Dat AA' = a, BB' = b, CC" - c. 




Hay bieu thj cac vecta sau day theo a , b , c : DD' , AB , BC , CD, DA . 

Giai 

Gpi G la trong tain tir dien ABCD, khi do: 


GA + GB + GC + GD =0 hay AA' f BB' + CC 4 DD' = 0 


nen DD' = -a - b - c 


3 


3 


3 


AB = GB - GA =-- BB' + - AA' = -(a - b) 

4 4 4 


3 


3 


3 


BC = GC - GB =--CC' -f - BB' = -(b - c) 

4 4 


A 


1 


3 


3 



CD = GD - GC =-- DD' + - CC 

4 4 

0_^ -» Q_* _♦ -* 

= — (a + b + c + c)=— (a + b+2c) 
"4 4 


n 



I) 
























































































DA -- (;a - (;i) - 


-- AA’ f - DI)’ 
1 1 


) 

♦) 




3 


— (-a — a — 1) - (' ) —— (2 a * h + c ). 

1 1 

Vi till 5 : C lio lir dicn AIK'I) c6 Al^ = c. Cl) - c', AC = b. BI) = b'. BC a. 

- • -— ♦ • 

A|)- a'. Tinh goc giira cac vccto BC" \a DA . 

( 1 • • 

iiai: 


I a (6: 1U:.DA = 1U"(DC + CA)=CB.CD -CB.CA 

= -{("IC + CD^-BD-)- i(CFV' + CA'^-AB2) 
2 2 

= i(AlC + CD-'-BD--CA'^) 

2 


Do Jo cos( IK", DA) 


c- +c'^-b- -b’ 

2aic 


2 


Vi tlu 6 Cho hinh chop lam giac S.ABC c6 cac canh SA = SB = SC - AB = AC" - a 
vu FC = a \/2 . Tinli goc giira hai vecta AB va SC . 


>iai 


1 


a (o 


cos(SC,AB) = 


SC, AB (SA + AC). AB SA. AB + AC. AB 


SC 


AB 


a 


a 


_ / \ 

Thea gia thiet la c6 cac lam giac deu la SAB, SAC va cac tarn giac vuong 
la ABC vuong lai A va SBC vuong tai S nen: 


SA . AB = a.a.cos 120“ = - 


a 


2 


2 


a 


va AC. AB = 0, do do: cos( SC, AB) = 


iv- 2-1 


a 


2 


2 


Va\ goc giira hai vccto AB va SC bang 120“. 


Vi dll *!: Cho hinh chop S.ABC c6 SA = SB = SC = b va doi mot hop voi 
nliar goc 30“. Tinh khoang each tir S den trong tarn G cua tarn giac ABC. 

Giai 

Ta (6 ^ + SB +- ^ = 3 SG nen: 

)SG- = (^ ^ 

= SA‘^ + S1K + SCA + 2SA.^ +2^.^ +2^.SA 
= 3b2 + 3.2blcos30° = 3b'^(l + n/S ). 

Va^SG^^ -J3(l + V3) . 

7 / ^ ^ 


« • • • 



























































V^i du 8; Cho hinh lij dicn dcu ABCI) c6 tat ca cac canh bant: n.. C'ac idiCMii 

m ■ ■■— • 

\ 1 

M va N Ian lirgt la trung diC'in ciia AB va Cl), 
a) Ti'nh do dai MN. 


b) Tinh goc giira MN vdi cac vecto HC, AB va CD . 

iiai 


A 


Dat AD = a, AB = b , AC = c 
Khi do, ta c6: 

a.b - b.c — c.a - m. 

2 


2 


2 


_ _ 2 


va a = b = c = m . 

a) Vi M, N la trung diem cua AB va CD nen: 



1 


1 


MN = f (AD + BC)hay MN = -(a 

2 2 


+ c — b) 


nenMN^=MN =— (a +c +b + 2a.c - 2a.b - 2b.c) 

4 


2 


1 


1 2 2 2 

= — (m -t- m + m" + m“ — m 

4 


- m*-) = 


2m 


o 


I 


Vay MN = 


m 




2 


b) 


1 


1 


Ta c6: MN. AB = —(a +c-b). b-(a.b 

2 2 


+ b.c 


*2 

- b ) 


_ 1 _ 

2 


._.2 


t) 


\ 


m" m 2 
— +- m 




2 


2 


= 0 


J 


Vay goc giira hai vecto MN va AB bang 90°. 


1 


Taco: MN.CD = -(a + c - b)(a - c) 

2 


\ -*2 -*-» -*-♦ --»2 ^ -♦ 
= — (a + a.c — a.b—a.c — c ib.c) 
2 


2 




2 9 9 

2 m m" m 
m +- m" f 


m 


9 \ 




2 


2 


2 


2 


/ 


= 0 


Vay goc giira hai vecto MN va CD bang 90°. 


1 


Ta c6: MN. BC = -(a + c - b )(-b + c) 

1 


= — (—a . b - b . c + b + a . c + c —b.c) 
2 







^ 

ry ir 



1 

2 




) ^ 


nT m' 9 m" .> m 
-+ m“ +-+ m" - 


V 


2 


2 


9 


9 


/ 


2 


n 


ID 
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M:iMN.IU’= MN 


— — ♦ 


B(’ c()s( MN, B(^) 


1 j do: cos( MN . lU') = 


nv 




msFz 
111.- 




2 


Viy gdc giira hai vccto MN \ a BC bang 45'*. 


DANG 3: QUAN DONG PHANG 

# A 


' 7 r , 

- 3a vector goi la dong phang neu cac gia cua chung cung song song voi 
mot nat phang. 

- 3ho ba vecto a , b , c, trong do a va b khong cung phuong. Dieu kien 
can 'a du de ba vecto a, b , c dong phang la c6 cac so m, n sao cho 

^ A ^ 

c == n a + n b . Hon nua cac so m, n la diiy nhat. : . 


. . AD dong phang. 

- Neu a , b, c la ba vecto khong dong phang thi voi moi vecto d, ta tim 

diroccac so m, n, p sao cho d = ma + nb + pc. Hon nua, cac so m, ru p la duy 
i^ut. . , ... 

fl ^ -m * ^ ' 7 ' 

Chu y: - Chon he co so gom 3 vecto khong dong phang. 

- Ho trg boi cac quan he song song, giao tuyen song song. 

- Dung dieu kien dong phang de lap h? thuc giua cac he so. 

Vi di 1 : Chung minh; 

a) Neu CO ma + nb + pc = 0 va mot trong ba so m, n, p khac khong thi 
ba vccto a , b, c dong phang. 

t) Neu a, b, c la ba vecto khong dong phang va ma -t nb ^ pc =' 0 


thi m = n = p = 0. 


G » ^ • 

lai 


a) Neu CO m a + n b + p c =0 va m^ + > 0 thi a , b, c dong phang. 

'.'hat vay, gia sir m 0, tu do ta c6 a = —^ b -—c . 

m m 

*» f —4 —4 ^ ^ 

Dang thirc nay khang djnh ba vecto a, b, c dong phang: dpem. 

b) i/Ienh dc nay tuemg dircmg voi menh de o cau a).Vi neu co mot so khac 0, 

chang han m 0 thi suy ra ba vecto a, b, c dong phang: vo ly 

Vi cu 2: Ba vccto a . b. c co dong phang khong neu mot trong hai dicu sail 

Jay xay ra? 


i) Co mol vecto trong ba vecto do bang 0 . 
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b) Co hai vcclo trong ba vccto do ciing phircrng. 

jiai 

a) Neu trong ba vecto a , b, c c 6 mol vccto bang 0 , cbang ban a ~ 0 thi 

-4 —♦ —4 X ^ 1 

ba vccto a , b , c dong phang vi dang ihirc sau luon dung: 

1 . a + 0 . b + 0 . c =0 . 

9 ^ —4 • ♦ 

b) Neu hai trong ba vecto a , b , c cung phirong, chfuig ban 1 ) va c thi b - k c 




(ta xet c 0 , vi neu c = 0 thi theo cau a), ba vccto a , b , c dang 

phang). Khi do a , b , c la ba vecto dong phang vi dang ihirc sau labn 
dung: 0 . a + l.b-k. c = 0 


Cach khac: Tir goc O luy y, ve OA - a , OB = b , OC = c . 

•% 

Vi du 3 : Trong khong gian cho tarn giac ABC. Chung minh diem M llr.ipc 

9 

mp(ABC) khi va chi khi c 6 ba so x, y, z ma x + y + z = 1 sao who 
OM = xOA + yOB + zOC voi moi diem O. 


G 


• 


Vi AB, AC la hai vecto khong cung phirong nen diC'm M ihubc 




mp(ABC) khi va chi khi c6: AM = / AB + m AC 

<=> OM - OA =l{OB - OA ) + m(OC - OA ) viVi moi diem O. 

«> OM =(1 -/-m)OA +/OB +mOC. 

Dat 1 - / - m = X, / = y, m = z thi: 

OM = xOA + y OB + zOC , voi x + y + z = 1 

9 4 9 -9 y f 

Chu*y: Ket qua nay la mot each de chirng minh bon diem dong phang. 
Dac biet M thuoc tarn giac ABC khi x + y + z = 1 va x, y, z > 0. 

Vi du 4 : Cho hinh chop S.ABC. Lay cac diem A', B', C Ian lugl ihugc cac 
lia SA, SB, SC sao cho SA = aSA’, SB = bSB', SC = eSC, trong do a, b, c, 

9 t % 4 

la cac so thay doi. Chung minh rang mat phang (A'B'C) di qua trong lam 
cua tarn giac ABC khi va chi khi a + b + c = 3. 

Giai 

Vi A', B', C Ian luot Ihugc cac lia SA, SB, SC sao cho SA = aSA', SB = bSB', 
SC = eSC’ nen: 


SA =aSA’, SB =bSB', SC =cSC' 
Ggi (j la trong tarn cua tarn giac ABC thi: 


1 


SO = -(SA + SB + SC) 

3 


a 


SG =-SA'+-SB'f-SC’ 
3 3 :3 







Mat phang (A'B'C) di qua G khi va chi khi bon diCun G, A', B', C dong 

phang, nen ihco vi du tren. dieu do xay ra neu va chi neu — + — + 7 ' 1 

3 3 i) 

luc la4;^b t c = 3. 
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Vi dll 5 : C'ho u'r dicMi ARC'D. Trcn canh AI) lav diem M sao cho AM - 3 Ml) 
\'a IrcMi eanli lU ' lay diem N sao cho NB = -3 NCA Chirng miiih rang ba 

\eci(y AB. !)('. MN dong phang. 

fiai 


♦ 


I'aco: MN = MA < AB > BN 


va MN = MI) 4 |)(^ 4 CN 


:-->3MN =3 Ml) 4 3 DC + 3CN. Dodo: 


4MN = MA +3MD + AB + 3 DC 4 BN +3CN 


= AB + 3 DC 


1 


--* 


3 


MN = - AB + - DC 

1 4 


I le thire tren chirng l6 rang ba vecto MN. AB, DC dong phang. 

Vi cIu 6 : Cho hinh hop ABCD.A'B'C'D'. Goi I la giao diem hai dudng cheo 
eua hinh binh hanh ABB'A' va K la giao diem hai duong cheo cua hinh 

binh hanh BCC'B'. Chirng minh rang ba vecta BD, IK, B'C dong 


phang. 


B 


C i • • 

jiai 


l a c6: BD = BC 4- CD 


A 



= B’C 4 (AD - AC) 
= WC' + IV^' - 2 IK 


= 2B'C -2IK 

(Vi IK la dirong triing binh cua tarn giac AB'C) 



\ f 

\/ 


/ \ 

\ 1 
\l 

/K\ 


/ \ 

* 1' 

/ 

/ 

1 ' 

/ 

1 ^ 

/ 

1 J 


1 / 

B* 

1 / 


1 / 


t / 

-- 


c 


A’ 



Vay BD, IK, B’C dong phang. 

Vi du 7; Cho tir dien ABCD. Cac diem M va N Ian lugt la trung diem cua 
AB va CD. Lay cac diem P, Q Ian hrgt thiioc cac duong thang AD va BC 


-^ 


sao cho PA = kPD, QB = kQC (k 1). Chung minh rang cac diem 

M, N, P, Q Cling thuoc mot mat phang. 

Giai 


Chon goc M. Ta c6 PA = k PD. 

. r.o ^-kMD 
ncn MP = — 


1-k 


I'uong tu: MCJ = 


MB-kMC 

1 -k 


B 


Ma MA t MB = 0 , MC 4- MD =2MN,nen: Q 

1 



D 


MP 4 M(^ = 







1 -k 

2 k 

CM 


[MA + MB -k(MC + MD)] 


MN 


• • • ( • 
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Do (Jo MP, M(^, MN dong phang nC‘n cac diem M, N, l\ Q cuiig lluipc 
mot mat phang. 

Vi du 8: Trong khong gian cho hai hinh binh hanh AIJCD va AlVC'd)' clu cc) 

■» ^ 

chung nhau mot diem A. Chirng minh rang 

a) Cac vecta BB', CC, DD' dong phang. 

b) Ilai tarn giac BDC, B'D'C cung trong tarn. 

Giai 


a) Taco BB' = BA + AB', DD' = DA + AD' 


Dodo BB' f DD' = (BA f DA) + (AB' + AD') 
Vi ^ ™ 


c 




va AB' + AD' = AC 


nen BB' + DD' =(CD + DA) + AC 
Vay M' + DD' = ^ + AC' = CX' 
Hay taco CC' = 1^' + DD' 
nen BB', CC, DD' dong phang. 


I) 



D’ 


n 


b) Taco BB' + DD' = CC 


BB' + DD' + CC = 0 


(■ 


Do do 2 tarn giac BDC, B'D'C c6 cung trepng tarn. 

Vi du 9 : Cho hinh hop ABCD.A'B'C'D'. Chung minh rang 6 trung diem cac 
canh AB, BB', B'C, CD', D'D, AD nam tren cung mot mat phang. 


G 




Goi M, N, P, Q, R, S Ian lirgl la trung diem cua AB, BB', B'C, CD', D'D, DA 
va O la tarn cua hinh hop. 

Dat OA = a, OB = b, O^B' = c 



thi OC =-a, OD' =-b, OD =-c 


a + b 


Tir do: OM = 


ON = 


2 

b + c 
2 


, OP = 


c - a 


OQ = 


-a - b 
2 ~~ 


= -()M, 


OQ = -()M, OS = -()P 

Ta c6: ON = ^ + OP nen ba vecta OM , ON , OP dong phang \ a do 

do 6 vecta , ON , OP , OQ , OR , OS d()ng phang. 

Vay cac diem M, N, P, Q, R, S va O dong phang. 


« 






vV' 


d76 




















































































du 10: C'ho liinh lang trii ABC’.A'IVC''. (joi I \a J Ian liral la tiling cliC'in 
c'lia HIV va A'(''. DiC'iii K ihuoc IVC" sai) cho KC = -2klV. CMiirng 

^ f $ ? 

ininli rang bon clicni A. I. J. K ciing ihiioc mol mat phang. 

( i • ' • 

fiai 


— — ^ 




(’hon COSO AA' = a. Ali = b . AC = c 
'l a c6; 

Al = -( Ali i Ali') 

2 

= — (1) + a ^ 1)) 

2 

- - ( a +2 f,) 


(■ 


A J = 


-(AA’ + AC) 
2 

1 


1 


— (a +a +c)— — (2 a +c) 
2 2 



M 


AK = 


_ A(Vf2AB' _ a fc + 2(afb) _ 3a + 2b + c 


3 


3 


3 


2 


I)o do, la CO AK = — ( Al > A J ). 


Vay Al, A J, AK dong phang. tire la cac diem A, I, J, K cung thuoc 
mot mat phang. 

C'hu y: Co the chirng minh cac diem A, I, J, K thuoc mot mat phang hang 
each chirng minh Al va JK cat nhau tai M tren A'B'. 

Vi du 11 : Cho hinh tu diC'n ABCD, 1, K, K, F la cac diem thoa man: 

... = 0 , 2i« + i^ = 0 , 2EB +3EC = 0 va2FA +3FD = 0 
('hung minh: 

a) Cac vecto BC, IK, AD la dong phang, cac vecta BA, EF, CD la 

% *t 

dong phang. . - 

h) Bon diem 1, E, K, F dong phang. 

Giai 

a) ('hon he vecto co so: 


A 


BC = a, BD = h, BA = c 

Ta c6: AD = - BA = b - c 


IK = lA + AD + DK 
2 


2 




= — c + (h-c)+ — DC 
3 3 


• » 


• • 


• • 
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• » 


2- p -’ 2 - p 2-^ b (• 

- ^ ( b — c ) + — ( a — b ) = — a i- 

o n ' r\ 


3 


3 


3 


.‘i 3 


9 


1 


2 


1 


IK = - a t - ( b - c ) = - BC + - AI) 

3 3 3 3 




Dodo IK, BC, AI) dong phang. 


3 


3 - 


I'a co: KF = EB + BA + AF = — BC t BA ♦ - AI) 


5 


5 


- 3 - - 3 ^p 3 - ^ 3 p 2 

- a + c + — (b-c) = — a + — b + — 


5 5 5 5 5 


3 


2 


3 


2 


= - (b - a ) + - c = - CD + - BA 
5 5 5 5 


Vay EF , CD , BA la cac vecto dong phang. 

“ ♦ " • % y 

b) Ta chirng minh cac vecto IE , IK , IF dong phang. 


1 


3 


1 


3 


Ta CO IE = IB + BE = -- BA + - BC = -- c + - 


a 


IF = 


3 
2 


5 


3 


5 


3 


lA + AF = - BA + - AD 

3 5 


2 


3 


2 


3 


— — BA + — (BD — BA )= — c + — (b — c 
3 5 3 5 

_3p^l-,— 2-lp I- 

- b + — cva IK=—a+ — b - c 

5 15 3 3 3 


Tim hai so x va y sao cho IK = xIE + y IF 

2 - I p 1 - _ . 1- 3- \ 3p 1 - 

— a+ — b - c - x( — c + — a) + y( — b + —c) 

3 3 3 3 5 5 15 


3 - 3 r , / I 

— xa + —y b + (— y 

5 5 15 


1 . 
-x)c 

3 


Do do co: 


3 

— x 
5 

3 

1 


2 

3 

3 


o 


X = 


10 

9 


1 


— y --X 

15 3 


3 


5 

^ = 9 


Taco IK = 


10 


5 


IE + -IF. 
9 9 


Vay IK , Ib^ , IF dong phang suy ra bon diem I, K, \l, I' 





c 


dong phang.. 
















































Vi du I 2 : ('ho liinh lu then AR('I). I \a J Ian liral la Irung them ei’ia AR \a 

Cl); M la them lluioe AC sao eho MA = k| M(’. N la them ihiioe Rl) sao 

« • • 

—• - — -♦ ^ I 

eho NR = k^NI). Chung minh rang cae tliC'm I. J, M. N eung ihuoe mol 

I 

mat phanu khi va ehi khi k| " k-*. 

* *■ A 

( A • ^ ' 

iiai 


“•—♦ 


Vi MA = k| M(’ nCm IM 


l iro^ng tir la eo: 


IA-k,I(’ 

I -k, 


IN = 


IR-kJI) -IA-k.,lI) 


1 - k.) 

w 

1 


Mai khac M -—{!(’ 

0 


4 - 


1 - ko 

in) 



I) 


,1 f % ^ 

DO cae diem I, J, M, N thuoc mot mat phang, dieu kien can va du la ba 

-♦ - 4 - 1 ^ ^ - » - 

veeia IM , IN, Id dong phang. Vi IN va LI khong cung phirong nen 

^ " — -» ♦ • \ f 

diOu khang dinh IM , IN, IJ dong phang Urtrng duang voi: 

IM = p IN ft) Id 


lA-k.IC 
1 - k, 


-lA-k.JD q — ^ 
i).-=— + —(IC + ID) 

l-L. 2 




1 


4 - 


P 


lA- 




1 - k, 1 - k 


2 J 


ki 


V 


I -k, 2 


\ 




IC + 


/ 


pk, 


V 


1 - k 


q 

2 




ID = 0 


/ 


^ m — 9 \ ^ f 

Dt) 1A , IC. ID khong dong phang nen dang Ihurc Iren tutrng duang vtVi: 


1 


1 -k, 
k 


+ 


P 


1 -k.2 


= 0 




k 


Pk2 


k. 


1 -k, 2 


1-k 


1-k., 1-ki 


o ki = kj. 


pk 


q 


1 -k^ 2 


Vi du 13: Cho tir dien ABCD. Lay cae diem M, N, P, Q Ian lugl thuoc AB, BC, 


1 


2 


1 


Cl), DA sao cho AM = - AB, BN = - BC, AQ = - AD, DP = k DC. 

3 3 2 

H?iy xac dinh k dc b6n diOm P, Q, M, N cung nSm tren mot mat phang. 

Giai 



— AB, ta CO BM 
3 


3 . 


I • 


179 





































































A 


2 


mat khac HN = — B(" 
ncn MN // AC. 

Neu CO k de cac diem M, N, P, Q 
thuoc mot mat phang thi mp(MNQ) 
cat mp(ACD) theo giao tuyen PQ nen 

PQ // AC. 

Mat khac AQ = AD , 

1 



I) 


nen DP = - DC 

2 

1 , , 

Vay k = — thi cac diem M, N, P, Q cung thuoc mot mat phang. 

2 

Vi du 14 : Cho tir dien ABCD. Goi A|, Bi, Ci, Di la cac diem Ian liRrt thuoc 


^ •• 


- ♦ 


cac dirong thang AB, BC, CD, AD sao cho A,A -kA,B, 
Bj1 = kB^,^ = k^, I^ = kD^. Vdi gia tri nao ciia k thi bon 

1 t 

diem A), Bi, Ci, Di cung thuoc mot mat phang? 

( ^ • O • 

jiai 


Chon CO so DA = a , DB = b, DC = c. Tim k de cac dic*m A|, IT, C'l, 

■> » 

D| cung thuoc mot mat phang tuong dirong vdi vice tim k de cd liieu 
dien DAi = xDBi + yDCi f zDDi , vdi x + y + z = 1 . 


Tir he thuc A,A = kA,B taco: 


DAi = 


DA-kDB 

1-k 


1 


k 


1-k 


a - 


1-k 


b 


Tuong tir: DBi 


1 r k - 
b-c 

1-k 


1-k 


Mat khac tir C,C = kCjD ta cd: 


C,D+DC = kC,D=>DC, = 


1 


1-k 


c. 


Tuong tir DiD = kD,A ta cd: DiD = 


1 


k 


1-k 




a 


Dodo: DAi-kDBj-k'DCj 

k 

l a cd cac diC'm A|, B|, Ci, D| cung thuoc mot mat phang va chi khi: 

-- - k - k'" = 1 o k' + k" + k + 1 = 0 
k 

<r> (k + l)(k^ +1) = 0 <.^ k = -1 . 

- 9 

Vay \di k - -1 thi cac diC*m A|, B|, Ci, D| cung thuoc mot mat phani*. 
180 ' 
















































\ 1 llu 15 : ('ho M. N Ian liroi la irung diCaii cac canh AH va A|l)| ciia hinh 
hop AHC’I).A,H,(’iHp doi P va la giao diem cua mat phang (C’MN) 

t 1 ^ — I — • 

V(.Vi eac dudng thang H|('i \a I)H|. Bieii thi cac vcctcy AP \a A(^ thco 




cac vccl(r Al^ = a, Al) = b , AA, = c. 

iiai 

^ ^ % 9 

\ i x)n diC*m M, N, ('. P dong phang nC*n ton tai ba so thirc x, y. z thoa 
nuln: x + v + z= l (1) 


Va AP = X AM I y AN + z A(’, hay: 


— » 

v ) 


/ 

\ 

AP = 

A 

— 4 Z 

a 4- 



U J 


CM 

J 


b + yc 


( 2 ) 


Mat khac, neu dat: B,P = tBiC, thi AP = a + tb + c 


(3) 


Tu (1), (2), (3) va dicLi kien a, b, c khong dong phang ta dugc he 


pheong trinh: 


X + V + z = 1 


+ z = 1 




X 
2 

y 
2 

y = 1 


o < 


+ z = t 


x = -2 

y = i 

z = 2 
5 

t = - 
2 


5 


Do do: AP = a +— b + c. 

2 


1 


(ji^i tircrng tir: AQ = —(4a + 5b + 4c). 

9 


Vi du 16 : Cho hinh chop tu giac S.ABCD day la hinh binh hanh. Mot mat 
phang (P) cat cac canh SA, SB, SC, SD theo thir tu tai K, L, M, N, 

SB SD 

~- 4 --. 


, • u - SA SC 

Chung minh rang: -+ — 


SK SM SL SN 

Giai 


(jd () la tarn liinh binh hanh day thi: 
^ + SC =2^ = SB + ^ 


Da: SA =aSK, SB =bSL, SC =cSM , SD = dSN, vdi a, b, c, d> 1. 


,, SA SC ^ , SB SD , , , 

Kh do : — +- = a + c va — + — = b + d 


SK SM 


1 


SL SN 


1 


a 


b 


Ta CO SN = - SI) = - (S A f SC - SB) = - SK + 4 SM - 4 SL 

d d d d d 

ViK, L,, M. N dong phang nen: 


a c b 

d d d 


a + c = b -( d (dpcm). 





• • 




















































DANG 4: SONG SONG. THANG HANG 


- De chung minh ba diem A, B, C phan bi?t thing hang, ta chung niinh 
hai vecta AB , AC cung phucmg, nghTa la AB = k AC , hoac c6 the chon 
diem O nao do de chumg minh OC = kOA + tOB vai k + t = 1 . 


•» . 

•1 

V 


- De chimg minh hai duong thing AB va CD song song hoic Iriing nhau, 

■■■ - ♦ » •' - - -- 

ta can chung minli hai vecta AB va CD cung phuong. Khi AB, CD cung 
phuong va c6 mot diem thuoc duong thing AB ma khong thuoc duong thing 
CD hoic ngugc lai thi AB va CD la hai duong thing song song. 

- De chung minh duong thing AB song song hoic nim trong mat phing 

(P) ta chon 2 diem C, D thuoc (P) roi chung minh AB, CD cung phuong 
hoic ta lay trong (P) hai vecto a va b khong cung phuong, sau do chung 

^ “ ♦ — ♦ \ f - * y , 

minh AB, a, b dong phing. Khi cac vecto AB, a, b dong phing va c6 
mot diem thuoc duong thing AB ma khong thuoc (P) thi duong thing AB 
song song voi mp(P). . ' 

. Chu y: - Duong thing AB qua M khi A, M, B thing hang. 




- r 






V ‘ 

■ * 4 .^- 








- Duong thing AB cit CD tm I thi 1 
. r Duong thing AB cit rhp(MNP) 
N, P, \ dong phing j: 




Ail *2.1' 


• 


r 

• V ^ 




Vi du 1 : Cho hai diem phan biet A, B va mot diem O bat ki. Chung minh 

ring dieu kien can va du de mot diem M nim tren duong thing AB la 
» - • - » 

OM = kOA + tOB trong do k + t = 1. Ngoai ra k va t khong plui thuoc 
diem O. Voi dieu kien nao ciia k, t thi diem M thuoc doan thing AH? 
Diem M la trung diem cua AB?. 

jiai 


Diem M nim tren duong thing AB khi va chi khi AM = m AB 

- OA =m(OB-OA)<^^^ =(l-m)^ 4 mOB 

Dit 1 - m = k, m = t thi ta duoc k 4- t = 1 va OM = k OA 4- 10 B . 

Diem M thuoc doan thing AB khi va chi khi 0 < m < 1 , 

vay 0<k<l,0<t<l.Vay dieu kien ciia k va t la: k 4 t = 1 , k > 0. t 0. 

Diem M la trung diem AB khi va chi khi m = hay k = t - . 

2 2 

Vi du 2: Cho tu dien ABCD, M va N la cac diem Ian luot thuoc AB \’a Cl) 

sao cho MA = -2MTi, m = -2NC. Cac diem 1, J, K Ian loot thuoc 

AD, MN, BC sao cho lA = kll), JM = kdN, KB -= kKT . ('hung 
minh ring cac diem I, J, K thing hang. 

i ./ 


















































'raco: U - lA t AM r MJ 


M = II) • l)N i m 


laco: klJ =kll) ♦ kl)N * k NM 


hjvkkJ = IA t kl)N ^ MJ 


Dado: (1 - k)Id = AM -kDN 


ha IJ - 


1 


1 -k 


.\M- 


k 


1-k 


DN 



I) 


C' 


Cairng minh lirong tir nhir tren ta c6: IK = 


1 


1-k 


MB- 


w — * 

NC 


1-k 


Malkhac MA =-2MB, xMD =-2NC 


mn 


IJ = 


2 - 91 - — . 

MB-^^NC 


1-k 


1-k 


I'lr do ta c6: IJ = 2 JK . Vay ba diem I, J. K thang hang. 

•» 1 

Vi dt 3: Cho ba mat phang song song (cx), ((1), (y) va hai duang thang chco 
" ' _ • '* 

nlau d, d| cat chiing thco thir tir tai A, B, C va A|, Bi, Cj. Tir mot diem O 
bd ki trong khong gian dinig eae vecto OM = AA, , ON = BBi, OP = (Xi. 
Curng minh ba diC’m M, N, P thang hang. 


9 • 



7 f ^ 

V ((x), (p), (y) song song vdi nhau, hai duang thang d, d| cat chiing Ian 

Iir,xt tai A, B, C va Ai, Bi, C] nen theo djnh H Ta-let thi B chia AC, B| 

# 

cHa A|C| theo cung ti so nen: 

RA =kl^ va B^A^-kB.C 


I'-^i 


D)(\6: OB = 


OA - kOC 
1-k 


\/ rvTi OAi - kOCi 
Vi OBi = - nen: 

1-k 


BBi =OBi - OB 


_ (OAi -OA)-k(OC, -OC) 


1 


1-k 


Hiy la : ON = 


/\Ai - 


1 


1-k 
k 

1-k 


CCi 


1-k 


OM- 


k 


1-k 


OP 



N^l-^k NP nen M, N, O thang hang. 



• • t • 


• • • 


• • 
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Vi du 4 : Cho hinh hop ABCD.A'B'CI)' c6 cac canh bang ni. cac goc lai /\ 
bang 6()‘’ (BAD = A^B = A”^)= 60‘’). (ipi P va Q la cac diem xac 
djnh bai AP = D'A, C'Q = DC. Chirng minh rang duang lhang PQ di 
qua Irung diem cua canh BB'. Ti'nh do dai doan I^Q. 

z' 'I • • 

Giai 


AA 


1 


Ta c6: a.b = b.c = c.a = — 

2 

Goi M la trung diem cua BB' thi: 
MP = MB + + AP 


Do AP = D'A =-a - c 


a 


nen MP =- b - a - c 

. 2 


- a — b 

2 


— c 



Matkhac MQ = MB' +B'C' + C'Q = MB' +B'C'+DC' 

3 


= — a + b + c 
2 

1 

M trung diem PQ (dpcm) 


nen MP + MQ = 0 


Ta c6 PQ^ = PQ = 4MF 


-2 


/ 


= 4 


\ 

/ 


— a + b + c 
2 




2 


J 


= 4 


9 _2 -.2 -2 - - - - 
- a + b + c + 3a.b + 3a.c + 2b.c 
4 


N 




y 


= 4 




9 

4 


9 9 93939 0 ^ 

m +m +m + —m + —m +m 


2 


2 


y 


= 4 .—m*=33m*=>FQ = mN/33. 


4 


Cach khac: Chieu theo phirorng song song vai BB' len mat day (A'B'C'D'). 
Vi du 5 : Cho hinh hop ABCD.A'B'C'D'. Mot dirang thang A cat cac dirong 


hdng AA', BC, CD' Ian lirgt tai M, N, P sao cho NM 

MA 

MA' ■ 


9 


iiai 


Chon CO so AD = a . AB - b , AA ' - c . 


AM = k AA' = k c ; 


N la diem thuoc dirang thang [3C nen: BN - ta 


PJ[^j,|n).thugc dirang thang C 

.a 


D'nen CP =mb 
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Voi k, l. Ill la nhuiig so lliirc. la c6: 

NM = NH I liA * AM — —la — 1) * kc 


NV = NB i Bir + ir(^’ + i"V 

— • — • — ♦ ^ ^ 
= — la s (• s a ' Ill 1) —■ (1 — 1)a ^ mb i c 


-t= 2(1-1) 


I)() NM = 2 NB iicii la c6: -1 = 2ni 


1 


k = 2 


<=> k = 2, m = - —, I = ^ • 

2 


Vav 


MA 

MA' 


= 1 


Vi 


\ 7 

du 6 : Clio M, N Ian liroi la Irung diem cac canh AB, CD cua Ur dien 
ABCD. B la diem cliia eanli AD llieo ly so -2. Hay xac dinh diem Q lien 

f f 

canli r3C sao clio BQ va MN cal nhau. Klii do diem Q cilia canh BC iheo 

tv so nao? 

% 

iiai 

Vi MN luon cat nip(BBC) nen MN khong song song PQ. 

f y y 

Vay cac dirdng lhang MN va PQ cat nhau hay diem M, N, P. Q dong 

^ - » - » - ♦ 

phmg nen ton lai x, y sao cho MP = x MN + y MQ . 


Dai AB = 1). AC = c, AD = d va 


BQ =tBC =-tb +tc. 


1 


2 


Ta:6: MP = MA + AP =— b + - d 

2 3 

1 


MN = -(AD + BC) 

2 

= — — b + — c + — d 
2 2 2 



MQ = 


1 


MB + BQ = - b 

2 


1 


-tb + tc = (-t)b + tc. 

2 


Dodo; b + — d 

2 3 





X y 

-+ 2. _ yt = 

2 2 

1 

~2 


4 . 

X = — 

3 

Taco he phirong trinh: < 

— + yt = 0 

2 


<=> < 

2 

yt = — o < 
3 


X _2 



y = -i 


2 ” 3 

V 



c 

k 


4 

X = — 

3 

V = 1 
2 

t = - 
3 


2 


Va' BQ ^ — BC nen diem Q chia canh BC theo ty so -2. 



3 


i • 


« • 
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du 7 : Cho hinh lang Iru tain giac ABC.A'IVC. I.ay cik' diem A|, i|. i'\ 
Ian liKYt thuoc cac canh ben AA', BIV, C'(” sao elu) 

• • • y ' 

- - = ^ ^ ‘ = — . Tren cac doan thang CAi va Ad^i Ian lial lav 
AA' BB' CC 4 . fe . . 


cac diem I, J sao cho IJ // B'C|. Ti'nh li so 


Giai 


IJ 


B'C 


Dat AA' = a , AB = b, AC = c . 
Theo gia thiet, ta c6: 


AAi = - a, 1^1 = 

4 


Q - - . 

-a, C'C, 
4 

Ta c6: = ^ + AAi = - a - c 

4 

3 


3 - 

— a 

4 


A'Bi = A'B' + B'Bi = — a + b 

4 

3 



B'Ci =B'A' + A'C' + C'Ci =— a - b + c 

4 

3 


B' 


Vi I thuoc CAi nen Cl = tCAi - — ta-tc 

3 


Do J thuoc A'B| nen A'J = mA’Bi = — ma + mb 

4 


M^khac IJ = IC + CA'+ A'J 


3- - -- 3-‘ 

= — ta + tc + a - c - ma + mb 

4 4 


3^ 3 

1 — t — m 


\ 




4 4 


a + mb + (t - l)c 


/ 


Tac6IJ//B'Ci <» U =kB'C, o 


1^3 3, 

1 — t — m = — k 

4 4 4 


m 


t-1 


= -k 
= k 


Suy ra: 1 - — (k 1) + — k 

4 4 

1.3, . , 1 

- + -k = 0<=>k = — 

4 4 3 


-Ik 

4 


2 


t = - , m 
3 


I 

3 


9 


Vay diem I thuoc A|C dugfc xac dinh boi Cl = -CAi 

1 



A'Bi diroc xac dinh beVi A'J =-A'B, . 

3 






































Kill do. la Cl) 


Id 


H'C 


d 


^ 1 

\i dll S: (’ho VI. N Ian linri la Irurm dicMii cua cac canh AB va C’l) ciia lu 


- - ^ 


dicn ABC'I); l‘ la diC'in ihudc dirdng lhang AD sao cho l^'^ = k IM), k la 

r f *» 

So cho trudc (k ^ 1). Xac dinh diem Q ihuoc dirong lhang BC sao cho PQ 

q B 


\a MN cal nhaii. Khi do. hav linh li so 


iiai 


qc 


MN cal PQ nen cac diC'ni VI. N. P. (> cung ihuoc mol mal phang. Dieu 
na\ lirang dircrng \ 6i c6 cac so x. y sao cho; a 

MP = X MN + \ MQ 


- » 


f)al DA = a, DB = h. DC’ = c 

1 


Khi do: MN = -{AD + BC) 

2 

1 ^ r 

= -(-a - b + c ) 

2 


MA-kMD 


B 


MP = 


1 -k 



c 


1 


1-k 


1 


2(1-k) 


1 -4 K 

- (a - b) — (a - b - 2a) 

2 2 


(1 + k)a + (k - l)b 


1 


1-k 


1 


k 


-(a-b) + -(a4 b) 


k + 1 - 1 r 

-a — b 

2(1-k) 2 


MQ = MB + BQ = MB +lBC 

= i(b - a ) + l(-b + c) = 

Tir do la c6: MP = x MN + y MQ 


k + 1 1 1 

- = — X --y 

2(1-k) 2 2 


—— a + (— — t)b ^ tc 
2 2 


Do do: 


2 


— X + y( — t) 
2 2 


1 


y 


0 = — X + y t 
2 


k + 1 , 2k 

= -l, x = ^--+ 1 = ^—r, t “ 


k 


k-1 


k-1 


k-1 



BQ = 


k 


BC = 


k 



k-1 


(BQ + QC). 


k 


k-l 


QC <=> -BQ = kQC . Vay 


QC 


k 
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Vi 


ciu 9: Cho mot hinh hop ABCD.AiBiCiI)]. Mol mat piling di qua I), 
song song voi DAi ya AB| cSt duong lhang BCi tai M. I'im li so ma 
diem M chia doan thang BC|. 

iiai 


Gia sir MB - k MC i. Ta phai xac dinh k sao cho ba vecta DA i, Ali i va 
D,M dong phang. 


Dat D,A, =a , D,C, = b , D,D = c 
Taco: DA^ = D,Ai'- DJ) = a 

A^ = i^ = b-J 


I),M = 


DjB-kDjC, a + b + c-kb 


1-k 


1-k 


Dieu kien ba vecta DjM , DA,, AB, dong phang ta phai c6 m, n: 
D^ = mDA^ + nA^ 

a + (l-k)b + c - ^ 

<=> -= m(a -c) f n(b -c) = ma + nh - (m + n)c 


1-k 


1 


V 


1-k 

1 = n 
1 


= m 


n = 1 


1 


= -(m + n) 


o < m = — . Vay k = 3. 
' 2 

k = 3 


Vi clu 10 : Cho hinh lang tru tarn giac ABC.A'B'C. Goi G va G' Ian liral la 
trong tarn cua tarn giac ABC va A'B’C, I la giao diem cua AB' va A'B. 
Chumg minh rang GI // CG' 

Giai: 

/ • 

Chon CO sa goc A: 


AA’ = a , AB = b , AC = c 


Ta c6: AG = 


b + c 

3~ 


. AI = 


a + b 


AG' = AA'f A'G' = a + 


2 

b + c 



c 


nen GI = A1-AG = 


a + b b + c 3a + b - 2c 


2 


3 


6 


ATT, TAT, ta: b + c ^ 3a + b - 2c 

CG = AG - AC = a ^-c =- 


3 


3 



•J^^GG' = 2GI ma GI, CG’ phan bict ncn GI // CG’ 




























































\i tiu II: C'lio hinli hoji ABC’D.A'B'CI)'. Xcl cac diem M va N Ian lucrl 
thuoc eac dircVng lhang AX' va Cl) sao cho MA' = kMC', N(^/ = iNI) 


(k \a i deu khac I). Dal BA = a . IIB' = b, BC = c . Xac dinh cac so k, 

T » 

I dc duong lhang MN song song voi duong thang IB)'. 

iiai 

Tir aia lliicl la c6: 


13 


„v; BA'-kBC . 

BM =- . do do: 


a 


BM = 


1 -k 

1 - 1 r k - 

a +- b -c 


c 


1 -k 


'5 = :^:---, M' 


1 -k 


1-k 


I 

\ 




— BC'-tBl) , .. 

BN =-, do do: 

1 -t 

BN = ^a + — !-r3 + c 


I 

I / 
< / 
C 


/ A’ 


1 - t 


1 -t 



13 ' 


7 7 

Vi 3D' va CD la hai dirang thang cheo nhau va N thuoc duang thang 
C'C ncn dirang thang MN khong the trung vai duang thang BD'. 

7 7 ^ 

Vay duang thang MN song song vai duang thang BD' khi va chi khi 
IJW == pBD'. 


Do MN = BN - BM ncn ta c6: 


MN = 


t 


1 


V 


1-t 1-k 


a + 


J 


1 


1 




1-t 1-k 


\ 


J 




b + 


1 + 


k 


\ 




1-k 


J 


khac BD' = a + b + c ma a , b, c la ba vecta khong dong phang 


t 


1 


ncr: MN = pBD'<=>< 


1-t 1-k 

1 1 


= P 




1-t 1-k 

1 ^ 

1 + -= p 

1-k 


= p <=> < 


t = -l 
k = -3 


P = 


1 

4 


\^a’*' khi k = -3, t = -1 thi duang thang MN va duong thang BD' song 
Song vai nhau. 

Vi du 12: Cho hinh hop ABCD.A'B'C'D'. Cac di^m M, N Ian lugt thuoc cac 

durng thang CA va DC sao cho MC = m MA , ND = mNC. Xac dinh 
ni de cac duang thang MN va BD' song song vai nhau. Khi ay, tinh MN 

hie ABC = ABB' = CBB' = 60” va BA = a, BB' = b, BC = c. 

Giai 


Da BA = a, BB' = b, BC = c thi BD'= a + b + c 

m MA ncn 
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\m = 


c - ma 


1 - m 


1 - m 


Fircyng lir ta c6: 


BN = - 


IM)-mBC' a + c - m(l) -f c) 


1 - m 


1 - ni 


1 


m 


1 - m 


a - 


1 - m 


b + c 


m 



-VI)’ 


Tirdo MN = BN - BM = i^a-- 

1 - m 1 - ni 1 - m 

Do AC, BD' cheo nhau va DC, BD' cheo nhau ncn 

MN//BD’<=> MN =kBD' MN =ka f kb 4 kc. 

Mat khac a , b , c khong dong phang ncn dieu ay xay ra khi va cbi klii 


1 + m 

1 ^ 

-m 

1 - m 
-m 

1 - m 


= k 


= k . Suy ra 1 + m = -m c^> m = 

2 


= k 


Tir do, la CO k = 


Taco: MN = 


-. Vay m = thi MN // BD’ 
3 2 

— (a + b + c) 

3 


2 


Do do MN = —(a + b + c + 2a.b f 2a.c + 2b.c) 

9 


hay 


MN“ = — (a’^ -I- b^ -t- ab -H ac -I- be) 

9 


Vay MN = ^ Va^ + b^ + + ab + be + ea . 

Vi du 13 : Cho hinh hop ABCD.A'B'CD'. Cioi M va N Idn krol la triing diOm 
ciia CD va DD'; G va G' Ian lircrt la trong tarn ciia cac lii dicn A'D'MN va 
FiCC'D'. Chung minh rang duong thang GG' va mat phang (Al^ti'A') 
song song vai nhau. 





I3at AB = a, AD = b . AA' = c. 

Vi (}' la trong tarn cua tir dicn L3CC'I3' ncn: 

1 


B 


AG’= -(AB + AC f AC’+ AD’) 

4 


va G la Irpng tarn cua tir dicn A’D’MN ncn: 







V 



IV 


’'I 











































-- ♦ 


AC, 


I 

I 


( AA' t Al)' . AM ‘ AN ) 


— — 


^ » 


1 ---- 


lirJo; (UC - AC' - AC. - A( A’Bi D’C f M(”f NI)') 

1 

_ 1 • • • - 1 • I I 

- —(a — (‘ + a — (• -t — a ♦" c — c) — —(5 a — c ) 

‘I 2 2 8 

l>>ici na\ chiing to AB, AA'. CiG' dong phang. Mai khac. G khdng 

lliiioc inal phang (ABIVA') ncn dirdng lhang (}G' va mat phang (ABB'A') 
Son.! soim \cVi nhau. 

Vi dll 14 : C'ho hinh hop AB(:i).A,H,r,I),. I)i4m M chia doan AI) thco li so 

1 ^ , X 2 , . 

- —. dicMii N chia doan A|C’ thco ti so . Chirng minh MN song song 


1 


3 


nip(BC|I)). 


iiai 


A M 


Dal BA = a. Blh - b. BC = r 

Khi do: 




— a + c; B(a = h + c. 


BAi — a + b 


1 


BM = 


BA f - BD 
4 

,A 

4 
2 


BN = 


BAi +-BC 
3 

.A 

3 


Su\ ra MN = BN - BM = 


IBA + BD 

5a + c 

5 

5 

3IUi +21^ 

3a + 

5 


-2a + 3b 

+ c 



5 


5 


-♦ —- ♦ 


De:hirng minh MN // mp(IM)Ci) ta phai chirng minh ba vecta MN. BI) 

' 7 

Va 3Ci dong phang, lire la c6 m va n sao cho: 

MN =mi^ 4 ni^i 


-2a + 3b + c 


5 


V W W ^ -- ▼ w - w 

= m( a + c) + n( b + c) = ma + nb + (m + n)c 


2 , 3 

<4>n = — va n = — (dpcm). 

o 


o 


Vi tlu ;5 : Cho hinh lang Iru lam giac ABC.A'B'C c6 do dai canh ben bang a. 
Trei cac canh ben AA', BB', CC ta lay tuemg irng cac diem M, N, P sao 
c^AJyf^ BN + CP = a. Chung minh rang mat phang (MNP) luon.luon 
la^m6t dic’in c6 dinh. 
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( -i • • 

fiai 


Cigi Ci va Cj' Ian liigl la trgng lam ciia lain giac AIK' va lam giac MM*. 


l aco: AM - Ad + d('.' f G 'M 


A' 


C ' 




BN = BG t GG' ) G'N 


CB = CG t GG' + G'P 




Nen AM + BN + CP =3GG' 

Vi lang Iru c6 canh ben bang a va AM + BN + CP 

nen AM + BN + CI^ = AA'dodo AA' =3GG 

- • 1 -* 



i> 




3 

Vay (MNP) luon di qua G' eo dinh. 

Vi du 16 : Cho hai tia Ax va By eheo nhau. Tren Ax va By Ian lugl lav bai 
diem M, N lhay doi sao eho AM = kBN, k la mgl so dircrng khdng doi. 

^ 9 9 y ^ , 

Chung minh rang Iriing diem cae doan lhang MN nam Iren mgl lia ed 
dinh. 

C i • • 

rial 

Ggi O la irimg ditMn doan lhang AB va I la Irung diem doan lhang MN. 

f - » - ^ ^ ^ 

T'd lay hai veelo don vi AM,, va BNo Ian lirgrl nam Iren lia Ax va By. 


-^ 


Vi AM = kBN nen, neu AM = p AMolhi BN = kp BN„ 


M 


1 


01 = - (AM + BN) 
2 


1 


= — (p AMo f kp BNo) 


= P 
2 


( AM„ + k BNo) 


A 


() 


n 


1 



Dal —(AMo + k BNo ) = e la luon luon eo 01 - pe . 

Suy ra I luon luon nam Iren mgl lia c6 dinh. 

Vi dll 17 : I ren eae eanh AB, AC va AD eua lir dien ABCD Ian Urol lay eae 

I 

diem K, L va M sao eho: 

AB =(xAK. AC - PAL va AD -yAM 

\ 9 t 

a) Chung minh rang neu y = a + p 1 ihi eae mal phang (KLM) luon di 
qua mgl diem cd djnh. 

\ 9 •» 

b) Chung minh rang neu = (x ^ 1 va y - P + 1 thi cae mal phang (KLM) 
ludn di qua mgl dudng lhang cd djnh. 

>iai 


Dill: AB - a, AC - h, M) = e. Vi ba veelo a, b, c kbdng ddnu 
* ■* > ^ 

phang, nen \'oi diem X bal ki irong khdng gian la ed; 

'■?. AX - xa + V b ^ 7.C 
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I)iciii X ihiioc iiip(KLM) 




< > < 


AX-pAK I (jAL f rAM 

p I (j ) r = 1 


- ♦ 


a) 


I a CO AX -(/xAK t (i\ AL ) y/AM 

Clia sir: y = </ f t | , ihj; 

AX = (XX AK + (iy AL + ((x + ^ + l)z AM 

* ^ ^ 

l3o (Jo do X e rnp(KLM) la can c6 dieii ki(}n: 

(XX + (H’ + ((X + p + 1 )z = 1 
hay: (x y.)a i (y ; >.)[*, + 7=1 (*) 

Dicu kicn (*) dung viVi nipi a. (i khi va chi khi: x = y = -1, z = 1. 

•> — ^ ^ -9 f y 

Vav dicni X sao cho AX = -a - b +^ c la diem c6 dinh nam Iren moi 

nip( KLM). 

b) CJia sir: [i = ix + 1. y = (i t 1 hay (X = p - 1, y = p + 1 thi: 

AX = ((1 - 1 )x AK + py A~L + (P + l)z AM . 

Dc X G mp(Kl.M) la can c6 dicu kien: 

(P - l)x + (ly + ((1 + l)z = 1 =:> (x + y + z)P - x + z = 1 (**). 

Dicu ki(}n (**) dung vai meu p khi va chi khi: x + y + z = 0 va -x t / 1 

hav z ^ x + 1 va n' = -2\ - 1 . 

Vi vay, la c6 ihc lay dic‘m X irng vai x 0, y = -1, z ” 1 va Y irng vai: 

X = 1 , y = -3, z = 2 chang han, lire la: AK = -b + c , AY = a - 3 b + 2 c 
ihi X. Y la hai diem c6 dinh ihuoc moi mp(KLM). 

Vay mp(KLM) luon di qua dirang lhang co dinh XY. 

C. BAILUYEN TAP 

• • 

1. Tu dicn AIJCD c6 Irong lam G. Goi M, N imng diem AC, BD. Chung minh: 

a) AB I ^ = a!) f ^ = 2MN 


b) PA f PB 4 PC + PD = 4PG, VP. 
HI): a) chen 2 tiling diCnn M va N 


b) chC'n trgng lain G 


-♦ --♦ 


2. Cho lang tru ABC.A'IPC’. Dal AA' = a; AB = b; AC = c. 


a) Bieu dicn B'A, A(P 


b) (rgi (j trong lam lam giac ABC. Bieu dien A'G . 

IID: dira ve goc A. 

3. Chi'rng minh hai lir dicn AFJCD va A’B'C'D* cung trgng lam khi va chi 




khi:AA' f BB' + CC + DD’ = 0. 


4 


AA 


a) (igi (j Irgng lam lam giac BDA'. Bieu dicn 

3 diem A, G; C’ lhang hang. 


AG . 




^ HD: b) dung quy lac hinh hop 


At 
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6 


7 


C'ho hinh hop . Gpi 1)|. 1 ) 2 . D.i la cliCMii doi xinu ciua 

qua A, B', C. C'hirng miuh li la trqng tarn cua ti'r dicn i)|DjDd) . 

Ill): dung he thirc vecto eiia trong tarn 
l am giac ABC Irqiig lam Ci. Diem M bat ky Irong khdng gian. 

a) Chung minh: MA^ + MB‘^ + MC'" = dMC^ + GA“ + (]C'\ 

b) d im M sao eho MA^ + MB^ + MC^ be nhal. 

I)S: b) M la Irqng lam G 

Cho tu dien ABCD va duong lhang d. 


!)■ 


a) Tim II e d de HA f IIB + MC +111) be nhal 


b)Tim M € d de MA +2MB f MC + 3MD be nhal . 


IID: b) Gqi 1 la diem ihoa man lA +21B + 1C + 311) -0 

8. Cho lam giac ABC. Tim G I NN cua ; 


- 4 


-- 


-- 


T = MA . MB + MB . MC + MC . MA 

9. d u dien deu ABCD canh a. Goi M Irung diem CD. 


AM 


l)S: eos( AB; AM - 


1 


V3 


10. Cho III dien ABCD c6 lal ca cac canh bang x. Gqi M, N la Iruig diem 
eua AB, CD. 

a) d'Inh doan MN va chirng minh MN vuong gck' CD. 

b) Tinh goe giira MN va AB, BC 

11. Cho lu dien OABC c6 3 canh OA, OB, OC doi mol hop nhai 3' goe 

• • 

a ,P,Y . Chirng minh cos a + cosp + cosy > - 3/2. 

HD: dung binh phuong vo hirong cua long 3 veelo don vj Iren 3 canh 
OA, OB, OC. 

12. Cho hinh hop ABCD.A’B’C’D’. Chong minh hinh hop la hinh Iqp chir 
nhal khi va chi khi: 


AB + AD + AA' 


AB + AD - AA' 


AB - AD - .\A’ 


-AB + AD - AA' 


HI): dung binh phirong v6 hirong 

13. Tir dien ABCD. dim quy U'eh cac diem M: 


a) MA + MB = k MC 


b) IMA + MBI = IMC + MDI 


l)S: gqi I, J la Irung diem eua AB, CD 

a) dirong lhang IC 

b) mal phang Irung Irirc cua IJ. 

14. Gia sir a, b, c khong dong phang. 

Cac veelo a - 2b, 31)- c, 2c - 3a co dong phang khong? 

_j j* 




l)S:^ddng phang 


1 

■ t 
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15. C 'ho tir clicn AB('!) \ a M. N sao cho: MA = —IM15; NI) - - 1 N(’. 

I<a cliC’ni 1. .1. K Ian luoi chia doan AI). MN, BC' cung ihco li so k. 
C’hiVng niinh I..(. K ihang hang. 

16. C'ho lir dicn Ali('I). Lay M. N. \\ Q IrC-n A15, I5C, CD, DA sao cho 


— • 


1 




1 


AM = - AH; I5N = -15(’; Ai} = - AI); DP = kDC. 
3 3 2 


l ini k de P, Q, M, N dong phang. 

DS: k = - 

2 

17. I’lr dicn AF5CD. ('ac diam A’, B'. (", D' chia doan AB, BC', C'D, DA 

• ^ • 

ciinu ti so k. 




a) Chirag minh ton lai diem O de; OA + OB' + OC f OD = OA f OB i (X' \ 01) 

b) d im k de A’, B'. C", D' dong phang. 

DS: b)k = -l 

18. d'rc’n canh AB, BC, CD, DA cua tir dien ABCD lay A', B’, C", D' sao 
clio: MA + MB + MC + MD = MA' + MB' + MC + MD' vcVi M nao do. 


Chi'rng minh: 


AA' BB' CC DD’ 


A'B B'C C'D D'A 


19. Cho hinh chop S.ABC. Lay A’,B’,C’ Iren SA, SB, SC sao cho 

SA = 3SA’, SB = r)SB’, SC = cSC’. Chirng minh (A'B’C’) di qua Irong 
lam G lam giac ABC khi va chi khi c = 5. 

^ \ f 

11D: dung dieu kien dong phang 

20. Cho hinh hop ABCD.A'B'C'D’. Goi M, N la Irung diem AB,A’D\ 

a) Xac djnh giao diem P,Q cua dudng thang B’C’, DB’ vai (CMN). 

b) linh AP,A(^ Ihco AA' = a; AB = b; AD = c . 

21. Cho hinh lang tru ABC.A'B'C. Lay A|, B,, Ci Iren AA’, BB’, CC’ sao 

cho .^ = lilSl. = . Uy I. J tren CA,, A’B, sao cho IJ song 

AA' BB' CC' 4 


song B’C|. I'inh ti so IJ / B’C. 
DS:IJ/B’C= 1/3 
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§2. HAI DUtJNG THANG VUONG GOC 


A.KIEN THUCCOBAN 



B. PHAN DANG TOAN 

DANG 1; CHUNG MINH VUCNG GOC 


- De chung minh hai duang thang AB va CD vuong goc la chirng minh 


AB . CD = 0 hay cos( AB , CD ) = 0. 

- N^u u va V Ian lugt la cac vecta chi phucmg cua hai duang thang a va 
b thi a _L b <=> u . V = 0. 

- Neu a // b va c vuong goc vai mot Irong hai duang thang do ihi e vuong 
goc vdi dudng thang con lai. , 

Vi du 1 : Cho hinh tu dien ABCD. Chirng minh rang ncu 

AB.AC = AC.AD = AD.AB thi AB 1 CD , AC 1 BD , AD I BC. DiCii 


ngugc lai c6 dung khong? 


C -% • ^ m 

iiai 


Ta c6; AB.AC = AC.AD o AC.( AB - AD) = 0 

oAC.m5 = 0 <=>AC1B1). 


Tuang tu , AC.AD = AD.AB c:> AD 1 BC; 

AD.AB = AB.AC o AB 1 CD. 

Nhu vay dieu ngugc lai cung dung. 

Vi du 2 : Cho tu dien ABCD. Chung minh rang AB vuong goc vdi Cd) khi 
chi khi AC-" + BD'^ = AD' + BC'. 


\'a 


(lai 


Ta cd: AC' + BD' = AD' + BC' 


-.2 


,2 


2 


<=> AC - AD = BC - BD 


(AC + AD)(AC - AD) = (BC f BD)(BC - BD) 


(AC f AD)DC = (B1) I BC)DC 


o DC(AC f AD-BD-1K:) = 0 

^ _ _ 

^ + CB + Ar) + DB) = 0 






























































l)(;(2AB) = ()<--> AH.(’I) = ()<^ AB ! C'l) 
du 3: C’lu) liinli chop S.AiK' c6 SA “ Sli “ SC' va 
ASli = lTS(' = i^A . C'lu'rng minh rring SA .1 BC’ , SI5 i A(\ SC .1 AB. 

( i • • 

)iai 


l a cluing minh SA.BC = 0 . 

That vav: SA.BC’ = SA(S(' - M) = .^.SC - 

- SA.SC'cos.ASC’ - SA.SBcos ASB 
Vi SA = SB = SC' va A^^ = ASC 


s 


nCMi SA.BC' = 0 tire la SA 1 BC. 

1 lumii tir ta c6 SB T AC', SC T AB 



c 


B 


Vi dii4: C'ho tir diC-n ABC'D c6 AB = AC = AD = a va BAC = 60“, BAD = 60 


U 


Chi'rng minh rang : 

a) ABICD. 

b) Ncu 1 v a J Ian lirirt la Imng diem cua AB va CD thi IJ T AB va IJ T 

• o • 

iiai 


CD. 




a) I'a CO AB.CD = AB(CA t AD) 


= AB.AD - AB.AC 


AB 


AD 


cos BAD - 


AB 


AC 


cos BAC 


B 


Do AU = AC = AD . BAC= BAD nen 

/Ui.CD = 0 , tire la AB 1 CD 
b) Vi I va J Ian lirgt la trung diem cua AB va CD nen 



D 


1 


1 


IJ = f (AD + BC) = f (AD + AC - AB) 
1 


AB.IJ = -(AB.AD + AB.AC - AB.AB) 

2 


2 
1 ^ 
2 
I 








AB 


AD 


cos60° + 


AB 


AC 


cos 60° - AB 


■>2 A 




1 


2 


1 


\ 


— a + —a -a 


2 


2 


y 


= 0 => AB 1 IJ 


CD.IJ = -(CA + AD).(AD + BA + AC) 

2 


2 




1 


^2 


-AC.AD + AD + CA.BA + AD.BA - AC + AD.AC 




J 


1 



= -- AB.(CA + AD) = -- AB.CD = 0 => CD 1 IJ 
.^2 2 


* t • 
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Vi tiu 5 : Cho hinh Hr dicn ABCD, Irong do AB 1 A(', Afi 1 BI). (ioi P va () 
la cac diem Ian lirot thuoc cac dirdng thang AB \a C’l) sao eho 

I’A = kPIi ; Q(^ = kQI) (k 1) . Chirng niinh rang AB va PQ \ iidng goc 
vdi nhau. 

G * • 

lai 


I'a CO PQ = PA + AC + CQ 


va P(^ = PB f BI) + DQ =:> kPQ = kPB + kBD + kDQ nen: 


(1 - k)I'(^ = PA - kPB + AC - kPD + CQ - kI)Q = AC - kBI) 


Do do (1 - k)P(J.AB = AC.AB - kBD.AB = 0 (vi AB 1 AC, AB 1 BD). 


— ♦ 


Ma k 1 nen PQ.AB = 0 AB 1 PQ . 


Vi du 6: Cho lir dien ABCD. Goi M, N, P, Q Ian lirgt la trung die’m ei’ia eae 
doan AC, BD, BC, AD. Chirng minh neu MN = PQ Ihi AB _L C’D. 

■lai 

Ta eo MP, QN la cac dirdng tmng hinh cua 
tarn giac ACB, ADB nen c6 MP // = QN, do 
do MPNQ la hinh hinh hanh. Ma MN = PQ 
nen co hai dirdng cheo bang nhau, do do 

MPNQ la hinh chir nhat, suy ra MP X MQ ^ ^ ^ i) 

AB 1 CD. 



Cach khac: Chon he co sd: AB = b, AC = c, AD = d . Roi chirng minh 
AB.^ = 0 

Vi du 7; Cho hinh lap phirang ABCD.A'B'C'D' cd canh bang a, I reii cac 
canh DC va BB' ta Ian lirgt lay cac diem M va N sao cho DM = liN - \ 
vdi 0 < X < a. Chirng minh rang hai dirdng thang AC va MN \ udng gdc 
vdi nhau. 

, A f, M 


Giai 


Dat AA' = a, AB = b, AD = c . 


13 


c /r- 

I \ 

I \ 


M 


X 


X 


thi BN=-.a va DM=-.b. 

a a 


Ta CO AC = AA' + AB + AD = a + b + c 


T—^ 


• I 

a' 


A 


I 
I 

11 


I \ 


I 



N 

IV 


»I 


Ma MN = AN - AM = (AB + BN) - (AD + DM) 


I)' 


Do do MN = 



X 

h + -a 


C X p) 

c + — b 

X 

= — a -h 

/ 

1- 

X ^ 


1 a j 


1 a ) 

a 


a J 


h-c 


Taco; AC’.MN = 










X 




X 

( 

X ^ 

a f h + c). 

— a 

1- 

b - c 

= — a -1 

1 -- 


a 

V 

a J 


a 


a J 


IT - 




(• 


/ 
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= x.a -h 


1 - 


V 


X 


a 




/ 


9 9 

a*^ - a 


- -0=> AC^MMN. 









































































\ I (III 8 : ('ho til dicn AlU'l). goi P. (^) Ian lirol la trung diC*m ciia Ali \ a ('!). 
C'hirng iiiinh rang ncii P(d i AH \a 1 C'l) ihi AC - lil) va Al) -- IK’, 
ngjrac lai ncu AC ~ HI) \a Al) ” IK' ihi PQ 1 AH va P(^ 1 ('!). 

iiai 


- ♦ 


Dal DA = a. Die-1), I )(' = (• ihi 


A 


IK^ = (• - h,(’A = a - c, AH = h - a 


va P(i I^A f Al) f I)(i 


a - 1) (• (• - a - b 

- a + — = - 

2 2 2 


l a c6 AC = IK) o 


c - a 


I) 


<::> (C - a)" = 



I) 


c=> 1) - (c - a)“ = 0 o (a + b - c)(-a + b + c) = 0 


o P(^.(-a + I) + c) = 0 


l irang tir AD = HC <=> 


a 


c-b 


o a = (c - b) 


O P(^.(a - b + c) = 0 


Do do: 


AC = IK) 
AD = HC 




P(|(-afb + c) = 0 


PQ.(a - b 4 c) = 0 




PQ. 


^ ^ —V r w w 

(-a + b + c) + (a - b f c) 
(-a + b 4 c) - (a - b f c) 


= 0 


= 0 


C:> < 


vq.c = 0 I PQ 1 CD 

PQ(r)-a) = 0 [HQ-LAB 


Vi dll 9 : Cho tu dien deu ABCD c6 tat ca cac canh bang nhau. Gpi M va N 
Ian lirat la trung diem cua AH va CD. Lay cac diem I; J, K Ian luat thupc 

cac dirong thang BC, AC, AD sao cho IB = kIC, JA = kJC, KA = kKI) 


f 

trong do k la so cho triroc. 

a) Chimg minh rang MN J. IJ va MN ± JK. 

b) C’hirng minh rang AB 1 CD. 

Giai 


A 


a) Tir IB = kIC, JA = kJC 

Ta CO IJ // AB. 

Turong tir, ta co JK // CD. 

Do cac c^nh cua tu dien ABCD 
bang nhau va N la trung diem cua 

= NB. 





. 


• 4 
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Mat khac MA = MB. 

Vay MN 1 AB, lir do MN 1 IJ. 

TiroTig tir nhir trcMi, ta c6 MN 1 CD va JK // (d) ncn MN 1 JK 
b) Ta c6 AB = AN + mi 


I'lr gia Ihiet, la c6:AN _L CD nen AN.CD = 0 
va BN 1 CD nen = 0 


Vay Ali.CD = (AN + NB).CI) = 0 nen AB 1 CD . 

Vi du 10 : Cho vccta n khac 0 va hai vecta a,b khbng ciing ihr.rong. 




Chirng minh rang neii vecta n vuong goc vai ca hai vecta a,b tlhi ha 

vecta n , a , b khong dong phang. 

iiai 

Gia sir n, a, b dong phang, vi a,b khong cung phirong nen tta c6 

n = xa + yh, tu do n.n = (xa + yb).n = xa.n f yh.n = 0 , dieu niy nuui 

ihuan vai n ^ 0 . 

Vay n , a , h khong dong phang. 


^ ¥ 


— » 


Vi du 11 : Chirng minh rang ba vecta cung vuong goc vai vecta n * (0 ihi 

\ f 

dong phang. I'lr do suy ra cac dirong thang cung vuong goc \6fi mol 
dirong tiiang thi cung song song vai mol mat phang. 

jiai 

Goi ba vecta cung vuong goc vai n la a, h, c thi a.n = h.n = c.n = ()> 

Neu a va h la hai vecta cung phirong thi a, h, c dong phang. 

Neu a va h la hai vecta khong cung phircrng, theo vi du l-ein thi 


__ ♦ 


a, b, n la ba vecta khong dong phang. Do do c = xa \ yh f aa iic*n 
c.n = xa.n + yh.n + zn , suy ra zn =0 hay z = 0, tire la c = xa+ yh . 


Vay cac vecta a, h, c dong phang. 

— ♦ — 4 — ♦ \ •» ^ f 

Cach khac: Gia sir a, h, c khong dong phang thi ton tai 3 so x, y, z lao) cho 
n = xa 4 yh i zc 

=> n = x.a.n + y.h.n + z.c.n = 0 => n = 6 ; Vo ly 

Kel qua: Neu ba dirong thang di, d 2 , d 3 cung vuong goc veVi mpldiirong 
*» / ^ 
thang thi do kel qua neu tren, ta c6 ba vecta chi phirong ciia ba diuong 

y \ f t 

thang d], d 2 , d 3 dong phang tire la ba dirong thang di. d 2 , d? cung ;song 
song vai mot mat phang. 
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Vi dll 12 : (’ho luii tiuong lliang a. b phiin bict va kbong song song. C'birng 

I 

inir.b bai dirong ibang pban bict cung viiong goc vcVi ca a va b ibi song 

st)ni \ oi nbaii. 

% 

( ^ • • 

iiai 

» 

(ipi A|, At la bai duong ibang pban bict cung vuong goc vcVi ca a \'a b. 
(ipi ui , 112 la vcclo cbi pbirong cua Ai. .A2 va a, b la vccla chi pbircrng 
ciiaa, b 


-4 


I be) VI du tren tbi ni, a, b khbng dong phang do do ton lai .1 so x, y, / 


-4 


dc; a._. = x.n, 1 y.a a z.b ^ 11.2 - x.n, = y.a 1 z.b 


MCI (iig - x.n, - (y.a + z.b)(n2 - x.n,) = 0 => 112 = x.n. 


dpcm 


DANG 2: TINH GOC GIQA 2 DUONG THANG 





4 t 

Goc giua bai dirong thang trong khong gian la goc giOra hai duong thang 

*1 / \ ** ^ 

cung di qua mot diem bat ki Ian lugt song song duong th^g do. 

Chi y: 

- Dc xac dinh goc giua hai duong thang 

AI vu , ta CO the lay diem 0 noi tren thuoc 

mot treng hai duong thang do. - 

•> - , r' 

- Goc giua hai duong thang khong vugt 

qud 90^ ' ^ ' ‘ ^ 

- Neil u, ,U 2 Ian lugt la vecto chi phuomg cua cac duong thang Ai, A 2 va 

(u', ,U 2 * ~ ot thi goc giua hai duongAh^g Ai va A 2 bang a neu a < 90° va 

bang U0° - a neu a > 90°. '. ^" 

- Xic dinh goc giua hai vecto u va v bang cos (u, v) theo cong thuc : 





r% 

u 


os(u,v) = 


u.v 


-♦ 



u 

• 

V 


. DSt biet u. V = 0 thi u ± v 


#‘l' 


‘f'i 


‘•t 


- Do dai cua doan thang AB: AB = 


AB 


Ja^ 


> - 

t: 

V 

■ 

- f 

- • 

, i , ♦ 


r 


- 

•** - ■* “ 

i 


V 


' ■ O' A 




• t 


b 2 z 

+ c -a 
2bc 


2 


- Dhh ly cosin cho tarn giac ABC: cosA =, 


-Tim giac ABC c6 trung tuyen AM: AB^ + AC^ = 2AM^ + 


BC^ 

2 


f w 

- Si' dung quan he song song va tinh chat giag tuyeii song song. 
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Vi dll I : Cho hinh chop S.ABC c6 SA = SB == SC = AB A(’ - a xix 

= a \/2 . Ti'nli g(>c giira hai dirong I hang Ali va S(\ 

jiai 


fa CO tani giac ABC v uong tai A nen AC.AB = 0 \ a lam giac SAB Jcii. 
SCIaB = (SA + AC).AB = SA.AB + AC.AB 


SA 


AB 


.cos 120° = - 


a 


2 


a 


cos(SC,AB) = 


SC.AB 


2 


SC 


AB 


a 


2 



H 


Cach khac: Goi M, N, P Ian lirgt la trung diem SA, SB, AC. l)c li'nh goc 
giira hai dirong thang SC va AB, la can tinh NMP . 

o 

Ta CO NB = MP = - , SP‘^ = — 

2 4 4 


, Bp2 = 


Tam giac BPS : BP^ + SP^ = 2NP2 + 


SB 


2 


NI^- = 


4 


Ma NP2 = NM^ + MP2 - 2MN.MPcos NMP 

2 


cos NMP =- 


2 . 


a 

a a 2 


NMP = 120 


(SC, AB) =60° 


2 2 


Vi du 2; Cho tir dien ABCD c6 BC = AD = a , AC = BD = b, AB = CD c. 
Ti'nh cac goc a la goc giira BC va AD; p la goc giira AC va BD: y la goc 

' ' T ") 2 

giua AB va CD. Chimg minh rang trong ba so hang a^cosix , b“cos|l, c cosy 

f y ^ f 

CO mot so hang bang tong hai so hang con lai. 

iiai 


Ta c6: BC.DA = BC(BA - BD) = BC.BA - BC.BI) 


= -(BC=^ + BA‘^ -CA2)--(BC=^ +BD2 -CI)^) 
2 2 

2c^ - 2b^ - b“ 


Nen: cos(BC, DA) = 


2a 


2 


a 


2 


Vay neu goc giira BC va AD bang a thi: 



1 ) 


cos a = 


9 1 

c“ -1)“' 


c 


a 


2 


hay a“ cos a = 


c“-b 


2 


Tirong tir nhir trcn, ncu ggi (1 la goc giira AC \a BD thi: 


/T 
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(‘()S (i = 


•; 


(‘osy - 


a -(* 


Ir 

Ir -;i 


(• 


> h" cos - 


a - c 


va y la goc gifra Ali \’a (’I) ihi 


> c cosy = 


1 •' 

1) - a' 


V(Vi a. b, c la do dai cua IK'. C'A. AH. ta c6 ihc xct a > b > c ihi 


V 


a c()S(/ = 


c- -Ir ; lrcosp = 


) 


a ~ c 


2 


; c cosy = 


1 *) •) 
-a“ 


Vi 


1 ir do. irong Inrong iigp nay la c6 b cosp - a 'cosa + c“cosy 
dll Cho hinh lap phmyng AliCD.A'H'C'D'. d inh goc giira hai dirang 
thang AC va DA' ’ HD \ a AC. 

Ciai ^ I) 

Ggi canh hinh lap phiicrng la x. 


(• 


-4 


-4 


I)al Ali = a , AI) = b , AA ' = c 


l a CO AC = AH t AI) = a + 1) 


I)A' = AA'-Al) = c-b 


cos( A(^, DA') = 


AC.DA’ (a + b).(c- 



-yc 


AC 


DA' 


AC.DA* 


a.c - a.b f b.c - b -x 


2 


1 


x.\/2.X\/2 


= -^ = -A =^>(AC,DA*) = 120" 
2x- 2 


Vay goc giira hai dirong thang AC va DA* bang 60“ 


AA 


AA 


2 


= b.a a b a b.c - a - a.b - a.c 

= 0 a x^ + 0 — x^ + 0 - 0 = 0 

Vay HD 1 AC nen goc gifra hai dircrng thang BD va AC bang 90“. 

Vi du 4 : Cho lif dicn AliCD trong do AH ± AC, AB ± BD. Goi P va Q Ian 
lirot la trung diem cua AB va CD. Finh goc giiia 2 dirang thang AB va 

PQ. 

Giai 


d'a co: PQ = PA f AC a CQ va PQ = PB a BD a DQ 
r=> 2PQ = AC a HD 


2PQ.AH = AC.AB a BD.AB = 0 

Vay PQ X AB nen goc cua 2 duang thang bang 90° . 

Vi du 5 : Cho tir dicn deu ABCD canh a. Goi M la trung diem CD. Tinh goc 
giira hai dirbng thang AB va CD, BC va AM. 


• • • 
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iiai 


I'a c6: = AH.(AI) - AC) = AB.AD - Aii.AC 


= a.a. cos 60 - a.a. cos 60 = 0 
AB _L CD nen goc cua AF^ va CD bang 90° . 
I'a c6: ’’ 

1 


BC.AM = (AC - AB).-(AC + AD) 

2 



I) 


1 


2 


= -(AC + ACAD - ABAC - AB.AD) 

2 

= —(a" + a.a.cos60° - a.a.cos60" - a.a.cosOO") 
2 


a 


I 


ma BC = a, AM = 


aVs 


2 


nen cosCBC'!,AM) = 


BC.AM 


1 


BC.AM 2y/3 


Vay goc giira BC va AM la goc nhpn a c6 cosa = 


1 


2 ^/ 3 ' 


\ 

Vi du 6: Cho Fiai tarn uiac can ABC va DI^C c6 chunu canh dav I^C \ a nain 
trong Fiai mat pFiang kliac nhau. 

a) Cliung minli rang AD ± CB. 

f % 1 

b) Goi M va N la cac diem Ian lirgt thuoc cac duong thang Ali va DB sao 
clio MA = kMB,ND = IvNB . Tinh goc giira hai duong thang MN va 


BC. 


Giai 


a) Goi I la trung diem ciia BC thi A1 X BC, DI X BC. 
Ta c6 AD = AI + ID 


nen BC.AD = BC.(AI + ID) 


= BC.A1 + BC.ID = 0 


Vay BC X AD 



I) 


b) Tugiathiet MA = kMB,ND = kNB nen MN // AD. 

Vay goc giira duong thang MN va BC bang goc giira duong thang AD \'a 
BC. Theo can a) thi AD vuong goc voi BC, nen goc giira MN va BC 


bang 90°. 


4 


Vi dll 7: Cho tir dien ABCD c6 CD = — AB. Goi I, J, K Ian lupi la trung 

o 


diem ciia BC, AC, BD. Cho biet .IK = 


0 




— AB, tinh goc giua duong thang 
6 


yoXea£ duong thang IJ va AB 



















































Tiico I.l = J-AB , IK = -(']) = - An 

'Z 2 


*) 
i ) 


IJ’ ^ IK' = + - Ali^ = —An~ 

1 9 :U) 

nii JK^ = — AB“ nen tarn uiac UK vuong tai I 

ot) 



_ 


I) 


C 


Vjy Ji 1 IK. Uo iJ // AB, IK // CD non goc gifra AB va CD b^ng 90°. 


Mil khac I.l // AB ma AB 1 CD ncn IJ L CD. 

Viy goc gifla IJ va CD bang 90°. 

Vi du X: Cho lir dicn ABCD. Cioi I, J, H. Iv Ian lirgt la trung diem ciia BC, 

f 

Ac. AD, BD. Hay linh gc)c giira dirdng thang AB vai CD trong cac 
Ircdng hop sau; 

alUHK la hinh ihoi c6 dirong cheo IH bang \/3 IJ. 
b)IJlIK la hinh chfr nhal. 



Giai 

1 ^ 

Gic giira dirong thang AB va CD bang goc 
giira dirong thang IJ va IK, do la goc JIK 
hjy 180° - JIK . 

Vi IJHK la hinh thoi ma IH = \/3 IJ, 
rcn JK" + I1C = 4IJ2 
='JK" + 3IJ' = 4IJ^ 



n'JK- = IJ'MiayJK = IJ 

Ncn JIK la tarn giac dcu, do do JIK = 60°. 

\ay goc giira AB va C,’D trong Irirong hop nay bang 60°. 

b) Klii IJIIK la hinh chir nhat thi JIK = 90°. Do do, goc giiia AB va CD 
bing 90°. 

Vi di 9: Cho hinh chop S.ABCD c6 day ABCD la hinh thoi, c^h ben SA = AB 
vi SA vuong goc voi BC. 

a) Tinh goc gifra cac dirong thang SD va BC. 

I) Goi I, .1 Ian lirot la cac diem thuoc SB va SD sao cho 
'• • • 

I,b,/4BD; Chirng minh rang goc gifra AC va IJ khong phii thuoc vao vj 


* • 


L tri cua I vii .1. 


't 


A* ^ ^ 
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( 


viai 


a) Vi BC // AI) ncn gck giira SI3 \a BC bang goc 
giira SD va AD. I’lr gia thicl ta c6 SA _L FK' 
nen SA X Al). Mat khac SA bang canh cua 

hinh ihoi ABCD, nen SI)A= 45° la goc phai 

tim va goc SDA = 45°. 

Vay goc giCra BC va SD bang 45°. 

b) Do ABCD la hinh Ihoi ncn AC X BD. 

Mat khac IJ // BD ncn AC X IJ. 

Vay gc)c giira IJ va AC bang 90° 
khong doi, khong phii thuoc vao 
\ i tri I va J. 



0 


I—■ 


DANG 3: tOAN TONG.HOP 






Vi du 1 : Cho hinh hop thoi ABCD.A'B'C'D' c6 tat ca cac canh bang a v 


ABC = B'BA = B’BC = 60° 

a) Chirng minh AC X B'D'. 

b) TInh dien ti'ch tir giac A'B'CD. 



Giai 

a) Ta CO AC // A’C , A'C X B'D’ 

(do A'B'CD' la hinh thoi) nen AC X B'D'. 

b) Ta CO A'B'CD la hinh hinh hanh, ngoai ra 

B'C = a = CD ncn A'B'CD la hinh thoi, hon nira 

_ _ ^ _ ___ _ _^ ^ _ 2 2 

Clf'.CD = (CB + BBTBA = CB.BA + BB'.BA = + — = 0 

2 2 

ncn CB' X CD, do do A'B'CD la hinh vuong canh a. 

Vay dien tich hinh vuong A'B'CD la a^. 

Vi du 2: Cho tir dien ABCD c6 hai mat ABC^ va ABD la hai tarn uiac dcu. 

a) Chirng minh rang AB va CD vuong goc vdi nhau. 

b) Goi M, N, P, Q Ian lugt la trung diem cua cac canh AC, BC, BD. DA. 
Chirng minh rang tir giac MNPQ la hinh chfr nhat. 

xiai 

a) Goi canh hai tarn giac dcu la a. 


c 


I'a c6; CD.AB = (AD - AC).AB = ,AD.AB - AC. 


2 




Vay'ClXX-AB. 
206- 



I) 




























b) Ta CO MN // l>() // Ali \a MN = l‘() - 


Ali 


nC'n lir giac MN'PQ la liinh binli hanh. 

\'i MN // Al^ \ a Nl’ // C'l) nia A15 1 C'l) ncn hinh binh hanh MNI’Q la 
hinh chi'r nhal. 

Vi cin 3: Cho ha diC'in A, B, C ihang hang va mot duong thang A. A', 15', C” 
la nhfrng diem lien A sao eho AA'. 1515' CC' deii vuong goc vai A. Chimg 

AB A'15 


niinh ranu — = -- khi BC’ Rhone viibng gcic A. 

‘ B(' i5’(’' ^ 


fiai 




Vi A. 15, C thane hang nen ; AB = kl5C 




A', 15', ('' efine thane hane nen A'15' - k'B'C 

(ioi V 0 la mol veelcr chi phirong cua A thi: 





-♦ — ♦ 


AA'.v = BB '.V = (X" '.V = 0 


Pu A'B' = k'B'C la SUV ra 


— 4 


-♦ —4 


(A'A f AB t BB')v = k(B'B + BC + CC')v hay AB.v = k'BCv 


— ♦ -4 


-♦ — 


Vi AB = kBC nen tir do suy ra kBC.v - k'I5C.v 


da CO BC.VTtO (BC khong vuong gck vai A) ncn k = k', hay la 
AB A’B’ 

BC ~ B'C ■ 

Vi (Iu 4: Cho lu dien AF5CD. Lay cac diem M va N Ian lurgt thupc cac dirang 




- —^ 


thang BC va AD sao cho MI5 = kMC va NA = kND vai k la so thirc cho 

, - - - » 

trirac. Dat a la goc giira cac vecta MN va BA ; p la goc giira cac vccla 
MN va CT) . rim moi lien he giira AB va CD dc a = p = 45°. 

iiai 


Vc MB // AB thi NB // CD. Tu do, goc giira MN va BA bang goc giira 


- 4 


MN va MB, do la goc PMN. Goc giira MN va CD bang goc giira 
MN va I^N, do la goc BNM. 

Vay hai goc Iren bang nhau va bang 45° khi va chi khi a 

MB = NB va MPN =90°. 

(X^ AP 

I'lr do. SUV ra — .AB = — .CD va AB 1 CD 


CA 


AC 


Mac khac, la c6 PA = kP(^ 


: 

!r » 


AP 

PC 


k 





- -> 

: f ‘ • • ••• 



1) 


• • 


• « * 
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Vay gifra AB va CD c6 moi lien he — 


Mi 


I) 


k va AB 1 C^D thi me iiiiim 

CT 


hai vecta MN vtVi BA bang goc giira hai vecla MN vtVi Cl) m cung 
bang 45°. 

Vi du 5: Che hinh hop ABCD.A'B'C'D' c6 cac canh bang a, liAl) 60". 
BAA'BAA' = i3AA' = 120°. 

a) Tinh goc gifra cac cap dirang thang AB vai A'D va AC voi B'l). 

b) Tinh dien lich cac hinh A'B'CD va ACC'A'. 

c) Tinh goc giira duang lhang AC va cac dirang lhang AB, AD, A/'. 

>iai 


•2 


Chon CO SO AB = X, AD = y, AA' = z ihi x =y =z =a 


•> 


x.y = 


a 


2 


A 


y.z = 


a 


2 


a 


2 


x.z = - 


2 


a) Vi AB // A'B' nen goc giira AB va A'D 



bang goc A'B' va A'D, do la goc DA'B' 
hay 180° - DAD'. 

Dat i5aD' = a. Ta c6 DB'^ = A'D^ + A'B'^ - 2AT).A'B’.coscx 
Vai A'D = a^/3, A'B' = a 

2 


DB' = x-y + z=> I)B' =3a^ -a^ -a^ +a*' = 2a- 


nen 2a^ = a^ + 3a‘^ - 2a.a V3 cosa => cosa = 


1 


Vay goc giira A'D va AB bang a ma cosa 


s 

1 


S' 


AC' = x + y + z=> AC =3a^+a -a^-a^ =2a'' 

Ta CO AFi' = a va ADC'B' la hinh binh hanh ma AD = Ali' , AC = Bi'l) 
do do ADC'B' la hinh vuong nen AC 1 B'l), tire la goc giira A('' vi Bi'l) 

bang 90°. 


b) Sa'h’ci) = A'D.A'B'sin DA'li = a \/3.a. 
Vay dien tich Sa'b'cd = a“ \/2 




3 


1 
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Dal ACav = (i thi AC'^ = AC + CX:" - 2A(\(X” cosfi 
hay'^^^.j3''3a“ + a^ - 2a \/3.a.cos(3 































=■> cosj^ - => siiil^ = 


■fc. 


t ) 


V'ay Jicii ti'cli Sacc-a' ^ A('.C'C''sinfi -- iiJ'A.n. 
c) l a CO A('' - X I V '/ nC'n 




3 


= a' 


♦ -- 


♦ — ♦ 


A/^iiAV\ y 

A(y .AH = (x ( V 4 /,)x = a" f -= a“ 

9 9 


a 


hv 


IV 


A( 


1 f 


AW 




cosy = a 


cosy 


1 


72 


y = 45° 


V ay g(Sc giira AB va A('' bang 45°. 


-♦- 


» • 


A('".AI) = (x f V 4 z)v = — + a' - 


hi 


iV 


AC” 


AI) 


C()S(p = a 


2 


coscp 


9 


= a 


1 




cp = 45 


V ay goc giira Al) va AC bang 45°. 






AC'. AA' = (X 4- y + z)z = - 


a 


a 


2 2 


+ a- = 0 


Vay goc giira AC va AA' bang 90°. 

Vi dll 6: Cho tir dicn ABCD trong do goc giira hai dirong thang AB va CD 
biang (x. Goi M la dicMii bal ki thuoc canh AC, dat AM = x (0 < x < AC). 
XcH mal phang (P) di qua diem M va song song vai AB, CD. 

a) Xac dinh vi in' diem M de dien tich ihiet dien cua hinh lir dien ABCD 

'' • • • • • 

/ f 

khi cat boi mp(P) dat gia trj Ion nhat. 

b) Chirng minh rang chu vi thiet dien neu tren khong phu thuoc vao x khi 
vachikhi AB = CD. 

Giai 

a) Thiet dien la hinh binh hanh MNQR. 

Smnqr = NM.NQ.sin®Q 

D'o MN // AB, NQ // CD nen goc giua 
MN va NQ bang goc giua AB va CD nen 


A 


sin MN(J = sina. 


Ta CO 


NQ= MR, 


MN _ AC-x 

AB " AC 
MR AM 


nen Smn()p = 


CD AC AC 
AB.CD 


MN = — (AC-x) 
AC 

X CD 

MR = - X 

AC 



D 


1 





— (AC - x)x.sina < — AB.CD.sina 
AC" 4 


• • 


• • • 
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1 ir do Smnor max o AC - x = x <=> x = 


A(^ 

9 


Vay khi M la triing diem ciia AC thi dicn tieh ihicl dicn cua AlU'l) era 
beVi (P) dat gia ti j Ion nhal. 

b) Goi P la nira chu vi Ihiet dicn, khi do 

MM . N40 N CI)-AB 

p = MN I MR =- (AC - x) +- X =- X t AH 

AC AC AC 

I'u do, chu vi thicl dicn khong phu ihuoc vao x khi vii chi khi C'l) - AH - 0 
hay AH = Cl). 

Vi du 7; Cho hinh chop S.ABCD co day ABCD la hinh binh hanh, Al) - :AB. 
mat ben (SAI^) la tarn giac vuong tai A. Voi diC'm M bat ki Ihupc canh 

AD (M khac A va D), xcl mat phang (a) di qua diem M va .song song \6i 
SA, CD. 

a) Thiet dicn cua hinh chop S.ABCD khi cat boi mp(a) la hinh gi? 

b) Ti'nh dicn tieh thiet dicn iheo a va b, bict AB = a, SA b, \a 
MA = 2MD. 

siai 

a) Thiel dicn la MNPQ Irong do MN // QP // CD , MQ // SA. 


b) 


Do SA 1 AB , AB // MN , MQ // SA 
nen thiet dicn MNPQ la hinh thang 
vuong tai M va Q. 

SMNi>y=TMN H>Q).MQ 

Do MA = 2MD nen MQ = - SA = - b 

3 3 

PQ= -CD= -a,MN = a 
3 3 


s 





Vay dicn tieh Smnpq = 


\ f 2a ^ 


1 


a + 


3 


b 


5ab 


3 18 


V j 

Vi tiu 8: Cho hinh tir dicn ABCD, I va K Ian lirgt la cac trung diC’in cua AB 
va CD. 

- » - ^ ^ •* 

a) Chung minh cac vccto BC, IK, AD la dong phang. 

b) Mat phang (P) qua IK, cat BC tai E, cat AD tai h, chung minh rang 

ncu BE =aBC thi AF =aAD va BA,EF,CI) dong phang. 

c) Chirng minh ncu IK _L AB va IK _L CD thi 
IK _L El’ tai O va O la trung diem cua El’. 

jiai 

- ^ - « 

a) Chon he vccto co so : BC = a, BD = b, BA = c 


^ 4,^-. > 

‘ X* ■ 


^is 


» • m * 
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-- > I) 


X 



























--• 


-♦ 


1 


i ID) -dU’-HI t AD-AI)--(lU’ t AD) 

V o 


\':}y IK, IK', AD la dong phang 


C' 


b) Ta CO IK - ID • DH - — + aa . Dat AF = D.Al) thi 


(• 


a 


1 ) 


c 


\V = IA f AF -- 4 (Hl)-c) ; = 

9 2 2 2 

Ta chirng minh ex ~ (> 

Vi IK, IH, lb' dong phang nCm c 6 x, y sao cho : 


- 


a h c xc* 


y^‘ 


IK = X IK f V Ib' <-> — +-=- + xaa + 

2 2 2 2 2 


+ y[HI)-c) 


= xaa + y(Ib + 


\ 

y X 

- . - V I 

2 


V 




1 

X(X = — 

2 

y|! = ^ 

2 2 2 


o < 


X = y 

a = [3 

1 

xa = — 
2 


nen AF = (3.AD = aAI) 


l a c6: EF = EI3 BA + Al'^ = -aa + c + a(b - c) 




= a( b - a) + (1 - a)c = aCD + (1 - a)BA 


Vay F1F,CD,DA la dong phang. 


c) Taco: IK.EF = IK 


aCD + (l -a)BA 


= a.IK.CI) Kl-a)IK.BA = 0 
Vay IK 1 EF lai O. 

Vi 1, O, K lhang hang nen c6 so y sao cho: 10 = ylK 

_ f f 

Vi Fi, O, F lhang hang nen c6 so z sao cho: 
zIE KI-z)rF = iO = yIK 

Ma lE = -- + aa; IF = - + I3(b-0 = - + a(b-c) 

2 2 2 






nen z - 



f (l-z) 


/ 


— + a(b - c) 
2 


= Y 


a b r 
2^2 2 




/ 


/ 


c 


211 


















































/ 


Ozaa + (1 - z)ab + 




-z 1 z 
— +-a + za 

2 2 2 


A 


/ 


c = 


la+Ih-Ic 


2 


2 2 


Y 

za = — 
2 




( 1 - 


2 


<=> < 


2 


-z-a + za = — 


Y 

2 


a = Y 
1 

z = — 
2 


1 


Suy ra 10 = + IF) => O la trung diem cua EF. 

Vi du 9 : Cho hinh lap phucmg ABCD.A'B'C'D'. Cac diem M, N Ian ligt chia 
cac doan thang AD' va DB theo cung ti so k (k 0, 1). Chirng mini; 
a) MN luon luon song song voi mp(A'BCD') 

1 

« X 1%*% T / y A i \ r i a ^ 


thi MN // A'C va MN 1 AD' va MN 

2 


Giai 


D' 


C 


AA 


Theo gia thiet, ta c6: 

k 


A' 



AM 


k-1 


AD 


k 


k-1 


(a + c) 


a 


AN 


AD-kAB c-kb 


1-k 


1-k 


* C 
/ , 

- 

' / X 

/ / 


B' 


C 


A 


B 


AM 


c - kb + ka + kc 


1 


l-kL 


k(a - b) + (k + l)c 


k 


1-k 

MN 


BA' + 


1 + k 
1-k 


BC 


nen MN // (A'BCD') 


1 


1 


1 


1 


b) Khik = -- thi MN = --BA’ + -BC = -A'C 

2 3 3 3 

Va do cac duong thang MN va A'C cat mp(ABCD) tai cac dion khac 
nhau nen chiing khong trung nhau . Vay MN // A'C. 


1 


1 


MN. AD' = - A' C. AD' = - (b + c - a)(c + a) 

3 3 


1 - - - 1 ^2 ^2 
= — b(c + a) + —(c -a ) = 0 

3 3 


Tirang tuJa chimg minh dugc MN _L DB 


MN 1 AD' 























































\ \ f f % 

Vi du 10 : Mol lir dicn goi la gan dcii ncii Cck canh doi bang nhau tirng doi 


niot. 

a) VcVi ti'r dicn AFK'D, chimg to cac tinh chat sau la tirang dirang: 

(i) I ir dicn ABCD la gan deu ; 

(ii) Cac doan thang noi trung diem cac cap canh doi dien doi mot 
vuong goc \ (Vi nhau ; 

(iii) Cac trong tiiyen (doan thang noi dinh vdi trong tarn mat doi 
dien) bang nhau ; 

(iv) Tong cac goc tai moi dinh bang 180° . 

b) Chung to hinh khai trien cua tir dien gan deu ABCD tren mp(BCD) 


lam lhanh mot tarn giac nhon. 


Giai 


a) - Chung minh (i) <=> (ii) 

(loi M, N, P, Q, E, F Ian lirot la tmng diem cua AB, CD, BC, AD, AC, BD. 

A 


(i) => (ii); Do AC = BD nen MPNQ la hinh thoi, vi the 


MN -L PQ. Tuong tu ta c6 MN _L EF, PQ J_ EF. 
(ii) =^(i): MPNQ la hinh binh hanh ma MN _L PQ 
nen MPNQ la hinh thoi, tuc la MP = MQ, 
tu 16 AC = BD. 



B V - i- 


D 


Tiung tu CO BC = AD, AB = CD. 

- Chung minh (i) (iii) 

Oci A', B' Ian lugt la trong tarn cua cac tarn giac BCD va ACD. 

(i) (iii): Ta c6 ABCD = AADC (c.c.c) nen BN = AN, tu d6 A'N = B'N . 

AAA'N = ABB'N (c.g.c), suy ra AA' = BB' 

TuJng tu ta c6 dpcm. 

(iii) ^ (i): Do gia thiet ta c6 BB' = AA', ma 
AA' cat BB' tai G, AG = 3GA', BG = 3GB' 
nei BG = AG va GA' = GB'. Cac tarn giac 
BOA' va AGB' bang nhau nen BA' = AB' , 

Bh = AN . 

■ AD^ = 2AN" + — ; BC" + BD^ = 2BN^ + 



D 


2 

dodo AC2 + AD^ = BC^ + BD^. 
Tiong tu CA^ + CB^ = DA^ + DB^. 
Su/ ra AD = BC va AC = BD. 

tu ta CO AB = CD. 
inh (i) <=> (iv) 


2 
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A, 


(i) => (iv): Do sir bang nhau cua cac 
lam giac AFK\ CDA, BAD vai 
lam giac CDB nen long cac goc 

lai B bang 180°. Doi vai cac 
dinh con lai cung dirge ly luan 
lirong lir nhir Iren. 

(iv) => (i): Trai cac mal ABC, ACD, ABD len mat phang (BCD). 

Do tong cac goc tai B cung nhu tai C, tai D deu bang 180° nen cac bg ha 

t _ > 1 

diem Aj , C , A 2 ; Ag, D , A 3 ; A 3 , B , A, la nhung bg ba diem thang hang. 
Nhir vay BC, CD, BD la ba dirong trung binh cua tarn giac A 1 A 2 A 3 . 

Tir do BD = A,C = CA 2 = CA. 

Tuong tu ta c 6 AD = BC , CD = AB. 

b) Theo chung minh tren thi ta c 6 hinh khai trien cua tur dien ABCI) tren 
mat phang (BCD) la tarn giac A 1 A 2 A 3 . 

Ta chirng minh tarn giac A 1 A 2 A 3 c 6 ba goc nhgn. 

That vay, xet lam giac AA 1 A 2 c 6 AC = A|C = A 2 C nen 
AAi _L AA 2 . Tuong tu thi AAi, AA 2 , A| A 3 doi mot vuong goc. 

Taco: A,A 2 = AAf + AA 2 ; A 2 A 3 = AA 2 + AA 3 ; 

AAq + AA|^ 


2 = 


AsA; 

A1A2 + A2A3 > A,A3 ; A2A3 + A3A^ > AjAai 


A3Af + A,A^ > A2A^ 

/ 

Dung dinh ly ham so cosin cho tarn giac A 1 A 2 A 3 


dpcm 


C. BAl LUY^N TAP 


1 . 


Menh de sau dung hay sai 
a) a ± b, a J_ c => b // c 


b) a 1 b, b X c => a // c 


c) a X b,b//c=> a X c 


d) a X b=> a cat b 


2 


3 


DS: a) S b) S c) c D d) S. 

Cho tu dien deu ABCD. Ggi M trung diCmi CD, cho AM = b. 

a) Tinh goc giua AB va CD, AB va AM. 

b) Tinh khoang each tu A den trgng lam G cua lam giac BCD. 

HD: b) dung binh phuang v 6 huong 

Cho tu dien deu ABCD. Ggi M, N, P, Q, R Ian lugt la trung diem 
AB, CD, AD, BC, AC. 

Chune^h MN X RP va MN X RQ. 


cua 









4. C'ho tir clien gan dcu ABC'I) co cac cap canli doi AB = Cl) = 3, AC' = = 5. 

AD = IK' = 4. I I'nh cac goc giCra cac dirang tliang I3C' va AD. AC' \a 
BD, AB vaC’D. 




»II): cos(AB, CD) = | cos( A\yC\) )| 

T • • ' ' 

i (ai tain giac can ABC', DBC nani trong 2 mat phang kliac nliau. 




Crpi M, N thudc AB. DF3 sao cho MA = -SMB, NI) = -3NIKTinh gdc 


giCra dircrng thang MN va FK'. 

1)S: 90^^ 

C'lio hinli lap piiirang ABCD.A’B'C'D'. Goi M, N 
ciia AD, BB'. 


Ian lirgt la trung diem 


a) Chirng minh : MN ± A'C. 

b) Chirng minh cos(MN, AC") = ^213 . 

c) liy E, F thuoc B'C", CD ma B'E = CF. Tmh goc giira AE va BF. 

Hi): dung quan he vecto 

7. C'ho tu dien ABCD. Cho g(AB, CD) = g(AC, BD) = 90® . Tinh g( AD, BC). 
I)S: 90® 

8 . Cho hinh hop thoi ABCD.A'B'C'D' cac canh bang a, goc BAD = 90®, 

DAA' = 60®. Tinh g(AB, A’D), g(AC’, B’D). 

9. C 3 ho hinh lap phirong ABCD.A'B'C'D' . Goi M, N thuoc AD’, DB sao 

cho MA = kMD'; ND = kNB,k 0 . Chirng minh: 

a) MN // (A’BC) b) N 6 u MN // A’C thi MN 1 AD’, DB. 

10. Cho tir dien ABCD. Xac djnh thiet dien cat boi mp (P) song song AC va 

BD ma c 6 dien ti'ch thiet dien Ion nhat. 

• • 

HD: dung bat dang thuc Cosi 

11. Cho tir dien vuong OBCD c 6 3 canh OB, OC, OD doi mot vuong goc 
nhau. Chimg minh tarn giac BCD nhon. 

HD: dung djnh ly ham so cosin 

12. Cho 2 vecto a,F) khong cung phirong 6 tren mat phang (P). Chong minh 


neu n vuong goc chung voi a,b thi vecto n 


vuong g6c voi moi vecto 


thuoc mat phang (P) 

HD: Moi vecto u 6 tren mat phang (P) deu bieu dien theo 2 vecto a,b. 













§5. DUtfNG THANC VUCnC G6C 


Vdl MAT PHANG 


A. K|£N THUC CO BAN 


- Mot diroTig lhang gpi la vuong goc vai mot mat ph^g neu no vuong 
g6c vdi moi dudng thing nim trong mat phing do. 

- Neu dudng thang d vuong goc vdi hai dudng thang cat nhau a va b cung 
nim trong mat ph^g (P) thi dudng thang d vuong goc vdi mat phang (P). 





- Co duy nhat mot mat phang (P) di qua mot diem O cho trudc va vuong 
goc vdi mot dudng thang a cho trudc. 

- Co duy nhat mot dudng thang A di qua mot diem O cho trudc va vuong 
goc vdi mot mat phang (P) cho trudc. 

- Mat phang trung true cua doan thang la mat phang vuong goc vdi doan 
do tai trung diem. 

- Mat phang trung true cua doan thang la tap hop cac diem each deu hai 
dau mut ciia doan thang do. 

- True cua mot tarn giac la dudng thing vuong goc vdi mat phang tarn 
giac tai tarn dudng trdn ngoai tiep. 

- Tryc cua tarn giac la tap hgrp cac diem each deu 3 dinh cua tarn giac. 

- Mat phang nao vuong goc vdi mot trong hai dudng thang song song thi 
cung vuong goc vdi dudng thang con lai. ' 

- Hai dudng thang phan bipt ciing vuong goc vdi mot mat phang thi song 

song vdi nhau. i - 

- Dudng thang nao vuong goc vdi mot trong hai mat phang song song thi 

cung vuong goc vdi mat phing con lai: 

♦ ♦ 

- Hai mat phang phan biet cung vuong goc vdi mpt dudng thang thi song 
song vdi nhau. 

^ ^ ^ • % 

- Cho dudng thang a va mat phang (P) song song vdi nhau . Duemg 

thang nao vuong goc vdi (P) thi cung vuong gdc vdi a. 

- Neu mot dudng thang va mot mat phang (khong chua dudng thang do) 
cung vuong goc vdi mot dudng thang tlii chung song song vdi nhau. 

- Phep chieu song song len mat phang (P) theo phuemg vuong gdc vdi 

^ r T 

mat phang (P) goi la phep chieu vuong gdc len mat phang (P). 


/ V. 


it 
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- Pinih Ii ba dmmg vuong goc: Cho dirang thang a khong vuong goc vcVi 
m;1t phanig (P) va du^g lhang b nam trong (P). Khi do, dieu kien can va du 
de b viomg goc voi a la b vuong goc voi hinh chieu a' cua a tren (P). 

f ^ ^ 

- Nem dirang thang a vuong goc voi mat phang (P) thi ta noi rang goc 
giira diromg thang a va mat phang (P) bang 90^'. 

/ ^ y 

- Ncui dirang thang a khong \ai6ng goc voi mat phang (P) thi goc giira a 

/ y y 

va hinh c:hieu a' cua no tren (P) goi la goc giua dirang thang a va mat phang 

(P)- 





R 






B. PHAH D)ANG TOAN 



De; chung minh diroTig thang d vuong goc voi mp(a) c6 the chung 




minh: 

y r 

- d \nu6ng goc vai hai duang thang cat nhau tren (a). 

- d viuong goc vai hai canh 

- d'/d' ma d' ± mp(a). 

- d iL mp(P) ma mp(P) // mp(a). 

- i ha true cua tarn giac ABC nim tren mp(a) (nghTa la chung minh d 
chuu hii diem each deu A, B, C). 

• Pe tchung minh hai dudng thSng d va d' vuong goc, co the chung minh: 

- t. V = 0, vai u va V Ian luat la vecta chi phuomg cua d va d’. 

- goc giua chung bang 90°. 

- c s(ong song vai dudng thang A trung gian, c6n d' vuong goc vdi dudng 

t 

thSng 

<:ucmg thing nay vuong goc vdi mat phang chua dudng thirig kia. 

- ^U(dng thing nay vuong goc vdi hinh chieu cua dudng thang kia tren 

y 

mot nut jph^g. 

^ Dale biet, khi d va d' cit nhau, dua ve bai toan vuong goc phing: 2 
dudng clheo hinh thoi, trung tuyen cua tarn giac can, gdc c6 canh tuang ung 
viionggmc, djnh ly dao cua dinh ly Pitago,... 


t 
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-- ..^ 1 ) 


Vi du 1 : Chirng minh rang ncu lur dien ABCD c6 AB _L CD va AC 1 BP thi 
AD 1 BC. 

Giai 

Ha AH 1 (BCD) tai H, thi CD 1 AH ma 
CD _L AB nen CD ± mp(ABH) 

CD 1 BH. Tuang Ur vi BD 1 AC thi 
BD 1 CH. 

Do do H la true tarn ciia tarn giac BCD 
nen DH 1 BC. 

Ma AH 1 BC: nen BC 1 AD. 

Vi du 2 : Cho diem S c6 hinh chieu tren mp(P) la H. Voi diem M bat ki tren 
(P) (M khong trung H), ta goi doan thang SM la duong xicn, doan thang 
HM la hinh chieu cua dubmg xien do. Chung minh: 

^ 9 ^ 

a) Hai duong xien bang nhau khi va chi khi hai hinh chieu cua chiing bang 
nhau. 

b) Voi hai dudmg xien cho truoc, dumig xien nao dai hon thi co hinh 

9 ^ 

chieu dai horn va ngugc lai, duong xien nao c6 hinh chieu dai hon thi 
dai hon. 

Giai 

a) Vi SH 1 mp(P) => SH 1 HA, HB. 


b) 


Hai tarn giac vuong SHA, SHB c6 SH chung nen: 


SA = SB HA = HB: dpem. 

Ta CO SH^ = SA^ - HA^ = SB^ - HB^ nen: 



SA > SB o HA > HB: dpem. 


Vi du 3 : Cho hinh tu dien vuong OABC c6 ba canh OA, OB, OC dbi mot 
vuong goc. Chung minh: 

a) Tam giac ABC c6 ba goc nhon. 

b) Hinh chi4u H cua diem O tren mp(.AEC) trung voi true t^ tarn giac ABC\ 


11 1 1 
^ OH^ ~ OA^ OB^ ^ OC^ ’ 

Giai 

a) Cac tarn giac OAB, OBC, OCA vuong tai O nen: 

AB^ = OA^ + OB' 

BC^ = OB^ + OC^ ^ 

AC^ = OA^ + OC^ 

Do do BC^ < AB^ + AC^ nen goc B cua tarn giac 
ABC la goc nhon. Tuong tu thi tarn giac ABC co 
ca ba g6c deu nhon. 

f t ■ 
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h) Vi II la hinh chicu ciia diC'm 0 tren mp(ABC) ncn OH 1 (ABC). Ma 
Oa 1 (OBC') nen OA i BC do do hinh chicu AH 1 BC. Tiurng tir thi 
BIIICA. 


Vt'y H la true tarn tarn giac ABC. 

c) N(U AH ± BC tai A' ihi BC _L OA'. Vi OH la duang cao cua tarn giac 
vuKig AOA', vudng tai O va OA' la dirang cao cua lam giac vudng 
B(K', vudniz tai O ncn: 

1111 

+ 


Viv 


OH' 

1 


1 1 

-t 


OA' OA'''()A'' OB' or 


^2 


OH' OA' OB' OC 


1 1 

-h - 


1 


2 


2 


-f 


^2 


Vi ciu 4; Cho hinh chop S.ABC c6 SA ± mp(ABC) va tarn giac ABC khong 
vumg. Goi H va K Ian lirgt la true tarn cua cac tarn giac ABC va SBC. 
Chimg minh rang: 


< 3 ) MI, SK, BC dong quy. 
v:)HKlmp(SBC). 


b) SC I. mp(BHK) 


Giai 



a) Gei AA' la dirdng cao cua tarn giac 
-ABC, do SA 1 (ABC) nen SA' 1 BC. 

Vi H la true tarn tarn giac ABC, K la 
itri'c tarn tarn giac SBC nen H thupc 
AA', K thuoc SA'. Vay AH, SK, BC 
•dong quy tai A'. 

b) Do H la true tarn tarn giac ABC nen BH ± AC, 
mi BH ± SA nen BH J_ SC. Ma K la true tarn 
tan giac SBC nen BK 1 SC. Vay SC 1 (BHK). 

c) Ti cau b) ta suy ra HK 1 SC. Ma HK 1 BC do BC 1 (SAA'). 

Viy HK ± mp(SBC). 

^ *» 

Vi Hai tarn giac can ABC va DBC nam trong hai mat phang khac nhau 
ICO chung canh day BC tao nen tu dien ABCD. Goi I la trung diem cua 
•caih BC. 

:a) Chung minh BC i. AD. 

b) Goi AH la dudng cao cua tarn giac ADI. Chung minh rang AH vuong 
goc vai mat phang (BCD). 

Giai 

a) Tim giac ABC can dinh A va c6 I la 
tring diem cua BC nen AI 1 BC. 

Tvang tu tarn giac DBC can dinh D 
vi CO Lla trung diem cua BC nen 
DiXBiC. 



C 
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Ta suy ra: BC ± (AID) nen BC 1 AD. 
b) Vi BCl(AID)nenBCl AH. 

Mat khac AH .L ID nen la suy ra AH vuong goc vai mat phang (BCD). 

Vi du 6 : Tu dien OABC c6 cac canh OA = OB = OC = a va AOB = AOC = 60", 


BOC = 90^ 

a) Ti'nh do dai cac canh con lai cua tir dien. Tir do suy ra tarn giac ABC 
la tarn giac vuong. 

b) Chung minh rang OA _L BC va neu goi I, J Ian lugt la trung diem cua 
OA, BC thi IJ _L OA va IJ ± BC. Tinh doan IJ. 

Giai 

a) Cac tarn giac AOB va AOC la tarn giac deu canh a nen AB = AC = a va 
ABOC vuong can nen BC = aVS . 

BC^ = AB2 + AC^ = 2a\ 

Do do AABC vuong can tai A. 

b) Do O va A each deu B, C nen chung thuoc 
mat phang trung true (OAIJ) cua doan BC. 

Vi vay: OA 1 BC va IJ 1 BC. 

Ta c6: OJ = JA = va OA = a nen tarn 

2 

giac AOAJ vuong can tai J va IJ 1 OA; 

IJ= -OA = — 

2 2 

Vi du 7 : Cho hinh lap phuong ABCD.A'B'C’D'. 

a) Goi O, O' la tarn cua 2 day. Chung minh OO' _L mp(A'B'C'D') 

b) Chung minh duong cheo AC ± mp(A'BD). 

Giai 

a) Ta CO AA' 1 A’B’, A'D' nen:AA' 1 mp(A'B'CD’). 

Vi O, O' la 2 tarn cua 2 day nen: OO' // AA'. 

Do d6 OO' 1 mp(A'B'C'D'). 

b) Ta c6: AA' = AB = AD va 

C'A' = CB = CD = ABx/2 
nen A va C each deu 3 
dinh A', B, D, do do AC 
la true cua tarn giac A'BD. 

Vay AC 1 mp(A'BD). 


c 


o 


A 




c 


c 




jT * 

















du 8: I linh chop tarn giac S.AFK' c6 day AF^C la tarn giac vuong lai A va 

^ ** 

CO canh lien SA \'u6ng goc veVi mat phang day la (AFK'). Cioi F) la diem 
doi Nirng cua diem F^ qua Irung diem () ciia canh AC. 

Chirng minh Cl) J_ (S('A). 


viai 


s 


TacdSAKABC) 


SA 1 F)C 



Vi AC va FM) cal nhaii lai Irung diem () 
cua moi doan nen tu giac ABCF) la hinh 
binh hanh va do do AF^ // DC. 

Vi AB 1 AC nen CD 1 CA, ma CD 1 SA. 

Do do CD 1 (SCA). 

Vi Ju 9 : Cho tain giac ABC. Goi (a) la mat phang vuong goc vai duang 

y 1 ^ 

thang CA lai A va (p) la mat phang vuong goc voi duang thang CB tai B. 
Chung minh rang hai mat phang (a) va (P) cat nhau va giao tuyen d cua 

■9 

chung vuong goc voi mat phang (ABC). 

Giai 

Hai mat phang hoac trung nhau hoac song song hoac cat nhau. 

1 

- Gia su (a) va (p) trung nhau thi tu mot diem C ta dung dugc hai duang 


thang CA, CB cung vuong goc vai mot mat phang: v6 IF. 

- Gia su (a) va (p) song song thi tu CB 1 (P) 
ta suy ra CB 1 (a). Do do tu mot diem C ta 

t 

dimg dugc hai duang thang CA, CB cung 

vuong goc vai (a): v6 IF. 

/ ' 

Vay (a) va (P) cat nhau theo giao tuyen d. 

Ta c6 CA X (a), d c (a) => CA 1 d. 

CB 1 (P), d c (P) 

=> CB 1 d, do do d 1 mp(ABC). 

Vi du 10; Cho hinh vuong ABCD, H la trung diem cua AB, K la trung diem 
ciia AD. Tren dudng thSng vuong goc vdi mSt phang (ABCD) tai H lay 
mot diem S khac vai FF. Chung minh: 

a) duong thang AC vuong goc vai mp(SHK) 

b) ,ducifng thang CK vuong goc vdi dudng thang DH, SD. 













iiai: 

a) I'heo gia thiet, ta c6:SH I. (ABCD) => SH J_ AC 
Ta lai c6: AC 1 BD, HK // BD => AC 1 UK 

S B 



C 


C 



b) Goi I la giao diem cua DH va CK. 


Ta c6: AHAD = AKDC 


AHD = DKC=:>CID = lv 


CK ± DH., mat khac, vi SH 1 (ABCD) nen DH la hinh chieu cua SD 
do do : CK 1 SD. 

Vi du 11 : Cho hinh lang tru ABC.A'B'C c6 day la tarn giac deu canh a, 
canh ben CC vuong goc voi day va CC = a. 

a) Goi I, M la trung diem cua BC, BB'. Chung minh A1 vuong goc voi 
BC va BC vuong goc voi AM. 

b) Goi K la diem tren doan A'B' sao cho B'K = — va .1 la trung diem cua 

4 

B'C. Chung minh AM vuong goc voi KJ. 

Giai: 

a) Tam giac deu ABC nen trung tuyen AI ± BC. 

Theo gia thiet, ta c6: CC _L (ABC). 

Do do: CC 1 AI 

Suy ra: AI 1 (BCC). Vay AI 1 BC 
Ta da c6: BC 1 AI. Mat khac, BCCB' la 
hinh vuong canh a nen BC ± CB'. IM la 
duong trung binh cua tarn giac BCB' nen 

IM // CB'. 

Tu do ta co: BC 1 IM. Ta suy ra: BC 1 (AIM). Vay: BC 1 AM. 

b) Hinh chilli AM len (A'B'C) la A'B’. Tam giac A'B’C deu nen CN 1 A'B' 
ma .IK // CN nCm .IK 1 A'B’. Vay AM 1 .IK. 

Vi dll 12: Hinh chop S.ABCD c6 day la hinh vuong ABCD tarn () va cb 
canh SA vuong goc voi mat phang (ABCD). Goi H, 1 va K Ian luol la 
hinh chieu vuong goc cua diem A tren cac canh SB, SC va SD. Chirng 
minh: 

f a) BC 1 (SAB), CD 1 (SAD) va BD 1 (SAC). 



B 
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b) Bon diem A, H. I, K dong phang va IIK ± AI. 

( i • 'f • 

iiai 

a) Vi day ABCd) la hinh vuong nen B(' _L BA, 
nia BC 1 SA do do BC 1 (SAB) 

TiFJng tu CD 1 AD \a CD -L SA nen 
CD 1 (SAD). 

Ta CO BD ± AC vi day ABCD la hinh vuong va ' 
BDlSAnenBDl(SAC). ^ 


s 



1) 


b) Be i. (SAB) ma AH cz (SAB) nen BC 1. AH va theo gia thiet SB _L AH 
la suy ra AH 1 (SBC). Vi SC c (SBC) nen AH 1 SC. 


Tirang lir AK J SC ma AI _L SC nen A, 11, 1, K nam trong mat phang di 
qua diem A va vuong goc voi SC. 


Ta CO SA 1 (ABCD) ^ SA 1 AB, SA 1 AD. 

I lai lam giac vuong SAB va SAD bang nhau vi chung c6 canh SA chung 
va AB = AD. Do do SB = SD, SH = SK nen HK // BD. 

Vi BD _L (SAC) nen HK 1 (SAC) va do do HK 1 AI. 

Vi du 13 : a) Cho tur dien ABCD c6 AB 1 CD, AC _L BD. Chung minh rang 

f _ 

AD -L BC, Vay, cac canh doi dien cua tu dien do vuong goc voi nhau. Tu 
dien nhu the goi la tu dien true tarn. 

b) Chung minh cac menh de sau day la tuong duong: 

(i) ABCD la tu dien true tarn. 

(ii) Chan duong cao cua tu dien ha tu mot dinh trung voi true tarn cua 
mat doi dien. 

(iii) AB^ + CD2 = AC^ + BD^ = AD^ + BC^ 

\ f y 

c) Chung minh rang bon duong cao cua tu dien true tarn dong quy tai 

t • ^ M. f 

mot diem. Diem do goi la true tarn cua tu dien noi tren. 

Giai 

a) Ha duong cao BBi va CC| cua tarn 
giac BCD, goi H la true tarn cua tarn 
giac do. Vi AB 1 CD, BB| 1 CD nen 
CD 1 AH. Tuong tu BD 1 AH. 

Do do AH 1 BC ma DH 1 BC. 


Do do BC 1 AD. 



D 


b) Chung minh (i) <=> (ii) 

Ha AA' -L (BCD) thi A' la hinh chieu cua A len mp(BCD). 

Neu AB J_ CD, AC 1 BD thi BA' 1 CD, CA' 1 BD. 

Vay A' la true tarn tarn giac BCD. 

Ngugc lai, neu A' la true tarn tarn giac BCD thi BA’ J. CD, tu do suy ra 

AF^ -L CD. Tuong tu, ta cung c6 AC 1 BD. 

Tir^cau a)‘va ket qua tren, ta suy ra: dpem. 







- Chirng minh (i) <=> (iii). Fa c6: 

AB^ + cr)2 = AC^ + BI)2 

Ab" +(AD-ACf=AC%(AD - ABr 

<=> -2 AC . AD = -2 AD . AB 


a u 



F) 


AD(AB - AC) = 0 

c:> AD. ^ = 0 o AD 1 BC. 

Tircmg tir: AC^ + BD^ = AD“ + BC^ o DC 1 AB. c 

AB^ + CD^ = AD‘^ + BC^ ^ DB 1 AC. 

c) Vi ABCD la tu dien true tarn nen neu ve cac dirdng cao AA' va BB' cua 
tir dien thi A', B' Ian lirgt la true tarn cua tarn giac BCD va ACD. Khi do 
BA', AB' va CD dong quy tai 1. Nhir vay AA', BB' la hai dirdng cao cua 
tarn giac ABI nen AA' va BB' cat nhau. I irang tir, neu ke dirdng cao CC 
cua tur dien thi ta cung c6 AA', CC cat nhau va BB', CC cat nhau. Mat 
khac, AA', BB', CC khong cung n^ trong mot mat ph^g nen AA'. BB', CC 
dong quy tai mot diem. 

Tircmg tir ta c6 AA', BB', DD' dong quy (DD' la dirdng cao cua tir dien ABCD) 
Vay, khi ABCD la tur dien true tarn thi cac dudng cao AA', BB', CC, DD' 
dong quy tai mot diem. 





Cho dudng thang d va mat phang (a): 

- Neu dudng thang d vuong goc vdi mat phang (a) thi goc giua dudng 
thang d va mat phang (a) bang 90°. 

- Neu dudng thang d khong vuong goc vdi mat phang (a) thi goc giua d 
va hinh chieu d' cua no tren (a) la goc giua dudng thSng d va mat ph^g (a). 

Chuy: - 

♦ ^ ^ 1 ^ A ' O 

- Goc giua dudng thSng va mat phang khong vugt qua 90 , 

• • * ^ ^ ' 

- Vice tinh goc giua dudng thang va mSt phang dirge quy ve tinh goc 

giua hai dudng thSng. Goc nay, c^c phuemg phap tinh da neu d phan trude, 

% % r t 

tuy nhien can xac djnh dugc dudng thang hinh chieu len mat phang. 

Vi du 1 : Cho hinh chop S.ABCD co day hinh \u6ng canh a, SA J_ mp(ABC)) 

va SA = a>/2 . Tinh goc giua: ^ 

a) Dudng thang SC, SD vdi mp(ABCD). 

b) Dudng thang BD vdi mp(SAC). 

jiai 

a) Ta CO AC la hinh chieu cua SC tren mat 
phang (ABCD) nen goc giua dudng thang SC' 
vdi mp(ABCD) la goc giua dudng thang SC 
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va AC. Fam giac vuong SAC c6 AC = a^/2 , 

SA = 'd\f2 nen la tam giac vuong can tai A. 

Vay goc giCra SC va mat phang (ABCD) bang 45°. 

- Ta CO AD la hinh chieu cua SD len mp(ABCD) nen goc giira SD vai 

mp(ABCD) la goc giira dircmg thang SD va AD, dat bang q). 

Tam Iliac SAD vuong tai A: tan cp = ^ . 

AD 2 

b) Ta CO SA ± mp(ABCD) nen SA A BD va ABCD la hinh vuong nen 
AC A BD, do do BD A mp(SAC). Vay goc giua duoug thang BD va 
mp(SAC) bang 9.0°. 

Vi du 2 : Cho tir dien deu ABCD. Ti'nh goc giua duong thang AB va 
mp(BCD). 

Giai 

Ha AH A mp(BCD). 

Vi AB = AC = AD HB = HC = HD. 


nen H la tam cua tam giac deu BCD. 

Ta CO BH la hinh chieu cua AB len mp(BCD) 
nen goc giua duang thang AB vai mp(BCD) la 

goc (p giua duong thang AB va BH. 

\ _ 

Goi a la canh tu dien deu. Tam giac ABH vuong: 

2 a>/3 
2 



D 


BH 


cosq) = 


3 


Vi 


SA = SB = SC = 


AB a 3 

) hinh chop S.ABC c6 day la tam 

2aS 


deu canh a va 


3 


1 ) 


a) Tinh khoang each tu S den mat phang (ABC) 

b) Tinh goc giua duong thang SA va mat phang (ABC). 

Giai: 

Goi O la hinh chieu cua S tren (ABC). 

Vi SA = SB = SC nen OA = OB = OC. 


Do do O la tam cua tam giac deu ABC va AO = 


SO 2 = SA2 - AO^ = 


12a^ 3a 


= a2 


2 ) 


9 9 

SO = a 

Ta CO AO la hinh chieu cua AS tren 


(ABC) nen goc giua SA va (ABC) la 




c 


• « 
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a 


Ta c6: tanSAO = 


SO 


AO aS 


= S 


3 


_ znO 


Vay SAO=60". 


Vi du 4 : Cho tarn giac ABC vuong goc tai A, canh AB = a va nam trong mat 
phang a, canh AC = a\/2 va tao voi a mot goc 60®. Ti'nh goc hop hoi 


BC voi a. 


Giai: 


Ta c6: BC = a Vs 


Goi H la hinh chieu cua C tren a thi CAH = 60° 


C 


CH = AC.sin60° = a^^2. 


n /3 aS 


2 


2 


Ta CO CBH la goc cua canh BC tao vai a: 
Tam giac vuong CBH : 


sin CBH 


aVo 

^ CH _ ~Y~ _ V2 


BC 

Vay goc CBH = 45®. 


a 


n /3 2 



Vi du 5; Cho hinh chop S.ABCD c6 day la hinh vuong, canh hen 
SA = SB = SC = SD = b cung hop voi day goc 60°. 

Goi I la trung diem cua CD. Tinh goc hap bai diromg thang: 


a) SC voi mp(SBD) 


b) SI vai mp(SAB). 

Giai 


s 



c 


a) Ha SO -L mp(ABCD). 

Vi SA = SB = SC = SD 

OA = OB = OC = OD nen O la tarn cua 

hinh vuong day, g6c SCO = 60°. 

Taco: SO 1 OC, BD 1 OC 

=> OC ± mp(SBD) nen SO la hinh chieu 
cua SC len mp(SBD). 

Tam giac vuong SOC c6 goc C = 60° nen goc S = 30°. 

Vay g6c giua duong thang SC vai mp(SBD) bang 30°. 

b) Goi CD la trung diem cua AB. Ta c6 IJ _L AB ma SO ± AB nen 
AB ± mp(SIJ), do do hinh chieu cua duong thang SI len mp(SAB) la 
duang thang SJ. 
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1 ) 


llinh vuong ABCI) c6 dirmig cheo AC = SA = SB = b nen IJ = BC = 


tain giac dcii SAC c6 dirang cao SO = 



Goi (p la goc giira dirang thang SI va SJ, tarn giac vuong SOI: 


tan 





bv/n 





Vi ilu 6 : Cho hinh lap phirang ABCD.A'B'C'D'. Hay tinh goc cua duong 

thmg: 

a) AB'vaBC ; AC va CD' 

b) IK voi mp(A'B'C'D'), trong do I, K la trung diem cua BC, A'D'. 

Giai 




Ta CO AB' // DC nen goc a giua 
AB' va BC la goc giua DC va BC. 

Vi tarn giac BCD deu nen a = 60”. 

Taco: CD'1 CD va CD'1 AD 
nei CD' 1 (ADCB'). 

Do do CD’ 1 AC. 

V(y goc giua AC va CD' bang 90”. 

Taco IK // CD' nen goc giua duong 
thing IK voi mp(A'B'C'D') la goc 
giira CD' voi mp(A'B'CD'). 



Hiih chieu CD' len mp(A'B'C'D’) la D'C. Vi DCC'D' la hinh vuong nen 
go: can tim bang 45”. 



-«£• 




• X 


Mit phang (P) cat mpt so camh cua khoi da di?n tao thanh dinh da giac 
thiet den, cat mpt so mat ciia khoi da dien tao thanh canh cua da giac thiet 
di$n. 




Mit phang (P) di qua diem M va vuong go'c vai AC ciia khoi da dien: 

— Neu CO mat chura M va AC thi ha MH vuong goc vdi AC, H thuoc 
duong thang AC. Diem H la mpt dinh cua thiet di$n, tir do ve tiep thiet di?n. 

' - W4u CO canh SB vu6ng g6c voi thi SB // (P) hojc SB c (P). Luc d6 
(P) cat mat chua M theo giao tuyen .sdng song voi SB. Neu c6 2 duong thang 
di, d 2 ,tung vuong goc voi AC thi (P) la mat phang qua M, song song vdi.di, 

d2- 





Til 




















Chu y: Cac ch^ duomg cao dac biet cua tarn giac c^, tarn giac deu, tarn 


• ^ 


giac vuong can, 


i 





D 


C 


Vi du 1: Cho tu dien deu ABCD. Xac dinh thiet dien cat tir dien bai niat 

• • • • 

phang (P) qua trung diem I cua AB va vuong goc vai AB. 

Giai 

Tu dien ABCD deu nen tarn giac 
ABC, ABD deu do do Cl X AB, 

DI1 AB nen AB 1 (ICD). 

Ta c6 mp(P) chinh la mp(ICD). 

Vay thiet dien can tim la tarn giac ICD can tai I. 

•» 

Vi du 2 : Tam giac ABC c6 BC = 2a va duong cao AD = a. Tren duong thang 

vuong goc vai (ABC) tai A, lay diem S sao cho SA = a \/2 . Goi li va F Ian 
lugt la trung diem cua SB va SC. 

a) Chung minh BC vuong goc vai (SAD). 

b) Goi H la hinh chieu cua A tren EF. Chung minh AH nam tren (SAD). 
Hay cho biet vi tri cua diem H doi vai hai diem S va D. 

c) Tinh dien tich ciia tarn giac AEF. 

Giai 

a) BC 1 AD, BC 1 SA => BC 1 (SAD) 

b) Ta c6: AH 1 EF, EF // BC 


AHIBC 



c 


B 


Nhu vay , ta c6: AH X BC, (SAD) X BC 
^ AH c (SAD). 

Diem H vua Ihuoc mat phang (SAD), vua thuoc mat phang (SBC), (vi 
H 6 EF) nen H e SD. Vi EF la duong trung binh cua tarn giac SBC nen 
H la trung diem cua SD. 


c) Ta 



F= -AH.EF ma EF = -BC = a 
2 2 


























vaAH=-SI)v(ViSI)=N^A^TAI? =aN/3. 

2 

p t, 1 a\/3 a"\/3 

1 a suy ra: Sai i = - . a .-=-. 

2 2 4 

Vi till 3 : Ti.r dien SABC c6 ABC la tarn giac vuong can dinh B, AB = a, SA 

Miong goc vdi (ABC), SA = a. Goi (a) la mat phang di qua Irung diem M 
cua AB va vuong goc vdi SF^. 

a) Xac djnh mal phang (d). 

b) (a) cat tir dien SABC theo thiei dien ia hinh gi? 

c) Tfnh dien tich cua thiei dien 


Giai 


a) Ha AH 1 SB 


Vi AS = AB = a, nen H la trung diem 
cua SB, Dung MN // AH, N la trung 
dikm cua BH thi MN 1 SB. 

Mat kJiac, ta c6: BC ± (SAB) 

^ BC 1 SB. 

D\mg MQ // BC (Q g AC) 

MQ X SB, ta suy ra (a) la mat phang (MNQ). 



c 


B 


b) Ta CO (MNQ) // BC (MNQ) cat (SBC) theo giao tuyen NP song song 
vdi BC (vdi P e SC). Noi PQ ta dugc thiet dien la hinh thang MNPQ. Vi 
MQ // BC nen MQ X (SAB), do do MQ X MN. Vay thiet dien la hinh 


c) 


thang vuong tai M va N. 

1 a MP 

Ta c6: MQ = -1-BC= 

2 2 BC 


SN _ 3 
SB ' 4 


NP = -a 

4 


MN= iAH = isB= — 

2 4 4 

NPQ = CmQ + NP). MN = i 


/ 


V 


a 

2 4 


3a^ a\l2 5a^\f2 


4 


32 


Vi Ju 4 : Cho tarn giac deu ABC c6 dudng cao AH = 2a. Ggi O la trung diem 
cua AH. Tren dudng thang vuong goc vdi mat phang (ABC) tai O, lay 
diem S sao cho OS = 2a, Goi I la mot diem tren OH, dat AI = x, a < x < 2a. 

• • ^ % j 

Goi (a) la mat phang qua I va vuong gdc vdi dudng thang OH. 

a) Xac djnh mat phang (a). 

b) Dung thiet dien cua (a) vdi tu dien SABC. Thiet dien la hinh gi? 

c) Tinh theo a va x dien tich cua thiet dien. Vdi x nao thi dien tich thiet 

dien Idn nhat. 
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viai 

a) Tac6:BC10M 

Qua 1, dirng MQ // BC (M e AB, 

Q G AC) thi MQ 1 OH. Mat 
khac, ta c6: SO 1 OH. 

Dimg IJ II OS (J G SH) thi IJ 1 OH. 

Do do mp(a) la mat phang (JMQ). 

b) Ta c6: MQ // BC => (a) // BC 


s 



-'>c 


(a) cat (SBC) theo giao tuyen qua J 

va song song voi BC. 

_ 0 

Do do, qua J dung duong thang song song voi BC, cat SB va SC tai b va 
P ta dirge MNPQ la thiet dien can dimg. 

Vi NP // MQ // BC nen MNPQ la hinh thang. 


Ta c6: OB = OC 


SBA = SCA. 


ASOB = ASOC 


SB = SC => ASAB = ASA(’ 


Ta cung c6: BN = CP, BM = CQ, do do: ABMN = ACQP. 
Do do: MN = QP. Vay thiet dien la hinh thang can. 


c) Do AH = 2a, ta tinh dugc BC = 


4a\f3 


3 


MQ AI _ X 
BC “ AH ~ 2a 


MQ = 


X 


4aS 2xS 


NP SJ 01 x-a 

BC~SH~0H” a 
IJ HI 2a -X 


2a 3 3 

x-a 4aV3 4(x-a)>/3 


NP = 


a 


3 


3 


OS HO 


IJ = 2(2a - x) 


a 


Smnpo = i (MQ+NP) IJ = i 


/ 


V 


2 X 4 (X - a) \f3 

+ 

3 3 


\ 


.2(2a - x) 


J 


2n/3 


3 


(3x - 2a )(2a - x). 


f f ^ 

Ap dung bat dang thuc Co-si: 


S= 2n/3 


2 ^ 
X — a 

3 


V 


y 


(2a-x) <2\/3 


^2 ^ 
x - a + 2a - X 

3 


2 


2 




8n/3 
- a 

9 


J 


2 4 

Dau = xay ra khi x-a = 2a-xc:>x=—a (chon). 

3 3 
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V^i (ill 5: 1 ir dien SAIU.’ c6 hai mat ABC va SBC la cac tarn giac deu canh a va 


SA = 


2 


> 

, M la mol diem tren doan AB, dat AM = x (0 < x < a). Goi (a) 


■> 1 
la met ph^g qua M vaAiiong goc \ di rK\ Ggi D la trung diem eua BC. 

a) Cnirng minh (a) song song vdi (SAD). 

b) X. 1 C dinh thiet dien eua (a) voi tir dien SABC. 

c) Tinh theo a va x dien tieS eua thiet dien. 

• • 

iiai 

a) Vi ABC va SBC la cae tarn giac deu va D la trung diem ciia BC nen: 
B(’^AD, BCISD 


c 


-=> b: 1 (SAD) 

Vi (c) 1 BC nen: (a) // (SAD) 

^ 1 

b) Ggi M, P Ian lirgl la giao diem eua cac 
canh SB, SC voi (a). 

Vi (rt) // (SAD) nen ta c6; MN // SA, 

NP / SD, PM // AD. 

Thie. dien cua (a) voi tur dien SABC la 
lam giac MNP. 

.p ! NP BP BM MP 

1 a co:- = - = - = -. 

SD BD BA AD 
Vi S3 = AD nen NP = MP 
V(iy thiet dien MNP la tarn giac can dinh P. 

c) Hai am giac can MNP va ASD dong dang voi nhau, c6 ti so dong dang 



lak = 


BM 

BA 


a - X 


a 


-. Goi H la trung diem cua SA. 


Pa c): DH^ = DA^ - AH^ = 


3a^ 

4 


3a^ 9a 


16 16 


DH = 


3a 

T 


' c _ 1 A c rvij — ^ a\/3 3a 3a >/3 
Do co: SsAD — AS.DH = -.-.— =--— 

2 2 2 4 16 


c o i2c (a-x)^ 3a^\/3 3\/3 ^2 

Suy a: Smnp = kCSsAn = ^ — 2 ^ • — 

a 16 16 

Nhai xet: Neu x = 0 ta c6 M trung vdi A, khi do thiet dien co dien tich 
bang dien tich tarn giac SAD. Con neu x = a ta c6 M trung vdi B, khi do 
dicntich cua thiet dien bj triet tieu. 

Vi du S : Cho hinh chop S.ABC co day la tarn giac deu canh a va 
SA = SB = SC = b. Goi G la trong tarn tarn giac ABC. 

a) Chung minh rang SG _L (ABC). Tinh SG. 

b) >et mat phang (P) di qua A va vuong gdc vdi dudng thang SC. Tim he 

he giira a va b de (P) cit SC tai diem Cl him giua S va C. Khi 

« feiy tinh dien tich thiet dien cua hinh chdp S.ABC khi cat bdi mp(P). 


* ? 
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iiai 

a) Ta CO SA = SB = SC va c6 GA = GB = GC. 
Nen SG la true cua tarn giac deu ABC. 


s 


Vay SG 1 mp(ABC). 


/ 


SG^ = SA" - AG" = b" - 


2 _ . 2 


a 


73 V 


V 


3 


/ 


a 


2 



C 


b) 


nen SG = Jb , (vai 3b > f). 

Ta c6 AB ± SC. Vi (P) di qua A va vuong goc vdi SC nen AB nam trong 
(P). Ve dudng cao ACi cua tarn giac SAC thi (P) chinh la mp(ABCi). Do 
tarn giac SAC can tai S nen diem Ci nam trong doan thang SC khi va chi 

khi ASC < 90'^. 

<=> AC^ < SA^ + SC^ o < 2b^. Trong trudng hop nay, thiet dien cua 
hinh chop bj cat bdi (P) la tarn giac ABC). 


S 


ABC 


= — AB.C'Ci = — a.C'Ci, vai C la trung diem cua AB. 
2 2 


Ta c6: CCi.SC = SG.CC 


CCi = 


SG.ee' 


b^- 


a^ a 


73 


3 2 


Vay: S^bc. = 


se 

a' 


b 


a.'Jsh^ - a" 

2b 


73b^- 


a 


4b 


Vi du 7 : Hinh chop S.ABeD c6 day ABeD la hinh vuong canh 2a, SA 

vuong goc vdi (ABCD) va SA = aV2 . Goi AH la dudng cao cua tarn 
giac SAB. 

a) Tinh ti so va do dm doan AH. 

SB • * 

y y 

b) Goi M la trung diem cua AB, a la mat phang qua M va vuong gdc vdi 
SB. Mat phang a cat hinh chop theo thiet dien la hinh gi? 

c) Tinh dien tich cua thiet dien. s 

Giai 


a) 


Tam giac vuong SAB, ta.c6: 
SB^ = SA^ + AB^ = 6a2 

SH SH.SB SA^ 


SB 


AH = 


SB^ 


1 


SB^ 3 


AS.AB 2aS 




SB 


3 





b) Tnrdc tien, ta xac dinh mat phang roi dimg thiet dien: 
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c) 


Ta c6: AH X SB. Dirng MN // AM , N la tning diem BH thi MN X SB va 
NB = NII. 

Mat khac, ta c6: AD X AB va AD X SA nen AD X SB. 

Dirng MQ // AD (Q e CDl thi MQ X SB. 

I)o do, ta SUV ra (a) la mat phang (MNQ). 

la CO MQ // BC => (a) // BC nen {a) cat (SBC) theo giao tuyen 
NP // BC, P e SC. Ndi PQ, la dirge thiel dien la hinh lhang MNPQ. 

Vi BC X (SAB) nen MQ X (SAB), suy ra MQ X MN. 

Vay thiel dien MNPQ la hinh thang vuong tai M va N. 

l a c6: MQ = BC = 2a; MN = i AH = 


O 


3 


Nr 


nc 


— = - => NP = — 
SB 3 3 


Vay Smnpq= - (MQ + NP)MN = . 

2 9 

Vi du 8 : Cho hinh vuong ABCD canh a, tarn O. Tren duang thang vuong 


goc vai mat phang ABCD tai O, lay diem S sao cho SO = 


a 




2 


. Mat 


phang (a) qua A va vuong goc voi SC Ian lugt cat SB, SC, SD tai B', C, D'. 

a) Ti'nh AC. Chung minh C la trung diem cua SC. 

b) Chung minh B'D' song song vai BD. Tu do suy ra each dung hai diem 
B' va D'. 

c) Chung minh tu giac AB'C'D' c6 hai duong cheo vuong goc. Tinh dien 
iich cua tu giac nay. 

Giai 


a) 


Ta c6: (a) X SC va AC c (a) => AC X SC 

iisl2 


Vi oc = 


2 


SC^ = SO^ + DC^ = — + — 


4 


4 


SC = a >/2 . 


Vav SAC la mot tarn giac deu. 

a ^/6 


Do do AC = SO = 



2 


b) 


Cach khac: Ta c6 the tinh AC bang cong thuc: AC.SC = SO.AC tu dien 
tich tarn giac SAC. 

Ta :6: BD X AC, BD X SO BD X (SAC) => BD X SC. 


Ma: khx theo gia thiet: (a) X SC. Vay (a) // BD. 


' / 
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Do do, (a) cat (SBD) theo giao tuyen B'D' // BD. Ta suy ra each dirng B' 
va D'. 

- Dimg AC _L SC (C la trung diem cua SC). AC cat SO tai (} (G la 
trong tarn cua tarn giac SAC). 

- Dung duang thang qua G song song voi BD cat SB va SD tai B' v;i 1)'. 
c) Vi BD 1 (SAC) nen B'D' 1 (SAC), do do B'D' 1 AC 


S=iAC'.B'D' 

2 


2 


^ , B'D' SG 2 2BD ^ ^ c _ 

laco: = — = —=>B D = = — a\/2 => S = 

BD SO 3 3 3 


a 


'^/3 


3 


% ^ > 

Vi du 9 : Cho hinh tu dien deu canh a, I va K Ian lugt la trung diem cua cunh 
AB va CD, mat phang (P) chua IK cat hinh tu dien deu theo mot thiet 

y ^ 0 

dien, xac djnh vi tri cua mat phang (P) de thiet dien tao thanh co dien tich 
la nho nhat; Ion nhat. Tmh gia tri nho nhat. Ion nhat do. 

Giai 


canh BC tai E thi cat canh AD 


AF = a AD voi 0 < a < 1 . 

Neu a = 0 thi E = B va F = A, thiet dien la tarn giac ABK. 

Neu a = 1 thi E = C va F = D, thiet dien la tarn giac CID. 

Neu 0 < a < 1 thi E thuoc canh BC; F thuoc canh AD va thiet dien la tu 

• • 7 • • • 

giac lEKF. Ta chung minh tu giac lEKF c6 hai duang cheo EF, IK 
vuong goc voi nhau. Chon he ca so goc B: BC = a , BD = b , BA = c 
Ta CO IK = IB. + BC + ^ 

= _£ + a + i(b - a). 

2 2 

= — (a + b - c). 

2 


EF = EB + BA + AF 



bcl- 




= -a BC + BA + a AD 

= -aa + c +a(b — c) = -aa + ab + (1— a)c 

Taco: ik.EF =(i a + i b - i c)(^a +ab +(1 -a)c) 

2 2 2 


1-2 1 - - 1 -- 

— aa + — a. a . b + — (1 - a)a . c 

2 2 2 


1 ^ r 

- a a b 

2 


I ^9 

— (/b 

o 



C, ^ r ^ 1 - - I r ^ 1/1 

+ — (l-a)b .c + — aa.c - abc -(l-cx)c 

2 2 2 2 
























I 


----a + — aa^ + — (1 -a)a^ - — aa^ + —a a^ + — (1 -a)a 

2 4 1 4 2 4 


1 2 
+ — aa 

4 


1 2 1 /, 
— aa - (1 

4 2 


- a)a' = 0 


I)()cl6IKlHrncn;S„:Ki = 


-IK.HF. 

9 


1 K‘-(a + h - c )"' = — ( ( a + b + c ) + 2 a b -2 a c — 2 b c )J 

4 4 

= ^ (a^ + a^ + a^ + a^ - a^ - a“) = — (2a^) 


IK = 


4 
a^/2 


4 


2 


HF^ = (-a a + a b + (1 - a) c 

-.2 -2 -2 - - 
= a^a +a^b +(1- a)^ c — 2a^ a b — 2a( 1 — a) a . c + 2a( 1 — a) b c 

= a^a'^ + a^a^ + (1 — a)^a^ - a^a^ - a(l — a)a^ + a(l — a)a^ 

= a''^ a^ + (1 - a)^ a^. 

= a^la^ + (1 - a)^] 


EF = + (1 - a) 


Vi IK khong doi nen dien tich lEKF Idn nhat, nho nhat khi do dai EF Ion 
nbat, nho nhat. Ma do dai EF la so duang nen EF 1dm nhat, nho nhat khi 
EF“ la 1dm nhat, nho nhat. 

Ta cd EF^ = f(a) = a^[a^ + (1 - a)^l vdi 0 < a < 1. 

= a^t2a^ - 2a + 1]. 


Gia tri nho nhat la 


1 


a 


2 


2 


, 1dm nhat la a^. 


Voi a = ~ thi E va F la trung diem 

cua BC va AD, thiet dien cd dien 
tich nho nhat la: 


a 

0 1/2 1 

f(a) 

a' a= 

^ aV2 


1 ayf2 a\/2 


= -a^ 
4 


2 2 2 

Voi a = 0 hoac a = 1 thi thiet dien cd dien tich 1dm nhat la: 

• • • 

1 a>/2 a“>/2 

— . - .a =- 

2 2 4 


w 



• • * 
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DANG 4: TOAN t6NG HOP 




- Chung minh 2 dean bSng nhau: Dua ve chung minh 2 tani giac.b^ng 
nhau* 

- Chung minh diem .thang hang: Tim 2 mat phing phan biet cung chua 
cac diem thi cac diem thSng hang tren giao tiiyen. 

- Bai toan quy tich (tap hop diem): phan thuan, giai han va ph^ dao. 

Chii y: - Quan he song song va vuong goc. 

- Mat phang trung true va true cua tarn giac. 

- Su dung vecta de giai toan. 

Vi du 1 : Mot doan thang AB khong vuong goc voi mat phang (a) cat niat 

^ ^ ^ * 

phang nay tai trung diem O cua doan thang do. Cac duong thang vuong 

goc voi (a) qua A va B Ian lugt cat mat phang (a) tai A' va B'. Chung 
minh ba diem A', O, B' thang hang va AA' = BB'. 

Giai 

Ta c6: AA' 1 (a), BB' 1 (a) AA' // BB'. 


Mat phang (AA', BB') xac dinh boi 
hai duong thang song song AA', BB' 
cat mat phang (a) theo giao tuyen qua 
O, A', B'. Do do ba diem O, A', B' 



B 


thang hang. 

Hai tarn giac vuong OAA' va OBB' bang nhau vi c6 mot canh huyen va 
mot goc nhpn bang nhau nen AA' = BB'. 

Vi du 2 : Cho hinh lang tru tarn giac ABC.A'B'C c6 hinh chieu cua A' len 
(ABC) la true tarn H ciia tarn giac ABC. 

a) Chung minh AA' Jl BC va AA' ± B'C. 

b) Goi MM' la giao tuyen cua mat phang (AHA') vdi mat ben BCC'B', 
trong do M G BC va M' g B'C. Chung minh rang tu giac BCC'IT la 
hinh chu nhat va MM' la duong cao cua hinh chu nhat do. 


A' 


Giai 

a) BC 1 AH va BC 1 A'H vi A'H 1 (ABC) 

BC 1 (A'HA) 

=> BC 1 AA' va B'C 1 AA' vi BC // B'C. 

b) Ta CO AA'// BB' // CC ma BC 1 AA' 
nen BC ± BB', do do tu giac BBCB' la 
hinh chu nhat 

Vi AA' // (BCC'B') nen AA' // MM' va vi AA' 1 BC nen ta suy ra MM' 1 BC 

B'C nen MM' la duong cao cua hinh chu nhat BCC'B'. 



















Vi du ^ : Tim tap hgp cac diem M each deu 2 mut cua doan AB. 

Giai 

(ici 0 la Iriing diem cua doan AB thi O 
la not diem thoa man OA = OB. 

Xe't M khong trung O thi tarn giac 
MAB c6 MA = MB (can tai M) 

CO MO vuong goc vai AB. 

Vi O CO djnh nen tap hgp cac diem M each deu A, B 
la mat phang vuong goc voi AB tai O, ggi ia mat 
ph'mg trung true cua doan AB. 

Vi ctu4 : Tim tap hgp cac diem each deu ba dinh cua tarn giac ABC. 

Giai 

Hi MH vuong goc vai mp(ABC) tai H.Cac tarn giac vuong MAH, MBH, 
M2H CO MH chung. 

Tc c6: MA = MB = MC 

<=: HA = HB = HC o H la tarn duang tron ngoai tiep tarn giac ABC c6 
diih. 


tarn 




tarn 


Cich khac: 

MA = MB = MC 


MA = MB 
MA = MC 


Dia ve M thugc giao tuyen cua 2 mat 
plang trung true cua 2 canh AB va AC. 
Vi di 5 : Cho tarn giac ABC. 



b Tim tap hgp cac diem N trong khong gian sao cho: NA _L BC; NB 1 CA, 
NC 1 AB. 

Giai 

a) Ti CO MA JL BC ma A, B, C c6 djnh nen: 

T*P h<JT) cac diem M la mat phang (P) di qua A va vuong goc vai BC. 

b) Ha NH 1 (ABC), vi NA 1 BC nen HA 1 BC. Tuong tu HB 1 CA, do 
d) H la trirc tarn cua tarn giac ABC c6 djnh. 

Vay tap hgp cac diem N la duang thang di qua true tarn H cua tarn giac 
/BC va vuong goc vdi mp(ABC). 

Vi di 6 : Cho tarn giac ABC. Tim tap hgp cac diem M trong khong gian thoa 
nan moi he thuc sau: 


a AB.GM - CB.AM 
b MA^ + MB^ = 2MC2 


( 1 ) 

( 2 ) 


* V 
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Giai 


a) (1)<^ AB(CB + BM)= CB(AB + BM) 

<^^>AB.i^ = ^.BM<=>™(AB-^) = 0 
<=> BM.AC =0<^MB1 AC. 


b) 


^ •% 

Vay tap hop cac diem M la mat phang di qua B va vuong goc vori circVng 
thang AC. 

Goi G la trong tarn va O la tarn duong tron ngoai tiep tarn giac ABC. Tir 
do: 




(2) Ci>(OM - OA)" + (OM - OB)^ = 2(OM - OC) 
O0M2 + 0A2-20M.0A +0M2+0B2-20M .OB 


^ a 


= 20M2 + 20C‘^ - 4 OM . OC 


<»20M(0A + OB -2OC) = 0(viOA = OB = OC) 


20M(0A +OB +OC -30C) = 20M(30G -3OC) = 0 

o60M(0G - OC) = Oo OM.TO = 0 MO 1 CG. 

Vay tap hop cac diem M la mat phang di qua O va vuong goc voi djomg 
thang CG. 

Cach khac: Goi I la trung diem cua AB, bai toan dua ve tim tap hg? cac 
diem M sao cho MI^ - MC^ = k. 

Goi D la trung diem cua IC, H la hinh chieu 
cua M len dudmg thang IC, ta c6: 

Ml2-MC2 = 2iC.DH = k. 

% 9 

Do do H CO djnh nen tap hop cac diem M la mat 
phang vuong goc voi duoTig thang IC tai H. 

Vi du 7 : Cho tu dien ABCD. Tim diem O each deu bon dinh cua tu dien 

Giai 

fOA = OD 

Ta c6: OA = OB = OC = OD 

OA=OB=OC 






c 


Tap cac diem each deu ba dinh A, B, C cua tarn 
giac ABC la dudmg thang A vuong goc vai 

9 

mp(ABC) tai tarn Oi cua dudmg trdn ngoai tiep 
tarn giac ABC. Goi (P) la mat phang trung true 
cua DA thi (P) cat A tai diem O, do la diem each 
deu bon dinh A, B, C. D. 

De y mp(P) phai cat A vi neu A // (P) hoac A (Z (P) thi DA _L (P) siy ira 
DA ± A khi ay DA nam trong mp(ABC), man thuan voi gia thiet IB, 
C, D khong dong phang nen A cat (P). 

fOA = OB = OD 
ac:OA = OB = OC = ODo <! 

OA = OB = OC 

























































\ 1 


Diem () la giao diL*m cua 2 true ciia 2 tarn giac ABD, ABC. De y 2 true 
nay thiioe mat phang trung true cua canh AB. 

du H : Clio hinh ti'r dien ABCI) c6 AB, BC, CD doi mot vuong goc va 


AB = a, B(' = b, ('D = c. 
a) Tinh do dai AD. 


b) Chi ra diem each deu A, B, C, D. 

iiai A 


at Vi AB 1 BC va AB 1 CD nCm AB 1 mp(BCD). 
Mat khac BC 1 CD nen dirong xien AC ± CD. 
Pa CO AI)^ = AC'^ + 01)2 

= AB2 -f BC2 + CD2 




+ b“ + c 


2 



) 


b) Vi ABD = ACD = 90" nen goi O la trung diem cua AD thi trung tuyen 


An AD 

OB = — = OA = OD, OC = — = OA = OD 


9 


2 


Do do OA = OB = OC = OD. Vay O each deu 4 dinh. 

_ 

Vi du 9; Cho tarn giac ABC vuong tai C. Tren nua duong thang At vuong 
gck vdi mat phang (ABC) ta lay mot diem S. Gpi H va K Ian lugt la hinh 


chieu vuong goc cua A tren SB va SC. 

a) Tim tap hgp cac diem H va K khi S di dong tren At. 

b) Chirng minh AK vuong goc vai (SBC) va KH vuong goc vai SB. 

\ ** 

c) Khi S di dong tren At, chung minh rang dudmg thang HK di qua mot 
diem c6 dinh. 

Giai 

a) Thuan: Goi a la mat phang (At; C), 

ta c6: K e a va AKC = 90". 

Vay K 6 tren duong tron (L) dudng 

kinh AC nam trong mat phang a. 

Gioi han: LTng vdi moi diem S tren 

At, ta xac dinh diem K tren (L) la 

giao diem cua (L) va CS. 

Khi S 6 tai A thi K d tai A. Khi S 

• • 

chay xa ra v6 tan tren At thi K tien tdi 
diem C nhung khong trung vdi C tren 
nCra dudng tron (Li) cua (L). 

r r _ 

Nua dudng tron (Li) va At d cung mot phia doi vdi dudng thang AC. 

Pao lai: Goi K la diem tuy y tren (Li) va khac vdi C. CK cat At tai S. Ta 
CO AK ± CS. Vav K la hinh chieu cua A tren SC. 



B 


X'dy tap hop cac diem K la nua dudng tron (L|) dudng kinh AC nam 
trong mM phang (C, At) va nam ve phia nua dudng thSng At, trir diem C. 

. 4 ^' 

. 
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• * t ^ 

Tirang tir, tap hop cac diem H la nira dirang tron dirdmg kinh AB nam 

* * 1 * % > y j 

trong mat phang (B; At) va nam ve phia nua duang thang At, tiir diem H. 

b) Ta c6: BC 1 AC, BC 1 SA => BCl (SAC) => BCl AK. 

ma AK 1 SC nen AK 1 (SBC) 

Do do: AK 1 SB ma AH 1 SB nen SB 1 (AHK). Do do: SB 1 HK. 

c) Goi I la giao diem cua BC va HK. 

Ta c6: Ale (AHK) => All SB, taco: Ale (ABC) =>AI ISA. 


i(AHK)=^ 

Suy ra: AI1 (SAB) => AI1 AB. 

Trong mat phang (ABC), duemg thang AI vuong goc voi AB tai A nen 
AI CO dinh. Vi dirong thang BC cung c6 djnh nen I la diem c6 djnh. Vay 
dirong thang HK qua I c6 djnh khi S di dong tren At. 

Vi du 10 : Cho tarn giac deu ABC. Tren tia Ax vuong goc voi mat phang 
(ABC), lay mot diem S di dong. Goi K la trung diem cua SC. 

a) Chumg minh ring khi S di dong, duong thang BK luon luon nam trong 
mot mat phang c6 djnh. 

b) Tim tap hop cac hinh chieu cua diem A tren BK khi diem S di dong 
tren tia Ax. 


Giai 


a) Goi O la trung diem cua AC 

Ta CO OK // AS. Vay K o tren 
duong thang Ot // Ax, Ot c6 
djnh. Vay BK nam trong mat 
phang CO djnh (B, Ot) 

b) Taco: AO 1 OB, AO 1 Ot 



c 


AO 1 (B, Ot) 

Goi N la hinh chieu cua A tren BK. Vi AN X BK nen theo djnh li ba 

duong vuong goc ta c6: ON X BK. Do do ONB= 1 v. 

Ta suy ra tap hop cac diem N la nua duong tron duong kinh OB, inr 
diem B nam trong mat phang (B, Ot). 

Vi du 11 : Hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, SA 
. vuong goc voi (ABCD) va SA = a. Goi M la diem di dong tren doan CD, 
ta dat CM = x. Goi K la hinh chieu cua S tren BM. ^ 

a) Tinh do dai doan SK theo a va x. 

b) Tim tap hgrp cac diem K thoa cac tinh 
chat neu 6 tren. 

Giai 


a) Taco: S 


AMB 


AK 


-AB.MH 

2 

9 

a"' ' 


1 2 
— a 

2 



BM 


2 2 
4- X 















2a ^ + X 

9 O 

-h x“ 


SK' = SA'*" + AK' 


SK = a 


2 


b) AKr3 = 90‘\ do do K a tren dirong tron duang kinh AB trong mat phang 
(AI3CD). Mai khac vi M di dong tren doan CD nen diem K luon luon 


n^m trong goc ('BD . f)o do diem K a tren cung OB vcVi O la lam cua 
hinh vuong ABCD. 

Dao lai, ta chirng minh moi diem K thuoc cung OB deu thoa dieu kien 
cua bai loan. Vay tap hcrp cac diem K can tim la cung OB cua duang Iron 
duong kinh AB tren mp(ABCD). 

Vi du 12 : Cho mat phang (a) va mot diem O ngoai (a). A la mot diem c6 
dinh thuoc (a) sao cho OA khong vuong goc vdi (a), d la mot duong 
thang di dong trong (a) nhung luon luon qua A. Goi M la hinh chieu cua 
() tren d. 

a) d im tap hop cac diem M thoa cac tinh chat neu tren. 

b) Tim vj tri cua d de do dai OM la Ian nhat. 

Giai o 

a) Goi H la hinh chieu cua O tren (a). Vi 
OM 1 d nen HM 1 d (dinh li ba 
dutmg vuong goc). 

Vay HMA= Iv. Do do M a tren dudng 
tron (C) dutmg kinh AH. 

Dao lai, lay M tuy y tren (C), M khac 
vdi A va H. Khi do: HM _L MA hay 
HM -L d. Theo djnh li ba dudng vuong 
goc, ta CO OM _L d. 

Ket luan van dung khi M d tai A hay H. 

Vay tap hop cac diem M la dudng tron (C) dudng kinh AH tren mp (a). 

b) OM hVn nhat khi va chi khi HM Idn nhat. 

HM Idn nhat khi va chi khi M d tai A. Khi dd d la tiep tuyen vdi (C) tai 
A, tuc la d 1 AH. 

Vi du 13 : Cho goc vuong xOy. Tren cac tia Ox va Oy, Ian luat lay hai diem 



M ^'a N sao cho MN = a, vdi a la mot do dai cho trudc. 

a) Tim tap hgrp trung diem I cua doan MN. 

^ 9 > 

b) Tren dudng thang vuong goc vdi mat phSng (Oxy) tai O, lay mot diem 
A CO djnh. Hay xac djnh vj tri cua M va N sao cho dien tich tarn giac 
AMN dat gia trj Idn nhat. 

Giai 

MN a ^ 

a) Ol = —- = — va 1 thuoc goc vuong xOy nen: 

2 2 

















Tap hgp cac diem 1 la phan cua dirong Iron 


a 


tarn O ban kinh — nam trong goc xOy . 

2 

b) Dung AH ± MN thi theo dinh li ba duang vuong goc OH _L MN. 

Ta c6: Saamn = - AH.MN = -a.AH. 

2 2 

Dien tich tarn giac AMN Iotj nhat khi va chi khi AH kVn nhat. Dieu nav 
xay ra khi va chi khi OH Ion nhat. a 

Trong tarn giac vuong OHI ta luon luon c6: 


OH<OI=>OH< 


a 

2 


a 


Gia tri Ion nhat cua OH la — gia tri nay 

2 

dat dugc khi va chi khi H trung voi I, 
khi do OMN la tarn giac vuong can. 

Vay dien tich tarn giac AMN dat gia tri Ion nhat khi: OM = ON = 



a 




») 


Vi du 14 : Tu dien SABC c6 ABC la tarn giac vuong can dinh B, AB = a, SA 

vuong goc voi (ABC) va SA = a\/2 . Goi (a) la mat trung trirc cua SB, O 

1 ** 

la trung diem cua BC, A la duomg thang qua O va vuong goc voi niat 
phang ABC. 

a) Dimg giao diem cua A va mat phang (a). 

b) Tinh OK. 

Giai 

_ r y 

a) Truoc het ta xac dinh mat phang (a). 

Goi M la trung diem cua doan SB. 

Dung duong cao AH cua tarn giac 
SAB roi dimg MF // HA, F e SA, 
ta duoc: MF ± SB . 



Mat khac ta c6: BC X (SAB) => BC X SB. b 

Dimg MN // BC, N e SC, thi: MN X SB. Suy ra (a) la mat phang (MNF). 

Vi A X (ABC) nen A // AS. 

Goi p la mat phang (SA, A). Ta tim giao tuyen cua p va a. Ta co: F la 

■* f 

diem chung thur nhat cua p va a. 

Trong (SBC) goi I la giao diem cua MN va SO thi 1 la diem chung thir 
hai cua P va a. Do do: p n a = FI. 

Duong thang FI cat A tai K thi K chinh la giao diem can dimg cua A va a. 
b) Vi I la trung diem cua SO nen OK = SF 

Hai tarn giac vuong SMF va SAB dong dang nen ta co: 









s 


SF SM 
SB ' SA 


S F = 


SR.SM 

SA 



R 

v(;iSB = a^/3,SM= 

2 

r, oi- _ 3a\/2 ... 3a\/2 

i a c(> SI- - - . Vay Ok = -. 

Vi ciu 15 : Cho tir dien ABCD va mat phang (P). Tim diem M thuoc (P) dl 

r = |MA + N^ + MC + j^|be nhat. 

Giai 

Goi Ci la trong tarn tir dien ABCD. 

Taco: MA + MB + + MD = 4MG 


NOn T = MA + MB + MC + MD 


4 MG 


Do do T be nhat khi MG be nhat, ma G c6 
djnh va M thuoc (P) nen MG be nhat khi 
M la hinh chieu cua trong tarn G len mat 
phang (P). 

Vi (lu 16 : Cho tu dien ABCD va duong thang d. Tim diem M thuoc d de 
X = MA' + 2MB‘' + 3MC' + 4MD' be nhk 

Giai 



Goi I la diem sao cho: lA + 2 IB + 3IC + 4 ID = 0 


c^-AI +2(AB - AI) + 3(AC - AI) + 4(AD - AI)= 0 


1 


3 


<^2AB + 3 AC + 4AD = 10AI«AI = -AB + 

5 10 

Do do I c6 dinh. Ha IH J. d thi H c6 dinh. 


2 


AC + - AD 

5 


-.2 


-2 


Ta c6 X = MA + 2MB + SMC + 4MD 


= (MI + IA)' + 2(MI + IB)' + 3(MI + ICX + 4(MI + ID)^ 

= 10MI2 + IA2 + 2IB2 + 2IC2 + 41D2 + 2MI(IA +216 +3fC +410) 
= lOMH + IA2 + 2IB2 + 3IC2 + 410^ 

> lO.HH + lA^ + 2IB2 + 3IC2 + 4102; khong doi. 
V^y X be nhat khi M la hinh chieu H cua I len d. 

Vi du 17 : Cho hinh chop S.ABCD, day la nua luc giac deu AB = BC = CD = a. 

C^h ben SA vuong goc voi day va SA = avS . 

a) Tim trcn c^h ben SB mot diem M ^ B sao cho AMD = 90”. 

b) Mat phang (AMD) cat hinh chop theo mot thict dien, tinh dien tich 
thiet dien do. 

Giai 


Ta dung, vecto vai he vecto ca so: AB ^ a, AD = b, AS = c . 
a) D$t m =a.^ =a(AB - AS) = a(a - c) 
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Vai 0 < a < 1 vi M ^ B. Ta c6: 

MA = SA - SM = -c — a(a -c) = -aa +(a-l)c 


MD = MA + AD = —a a + (a — 1) c 
Ta c6: AMD = 90° <» MA . MD =0 


+ b. 


- r — w — ▼ — ^ ^ 

<=> [—a a + (a — l)c J [—a a +(a—l)c + b] = 0 


-*2 -♦ -* ^2 

a^a — a(a . b) + (a — 1 )^ c = 


= 0 


a^a^ - a(a^) + (a - l)^.3a^ = 0 
— a + (a^ — 2a + 1)3 = 0 

3 


o A<x^ - 7a + 3 = 0, chon a = —. 


4 


3 


Do do SM = - SB 

4 

M thuoc doan SB sao cho 


SM_3 
SB "4 


s 





b) Thiet dien la hinh thang AMND c6 AD = 2a. 


MN _ SM _ 3 
BC " SB 4 


MN = - a. Ha MH 1 AD. 

4 


Dat AH =PAD thi MH = AH - AM = pb -aa +(a- l)c 
Ta c6: MH . AD = 0<=>[pb - aa +(a-l)c] b = 0 

opib —aa.b +(a — l)c.b = 0o P(4a^) — a(a^) + 0 = 0. 


3 


P(4a2) - - = 0 

4 


3 


4P = -<»p = — 
4 16 


Do do AH = 


— AD.TacoMH = — h --a --c 
16 16 4 4 


Nen MH^ = 


r 3 r 3 - 1 -V 

— b —a —c 
16 4 4 




^ (3b - 12a -4c)^ 


J 


256 


= —( 
256 \ 


9b +144a + 16c -72a.b-0 + 0 


1 — 2 1 ^^ 2 . 40^2 r 7 rk_ 2 ' 156a 


256 


(36a" + 144a"+ 48a" - 72a") = 


256 


MH = 


a 


16 8 


1 


Dien tich Samnd= — (AD + MN).MH 

2 
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-(2a+ -a)-^/^ 
2 4 8 


1 

64 












































Vi 


a) 


du 18: Cho hinh chop S.ABCD day la nira luc giac deu ABCD c6 
AF3= BC' = CD = a, canh ben SA vuong goc vai mat phang day va 

SA = a^/3 . M va I la hai diem sao cho 3 MB + MS = 0,4 IS + 3ID = 0. 
Ma phang (AMI) cat SC tai N. 

a) (hirng minh N la trung diem SC. 

•» 

b) thirng minh SD vuong goc vai mat phang (AMI). 

c) (hung minh ANI = 90“ ; AMI = 90° 

d) '’mil dien tich cua thiet dien tao bai mat phang (AMI) va hinh chop 

;abcd. 

Giai 


('hm he vecta ca so AB = a , 


AD = b, AS = c 


1 


1 r 


thi BC = A aD = - b 

2 2 


a . b = 


a 


b .cos60° = a.2a .— 

2 


= a' 


a.c =0; b.c = 0 


1 



--,-X- 


1 


Ta:6 BM = ~ BS = - (AS 

4 4 


3 


3 


Sl= - SD = -(AD - 
7 7 


- AB)= i(c - a) 

/4V 


3 


AS)=^(b-c) 


AM = AB + BM = a + —(c-a)= — a + — c 

4 4 4 


3 


3 


4 


AI — AS + SI — c + —(b — c)-b + — c 

7 7 7 


ViV thuoc SC nen c6 so a sao cho SN = a SC = a( AC - AS). 

b 


SN = a( AB + BC - AS) = a(a+ — — c) 

2 


Vi AM , AN , AI dong phang nen c6 so x, y sao cho AN - x AM + y AI. 


Ma khac AN = AS + SN = 


c +a(a + — —c) — aa + — b + (1 

2 2 


-a)c 


Taco: AN =xAM +yAI 

c:>aa + — b + (1 - a)c = 

2 


x(—a + — c) + y(—b + — c) 
4 4 7 7 



a + — b + (l-a)c = —xa + -yb + (ix+—y)c. 

• ^ .4 . . .7 . .4 . . .7 


• • 
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3 

a = — X 

4 


a _ 
*2 " 


3 

7^’ 


1 

a = — 
2 

2 

<x = — 

3 


1 1 4 

l-a = — X4- — y 

4 7 


2 


y = 


7 


V 


12 


7 


Vay AN = - AM f — AI 

3 12 


1 


ia+ib.ij 

2 4 2 


b) 


Nen SN = — SC do do N la trung diem cua SC. 

Taco ^ = b - c nen: ^.AI=(b-c)(^b + 4c) 


3 j-2 ^ 4 r - 3 r- 

= — b + — b.c - be 

7 7 7 


4 ^2 

- c =0 
7 


c) 


Dodo SDl AI, va SD.AM =(b - c)(- a + - c) 

4 4 

_3--.lr- 3-- 

- a.b + — b.c - a.c -c -U 

4 4 4 4 

Do do SD 1 AM. Vay SD 1 mp(AMI) 

Taco NI = AI - AN =-ia + —b +— c 

2 28 14 


AN. NI = 


ri- 

1 r 

1-1 


f 1 - 

5 r 

1 -1 

— a -h 

— b + 

—c 


— a - 1 - 

b -f 

— c 

I 2 

4 

2 J 


1 2 

28 

14 j 


I’’^ b-r^l-r br2 1 

= —a H-a.b + 0—a.b +-b +0-0 + 0 + — 

4 56 8 112 28 


0 


3 


3 


9 - 


AN 1 NI va MI = AI - AM = -- a + - b + 

4 7 28 


Tiromg tir AM .Ml = 0 => AM ± MI. 

^3- 1-V 


d) AM^ = 


'c 


4 


a + —c 
4 


9-2 1-2 

— a + 0 + —c 


J 


16 


16 


12a 

"Te 


2 


AM = 


a 


V3 


2 


.„2 ( I - Ir 1-f 1-2 1^2 1-2 1-C,^,^ 62 

AN = -a+-b+-c . - . - 




2 4 2 


/ 


= -a + 
4 


— b +-C +-ab +0 + 0= — a 
16 4 4 4 


AN = 


a 




2 


IN"=(Nir = 



1- 


5 r 

1 -1 

/ 

“ 1 


5 r 

1-1 

— a 

-f 

— b -h 

— c 

“ - 

-a -h 

b + 

— c 

2 


28 

14 J 

4 

\ 

14 

7 j 






















































1 

1 


-2 25 -2 1 -2 5 - - 2 -- 5 r - 

a + 1) ^ c - a 1 ) — ac+ - be 

19b 19 7 7 19 


1 42a 


2 


4 49 


NI = 


a\/42 


14 


c ^ \\T xii 6a“77 Sa~\f7 

Sani = - AN. Nl = -=- 

2 56 28 


/ 


Fa c6: AM.AN = 




3 - 1- 

— a + —c 

4 4 


1- 

— a + — b + —c 

2 4 2 


\ 




/ 


1 -*2 — ^ ^ -2 15a^ 

(6a + Sab + 6ac + 2ac + be+2c ) = - 

16 


16 


nen eos(AM,AN) = 


AM. AN 


sin(AM; AN) = 


2\M.AN 4^/2 

n/U 


8 


O ^ A\/t AXI • /AX/I AXT\ ^ 3.\S 3.\G aJ \ A 

Sman = — AM. AN.sin(AM; AN) = —.-.-.- 

2 . 2 2 2 8 

_ 3a^./7 Sa^v/T 45a^>/7 
vay 8amni “ ^ani ^man “ - + - = -- 




32 


28 


32 
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C. BAI LUYEN tap 


1. (’ho hai duong thang a, b va mat phang a. Cac menh de D, S? 

a) Neu a/I a va b± or thi aXb 

b) Neu a//or va b J. a thi b _L or 

c) Neu aJ! a va b//a thi b// or 

d) Neu a i. or va b± or thi aJ/h 
DS: a) D b) S c) S d) S 

9 ^ \ 9 

2. Chung minh neu c6 mot diem each deu bon dinh cua mot tu giac thi tu 

9 ^1 

giac do c6 duong tron ngoai tiep. 

/ \ 

HD: dung hinh chieu cac dpan xien bang nhau 

3. (.'ho tu dien ABCD c6 AB = 5a, BC = 3a, CD = 4a doi mot vuong goc. 

a) Tinh doan AD b) Tim diem O each deu A, B, C, D. 

DS: b) O la trung diem cua AD 

4. Cho tu dien deu ABCD canh a. Tim diem O each deu 4 dinh A, B, C, D 
va tinh doan OA. 

HD: O la trong tarn tu dien 

5. Cho hinh chop S.ABCD c6 day la hinh thoi tarn O. 

Biet r^g SA = SC, SB = SD. Chung minh: AC _L SD 
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Cho tij dien SABC c6 ABC la tarn giac vuong tai B va SA vuong g(k vai 
mat phang (ABC).Goi AH la dirong cao cua tarn giac SAB va AK la 


dirang cao cua tarn giac SAC . Chung minh HKl SC. 
HD: Chung minh SC A. (AHK). 


Tu dien OABC c6 cac canh OA — a, OB = b, OC= c doi mot vuong goc 
voi nhau. Ha OH 1 (ABC). Ti'nh doan OH. 




HD: dung he thuc 




8. Cho hinh lap phuorng ABCD.A'B'C'D'. Tmh goc giua : 

a) hai duong thang AC va B’D’ 

b) hai duong thang AB’ va BC’ 

c) hai duong thang BD’ va AC 

d) hai duong thang AC’va CD’. 

DS: a) 90^ b) 60® c) 90® 

9. Cho tarn giac ABC vuong tai A, canh AB = c va nam trong mot mCit 

t t 

phang (P), canh AC = b va tao voi mat phang (P) goc a . 

Tmh sin cua goc tao boi canh BC voi mp(P). 

HD: Xac djnh hinh chieu cua A len mp(P). 

10. Cho hinh hop chu nhat ABCD.A'B'C'D'. Duong cheo AC’ hop voi 3 m(it 
chung dinh g6c a , p, y vk 3 canh chung dinh goc x, y, z. 

a) Chung minh cos^ a +cos^ /? +cos^ y=2 


b) Chung minh cos^x + cos^y + cos^z = 1 

11. Hinh chop S.ABCD c6 day la hinh thoi tarn O va c6 SB = SD. 

a) Chung minh (SAC) la mat trung true cua doan BD 

b) Goi H va K Ian lugt la hinh chieu vuong goc cua A tren SB va SD. 
Chung minh SH = SK, OH = OK va HK song song voi BD. 

HD: a) mat phang trung trirc la mat phang vuong goc voi do^ do tai trung diem 

_ _ ^ 

12. Cho hinh vuong ABCD canh a, tarn O. Tren duong thang vuong goc voi 
(ABCD) tai O, lay diem S sao cho SO = b. Mat phang (P) qua A va 
vuong goc voi SC Ian lugt cat SBT’SC, SD tai B’, C’, D’ 

a) Chung minh B’D’ // BD. Tu do suy ra each dung B' va D’ 

b) Xac djnh va ti'nh dien ti'ch cua thiet dien AB’C’D’. 


HD: thiet dien c6 2 duong cheo vuong goc 
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13. l ir dien SABC c6 AIK’ la tam giac vuong can tai B, AF^ = a, SA vuong 

t 9 

goc vcri (ABC), SA = b. Ggi (I^) la mat phang di qua trung diem M cua 
AB va vuong goc vbi SB. 


Xac djnh va tlnh dien tich cua thiet dien cat bai (P). 


14. (’ho tir dien ARC’D. Tim tap hop cac diem M sao cho MA'" - MB^ = k 
cho triroc. 


HD: dung cong thuc hieu binh phirong 

15. C!ho tu dien ABCD. Tim tap hop cac diem M sao cho; 

MA''+ MC^ = MB^+ MD' . 

16. (’ho tu dien ABCD. Tim tap hop cac diem M sao cho 


(MA - MD)(MA + MB + MC + MD) = 0 

I 

DS: mat phang di qua trong tam tu dien va vuong goc vai AD. 

17. Hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, tam O, SA 
vuong goc vai (ABCD) va SA = a. 

a) Goi I la trung diem cua SD. Chung minh AI vuong goc vai (SCD) 

b) M la diem di dong tren doan SD. Tim tap hop cac hinh chieu cua O 
tren CM. 

18. ("ho tu dien ABCD cac cac canh thoa man: 

• • 

AB^ + CD^ = AC^ + BD^ = AD‘^ + BCl 

f 

("hung minh c6 it nhat 1 mat la tam giac nhgn. 

19. Cho tu dien ABCD va mat phang (P). Tim diem M thuoc (P) sao cho 
2MA^ - MB^ + 2 MC^ - MD^ nho nhat. 


1)S: M la hinh chieu cua diem I la diem sao cho 2IA - IB + 2IC - ID = 0 
len mat phang (P). 

20. ("ho tu dien ABCD. Tim diem M thuoc (ABC) sao cho: 


4MA + 2MB + MC -6MD | nho nhat. 

/ •» 

HS: M la hinh chieu cua diem I la diem sao cho 


IIA + 2IB + IC - 6ID = 0 len mat phang (ABC). 






249 


















§4. HAI MAT PHANG VU6NG G6C 

A.KI^N THUCCa BAN 
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f 


' Quia dirang thang a khong vuong goc vai mat phSng (P) c6 duy nhit 
mot mat phang (Q) vuong g(k vai mat phdng (P). 

• Hinih lang try dung: hinh lang try c6 canh ben vuong coc vai mat day. 

- Hinih lang try deu: hinh lang trii dung c6 day la da giac deu. 

• Hinih hop dung: hinh lang try dimg c6 day la hinh binh hanh. 

- Hinih hpp chu nhat: hinh hop dung c6 day la hinh chii nhat. 

• Hinih lap phuong: hinh hop chu nhat c6 tit ca cac canh bang nhau. 



c 




/ 

J 

__ 


✓ 

✓ 

✓ 

c: 

7 


E’ 


D' 


- M6)t hinh chop dugc goi la hinh chop deu neu day cua n6 la da giac diu 
va cac canh ben b^g nhau. 

- Khii c3t chop deu b(M mpt mSt phang song song vai day de dugc mot 

chop cytt thi hinh chop cyt do dugc gpi la hinh chop cyt deu. 

s 











D 



■ ;v.' ■' 


D 


B 




■a, 






B. PHAN DANG TOAN 



• ^ ^ 

DC* chung minh hai mat phang vuong goc: 

- Chiung minh mat phang nay chiia mpt duang thang vuong goc vai mat 

phang kiia. 

- Chiung minh goc giura hai mat phing bang 90°. 

Chui y: - Viec chung minh 2 mat phing vuong goc dua ve chung minh 
duang tthang vuong goc vai mat phang va viec chung minh duang thang 
vuong g»6c vai mat phang lai dua ve chung minh duang thang vuong goc ydi 
2 duong thang cat nhau cua mat phang. 
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- de chung minh hai diiong thang vuong goc, dirong thang vuonc goc 
vai mat phang la nen tang ca ban tronp v^n dung giai toan. DSc bi?t, neu hai 
mat phang vuong goc voi nhau thi bat cu duong thang riao nam trong mat 
phang nay va vuong goc voi giao tuyen thi vuong goc voi mat phang kia. 


Vi du 1: Cho hinh chop S.ABC c6 day ABC vuong tai B, SA J- mp(ABC). 
Chung minh 

a) mp(SAB) _L mp(ABC), mp(SAC) ± mp(ABC). 

b) mp(SBC) _L mp(SAB). 

Giai 

a) ViSAlmp(ABC) 
va SA c mp(SAB), mp(SAC) 
nen mp(SAB) ± mp(ABC), 

mp(SAC) ± mp(ABC) 

b) Ta c6 BC 1 AB va c6 SA 1 (ABC) 
nen BC 1 SA, do do BC 1 (SAB) 

Ma BC (z (SBC) nen mp(SBC) 1 mp(SAB). » 

Vi du 2 : Cho hinh chop S.ABC c6 day ABC vuong tai B va 2 mat ben 
(SAB), (SAC) cung vuong goc voi day. 

a) Chung minh SA X (ABC). 

b) Ha AH 1 SB, AK 1 SC. Chung minh (AHK) 1 (SBC). 



Giai 

a) Ta CO (SAB), (SAC) 1 (ABC) nen giao 
tuyen SA X (ABC). 

b) Ta CO AB X BC nen duong xien 
SB X BC do do BC X (SAB) 


(SBC) X (SAB). 

Vi AH vuong goc voi giao tuyen SB 

nen AH X (SBC) 

Ma AH (z (AHK) nen (AHK) X (SBC). 



B 


Vi du 3 : Cho hinh chop S.ABCD c6 SA = SB = SC — SD - a>/3 va day 
ABCD la hinh vuong canh 2a. Chung minh: 


a) 






a) mp(SAC) X mp(SBD). 

Ha SO X (ABCD) 
vi SA = SB = SC = SD 
nen OA = OB = OC = OD 
do do O la tarn cua hinh vuong day 
Ta c6: AC X BD, AC X SO => AC X (SBD). 
Vay (SXC) X (SBD). 


b) mp(SAB) X mp(SCD). 

Giai s 
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b) Vi AH // CD nen giao luyen cua 2 mat phang (SAB), (SCD) la St // AB. 
Goi I, J Ian liRTt la trung diem cua AB, CD. 

l a CO SI _L AB, SJ1 CD ==> SI, SJ ± St nen goc giira 2 mat phang (SAB), 
(SCD) la goc giira 2 dirang thang SI, SJ. 

Ta CO I.I = BC = 2a, Si' = SB^ - IB^ = 2a^ = Sj' 

SI^ + SJ^ = 4a^ = IJ^ nen tarn giac SIJ vuong tai S. 

Vay goc giua 2 mat phang (SAB), (SCD) bang 90” nen (SAB) vuong goc 
v(Vi (SCD). 


Vi du 4: Cho hinh lap phirong ABCD.A'B'C'D' tarn O. Chung minh: 


a)(AA';CC')l(BB’, DD') 


b) (OAB) 1 (OCD) 


c)(ACCA')l(A'BD). 


Giai 


a) Vi ABCD la hinh vojong nen AC _L BD ma AC A. BB' nen AC _L (BB', DD') 
Do do (AA'; CC) 1 (BB', DD'): 

b) Ta CO mp(OAB) = mp(AB; CD'), 

mp(OCD) = mp(A'B'; CD). 

Vi l^C 1 B'C, BC 1 CD 
BC 1 (A'B'; CD). 

Do do (AB; CD') 1 (A'B'; CD) 

c) Ta cd AB = AD = A A' va 

C'B = C'D = C'A' =AB>/2 


dpcm. 



nen A, C thuoc true ciia tarn giac A'BD. 


Do do AC 1 (A'BD) => (ACCA') 1 (A'BD). 

Vi du 5 : Tu dien SABC c6 SA vuong goc vai mat phang (ABC). Goi H va K 
Ian lirgt la true tarn cua cac tarn giac ABC va SBC. Chung minh rang; 

b) (SBC) 1 (BHK). 

Giai 


a) (SAC) ± (BHK) 




a) De y ba duong thang AH, SK va BC dong quy tai A', s 
Vi K la truer tarn cua tarn giac SBC nen BK 1 SC. 

Vi H la true tarn cua tarn giac ABC 
va SA 1 (ABC) nen BH 1 AC, BH 1 SA. 

Suy ra BH i. (SAC) nen BH _L SC. 

Do do SC 1 (BHK) nen ta c6 (SAC) 1 (BHK). a 

b) Ta CO BC 1 (SAA'), do do BC 1 HK. 

Va SC 1 (BHK), do do SC 1 HK nen HK 1 (SBC). 

Vi mat phang (BHK) chua HK nen (BHK) J. (SBC). ^ 

Vi du 6; Hinh chop S.ABCD c6 day la hinh thoi ABCD canh a va c6 
SA = SB = SC = a. Chung minh: 

a) Mat phang (ABCD) vuong goc vdi mat phang (SBD). 

b) aam giac SBD la tarn giac vuong tai S. 




$ 


i 
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Giai 

a) Goi O la tarn cua hinh thoi. 

Ta CO AC ± BD. 

Vi SA = SC nen SO ± AC. 

Do do AC vuong goc vai mat phang 
(SBD) nen mat phang (ABCD) vuong 
goc voi mat phang (SBD). 

b) Ba tarn giac SAC, BAC, DAC bang nhau (c.c.c) nen ta suy ra OS = ()B = OD 



D 


so = 


BD 

2 


nen tarn giac SBD vuong tai S. 


Vi du 7: Cho hinh vuong ABCD va tarn giac can SAB nam tren hai mat 
phang vuong goc voi nhau. 

a) Chung minh mp(SAD) Jl mp(SAB). 

^ ^ \ 

b) Goi I la trung diem AB, K la trung diem AD. Chung minh rang 


mp(SCK) 1 mp(SID). 


Giai 


a) Vi mp(ABCD) ± mp(SAB) va AD ± AB nen 
AD Jl mp(SAB), do do mp(SAD) ± mp(SAB). 

b) Ta CO 2 tarn giac vuong ADI va CDK 

bang nhau (c.g.c) nen goc ADI = DCK 

Ma AD 1 CD nen DI1 CK. 

Vi I trung diem cua AB nen 

SIl AB => SI 1 (ABCD) => SI 1 CK. ^ 



[) 


Vay KC J_ mp(SID) va do do mp(SCK) _L mp(SID). 

Vi du 8: Hinh chop S.ABCD c6 day la hinh thoi ABCD tarn 1, c6 canh bang 

3.a/6 

a va duong cheo BD = a. Canh SC = -vuong goc voi mat phang 

2 

(ABCD). Chung minh hai mat phang (SAB) va (SAD) vuong goc voi 
nhau. 

Giai 

Vi ABCD la hinh thoi nen BD ± AC 


ma BD 1 SC => BD 1 (SAC) 

=> BD 1 SA. 

Trong mat phang (SAC) ha IH _L SA thi 
SAl(BDH). 

Do do BH _L SA va DH _L SA nen goc giua 

hai mat phang (SAB) va (SAD) la goc 

giua hai ducmg thang I IB, I ID. 

Hai tarn giac vuong AHI va ACS co goc 

% 

nhon A chung nen dong dang. 



->A 
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Do do 


m _ sc 

AI ~ AS 


111 = 


A1.SC 

AS 


Vi RD = a nen ABD la tarn giac deu. do do: AC = 2AI = a\/3 . 


SA= Vac- + sc“ = 


3a>/2 


2 


„ a FiD 
1H = — = - 

2 2 


Nen tarn giac RFID vuong tai H. 

•y 

Vay hai mat phang (SAFi) va (SAI3) vuong goc vai nhau. 

Vi «lu 9 : (’ho hinh chop S.AFFCD c6 day la hinh thang vuong tai A, B va c6 
AD = 2AI^ = 2BC. SA vuong goc vdi day. Chi'rng minh; 


a) (SBC) 1 (SAB) 


h) (SCD) 1 (SAC). 

viai . 




Ta c6 BC ± BA => BC 1 SB 
ncn BC 1 (SAB) 

Do do (SBC) ± (SAB). 

Goi O la trung diem AD thi OA = AB = BC 
va (3A // BC, ta c6 goc A, B vuong nen 
OAIFC la hinh vuong. 

Do do OB ± AC ma OBCD hinh hinh hanh 
nen OB // CD, do do CD 1 AC. 

Ma CD 1 SA nen CD 1 (SAC). 

Vay (SCD) 1 (SAC). 



DANG 2; GDC GICTA 2 MAT PHANG 

• ^ 


- Goc giua hai mSt phang la goc giua hai duong thang lugrt vuong goc 
vai hui m$t phing do. 

Neu hai mat phang song song hoac trung nhau thi goc gifta hai mSt' 
phSng do b^g 0°. 

- Xac dinh goc giua hai mat phing cSt nhau: 

Cho hai mat phang (a) va (P) cat nhau theo giao tuyen c. Tir mpt diem F bat 
ki Iren c ta dimg duong thing a trong (a) vuong g6c vai c va dvmg du^g 
thing b trong (p) vuong goc vai c. Khi do goc giura (a) va (P) la goc giiia hai 
du(mg thing a va b 
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- Neu (p la goc gi&a 2 mSt phang (a), (P). Hinh (H) c6 dien tich S tren 
(P), hinh chieu len (p) la (H') c6 dien tich S' thi S' = S. coscp hay S = — ^ — 

coscp 

Chu y; - Goc giua 2 dudng thang, goc giCta dudmg thang va mat pliang, 
goc giiia 2 mSt phSng deu c6 so do tir 0° den 90°. 

- Co khi ta khong c^ xac djnh cu the goc cp cua 2 mat phSng la goc cuu 2 

j ‘ f f r 

dirong th^g, neu biet dugc dien tich S va dien tich chieu S' thi goc (p xdc 
dinh boi coscp = —. 

Y g 


Vi 


•» 9 

du 1 : Cho tarn giac ABC va mat phang (P). Biet goc giira mp(P) va 
mp(ABC) la (p < 90°; hinh chieu cua tarn giac ABC trcn mp(P) la tarn 

giac A'B'C. Chung minh rang: S.vb'c = Sabc • coscp. 

Giai 

Ta xet 3 truong hcjp: ^ 

- Xet trucmg hop tarn giac ABC c6 mot canh, 
chang han BC nam trong mp(P). Goi A' la hinh 

f 

chieu cua A tren mp(P). Ha dudng cao A'H cua 
tarn giac A'BC thi AH la dudng cao cua tarn 

giac ABC va AHA' = cp. 

Sabc = - BC.A'H 

2 

= — BC.AH.coscp = Sabc-coscp. 

2 A 

- Xet trudng hgrp canh BC cua tarn giac 
ABC song song vdi mp(P), mp(Q) chua 
BC va song song vdi mp(P), goi giao 
diem cua AA' vdi mp(Q) la Ai. Khi do 
, AAiBC = AA'B’C; goc giua mp(ABC) 
va mp(P) bang cp. 




Do do: SA'B'C “S 


A.BC 


“ Sabc-coscp. 


- Xet trudng hop tarn giac ABC khong 
CO canh nao song song hay nam trong 
mp(P). Qia su mp(P) di qua diem A sao 
cho cac dinh B, C d ve cung mot phia 



; 1? 


L' M 
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doi vai mp(P). (joi D la giao diem ciia dirong thang BC va mp(P); B', C 
Ian lircTt la hinh chicu cua B, C tren (P) thi B'C di qua D. 

Fhco chirng minh tren thi Sadc = Sadc-coscp va Sadfv = Sadb-coscp 

nen Saivc” ~ 

Vi du 2 : Tam giac ABC vuong c6 canh huyen BC nam trong mp (p), canh 
AB va AC Ian lirgt tao vai mp(P) cac goc p va y. Gpi a la goc tao bai 
mp(P) va mp(ABC). Chiing minh rang sin a = sin p + sin y. 

Giai 

I la AA' Miong goc vai mp(P) thi ABA', AC A' 1^ lugt la goc giira AB, AC 
V(n mp(P), theo gia thiet ABA' = p, ACA' = y. 

Ma duong cao AH cua tarn giac vaiong ABC thi A'H _L BC nen AHA' = a 
la goc giua mp(ABC) va mp(P). 


T A A' 
a co: sinp = -, siny 


sina = 


AB 

AA' 

AH 


AA' 
AC ’ 


Trong tarn giac vuong ABC, ta c6: 

1 


AH^ 

AA'^ 


1 1 
AB^ ^ AC 
AA’2 



\ \ . lUj^C 


AA 


AH^ AB 


- + 


AC 


sin a = sin p + sin y. 


tvmg 


mot va CO OA = a, OB = b, OC = c. Goi a, p, y lugt la goc hgp bai 
cac m$t phang (OBC), (OCA), (OAB) vai mat phang (ABC). 

a) Chimg minh rang cos a + cos p + cos y = 1. 

b) Tinh dien ti'ch tarn giac HAB, HBC va HCA. 

Giai 

Goi H la hinh chieu vuong goc cua dinh 0 xuong mat ph^g (ABC) thi H 
la true tarn cua tarn giac ABC vai 3 duong cao AA', BB', CC. 

a) Tu c6 a = OA^ , P = OB^ 

y = OC'C nen cosa = cosOA'A 


= sinOAA' = 


Tirang tir cosP = 


OH 


b 


, cosy 


OH 


Tu he thuc 


1 


1 


OH 


+ 


1 1 


a 


b 


+ 




257 























OH- OH- OH^ 

- 2 — - 2 — ~ ^ 

a [)- c 

Vay cos^a + cos'^p + cos^y = 1. 

a be 


b) Ta c6: OH = 


+b-c‘ 


2 2 2 
+ c a 


va SiiBc “ Sonc ^-'^sa 


2_2 


nen: Subc = 


b"c 


2^/a^b^ +b^c 


2 I „2„2 

+ c a 


. Tirong tir: 


2 i .2 


s 


a"b 


HAB 


27 ^V~fbVTcV 


;S 


2 2 
c a 


HAC 


o / 2i 2 1 2 2 2 2 

2\ja b +b c + c a 


Vi du 4 : Cho hinh hop chCr nhat ABCD.A'B'C'I)'. Goi a, P, y va x, y, z la 3 
goc tao boi duang cheo AC vai 3 canh chung dinh A va 3 mat chung 
dinh A. Chirng minh: 

a) sin^a + sin^P + sin^y = 2 b) sin^x + sin^ sin^z = 1 


a) 


Giai 

Goi 3 kich thuac AA' = a, AB = b, AD = c 
va duang cheo d = AC thi a^ + b^ + = d^. 

Ta CO AA', AB, AD la 3 canh chung dinh A. 
Xet 3 tarn giac vuong AC A', ACB, ACD: 

rA'C'f rBC'3 


2 


sin^a + sin'^p + sin^y = 


\ 


d 


+ 


J 


\ 


d 


+ 


J 






DCO 


2 


d 


J 


1 


d' 

1 

d' 

1 


(A'C^ + BC^ + DC^) 


D 


B 



(b‘^ + c'^ + + a" + a' + b'O 


(2a" + 2b" + 2c") = 2. 


2 \ _ 


d 


'x''. 

'x 


B’ 


1 

• ^ N 

1 ^ 

1 

* ^ 

t 

t 

1 

1 ^ ^ 

1a' 

• / 

V 

! ✓ 

V 


\ 

X 






b) 


Hinh chieu cua AC len 3 mat chung dinh A Ian lirgt la AB', AD' va AC 
Xet 3 tarn giac vuong AB'C, AD'C, ACC. 

i\2 / 


2 _ 


Sin X + sin y + sin z = 


^B'C'^ 






d 


+ 


/ 




CD 

d 


+ 


/ 


\ 


cc 

d 


n2 


J 


1 


(c" + b" + a") = 1. 


d 


^ % 

Vi du 5: Cho hinh chop tarn uiac deu S.ABC c6 canh day bang '3a, canh ben 
bang 2a. 

a) d'inh goc giira canh ben va mat day. 

b) Tinh tang cua goc tao boi cac mat ben \ a mat day. 
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• -T • 

iiai 

a) (ioi 11 la trong tain cua AAIK' la c6 SI I ± mp( AFiC), 

/ 

Neu u la goc gifra canh hen SA 
\a mat phang day (ABC) thi 

(X = . 

la c6 

All = ^^ = ^ = a73 


s 


3 3 

AH a \j 3 \fs ,. A -A 
ncn cosa =-=-= — . Vav a = 30 . 



AN? 


C 


B 


b) 


SA 2a 2 

Vi S.ABC la hinh chop tarn giac deu nen goc giira SB, SC v(Vi day 
(ABC) cung bang 3()‘\ 

(joi I la Irung diem cua F^C. Neu (p la goc giira mat ben (SBC) va mat 
day (ABC) thi (p = SFH . Ta co: 


tanip 


SH SAsina 


HF 


~AH 

2 


2a.— 
_^ 

ia.y3 

2 


2n/3 


3 


Vi hinh chop deu nen tang cua goc tao boi mat ben khac va mat day cung 
i,i 2^/3 

bang - . 

3 

Vi du 6 : Cho lang tru ABC.A'B'C c6 tat ca cac canh day deu bang a. Biet 

goc tao thanh boi canh ben va mat day la 60^' va hinh chieu H cua dinh A 

len mp(A'B'C') trung voi trung diem cua canh B'C. 

*» 

a) Ti'nh tang cua goc giua hai dirong thang BC va AC. 

b) Tinh tang cua goc giira (ABB'A') va day. 

Giai 

Theo gia thiet tarn giac AA'H vuong tai H va c6 AA 

3a ^ 


a) 


= 60^^ 


Tir do suy ra: AFl = 

Dm (p = (AC, BC) 
Vi BC /// B’C 


2 


nen (p = (AC, B'C) = ACH . 


Suy ra tamp = 


AH 

CH 


3a 

T 


= 3. 


a 

2 



c 


b) Ve FH X A'B' ta suy ra AF X A'B'. 


M 


V^v ap AIH chinh la goc giira (ABB'A') va day 
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3a 


3a 


Ta c6: tana = 


AH 

IH 


2 ^ 2 ^ 2v/3 

B'HsineO" a S 

2'T 


_ T ^ 

Vi du 7 : Tir mot diem nam ngoai mp(P), ha duong vuong gtk MA va hai 
dirong xien MB, MC toi mp(P). Bi4t MA = a, MB, MC d^u tao vcVi 
mp(P) cac goc 30° va MB 1 MC. 

a) Tinh doan BC. 

b) Tinh cosin goc (p tao boi (MBC) va (ABC). 

Giai 


a) Tac6MB = MC = 


MA 


sin 30° 


= 2a 


M 


BC = MBn/ 2 =272 a. 
b) Gpi I la trung diem BC ta c6 
IM 1 BC vti AI1 BC. 

Ta CO (p = MIA, khi do: 


smtp 


MA 


MI 


a 


72 2 



Vay (p = 45°. 


Vi du 8 : Tam giac ABC c6 dinh A nam trong mat phang (a), hai dinh B va 
C CO hinh chieu tren (a) Ian lirgt la B' va C sao cho AB'C la tarn giac 


deu canh a. Gia sir CC = a, BB' = 


a 

2 


a) Goi I la giao diem cua BC va B'C. Chung minh lA vuong goc voi AC. 

b) Tinh dien tich ciia tarn gik ABC roi suy ra gia trj cua goc cp giua mat 


phang (a) voi (ABC). 


Giai 


a) 


Vi CC = 2BB' nen B' la trung diem cua IC. 
Tam giac AIC c6: B'A = B'C = B'l nen do 
la tarn giac vuong, hay lA ± AC. 

Vi AC la hinh chieu cua AC tren mp(a) 

nen lA _L AC. 

2 




b) Sab'c “ 
canh a). 


a” To 
4~~ 


(vi AB'C la tarn gik deu 



Sarp = — SiAc — I A. AC ma AC = a 75,1 A = a Ts nen: 

4 





























s 


AHC 


■ = — .'d y/^j .'d J2 = 


4 




1 


a 




S 

I'a c6: cosq) = 


4 


1 


a 


^^/6 ^/2 


(p = 45" 


4 


^ \ y 

Vi du 9 : Tam giac deu ABC ( anh a c6 hai dinh B va C nam Irong mat phang 


7 ^ 

(a), dinh A each mat phang (a) mot doan b^g 
a) I'inh sinq) vai (p la goc giira (a) va (ABC). 


a 

2 


2 


a) 


b) Goi E va F la cac diem xac dinh bai AE = —AB, AF 

■ 3 

f 

4'inh dien tich hinh chieu cua tarn giac AEF tren (a). 

Giai 

f 

(loi A' la hinh chieu cua A tren (a) va I 
la trung diem cua BC. Vi tarn giac ABC 
deu nen BC 1 lA va do do BC 1 lA'. 

Nhu vay (p = AIA'. 

a 


-AC. 

3 


, . AA' 2 ^ 

1 a co: sincp = - - 


lA 


a 


S 3 



2 


b) =iAE.AF.sinA = - 

Ahh 2 18 




va costp 




3 


Sa'H'F' - Saef-cos(P - 


S a 




18 3 18 

Vi du 10 : Cho tarn giac ABC vuong tai B, AB = 2a, BC = a. Tren hai tia Ax 
va Cy vuong goc vai mp(ABC) va a cung phi'a doi vai (ABC), Ian luot 
lay hai diem A' va C sao cho AA' = 2a, CC = x. 

a) Xac dinh x sao cho A'BC = 90". 

b) Xac djnh x sao cho BAX) = 90". 

c) Cho X = 4a. Ti'nh cosep vdi cp la goc giua hai mat phang (ABC) va (A'BC). 

Giai 

a) Tren Cy ta lay diem Ci sao cho CCi = 2a. 

A'B^ = A'A^ + AB^ = 8a2 
BC'2 = BC^ + CC"* = a" + x^ 

A'C'2= A'Cf+CiC'2 

5a*^ + (2a - x)^ = x^ - 4ax + 9a*^ 



= 90“ A'C'2 = A'B^ + BC'-'. 


t2 



• • 


B 
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<=> - 4ax + 9a^ = Sa'^ + a^ + x'"^ <=> x = 0 

b) i^^ = 90°<^BC'2 = A'B2 +A'C’2 

a^ + x^ = 8a^ + x^ — 4ax + 9a^ <=> 4ax = 

c) x = 4a, khi do A'C, + CjC ^ = 5a^ + 4a^ = 


2 _ 


2 


2 


.2 


16 a^ <=> X = 4a 
9a2 A’C = 3a 


Sa'Bc ~ 


- .A'B.A'C = - .2a y[2 .3a = 3a^ >/2 . 
2 2 

_2 


COS(p 


s 




1 


S>. 


A’BC’ 


_^_ 

3a^x/2 3v2 6 


Vi du 11 : Cho hinh chop S.ABCD c6 day la hinh vuong canh a, SA _L (ABCD). 
Hai diem M va N Ian lugt thay doi tren hai canh CB va CD, dat CM = x, 
CN = y, Tim he thirc lien he giiia x va y de: 

a) Hai mat phang (SAM) va (SAN) tao voi nhau goc 45^'. 

b) Hai mat phang (SAM) va (SMN) vuong goc voi nhau. 

Giai 

a) Ta c6 AM, AN cung vuong goc voi SA 

nen goc nhpn MAN la goc giira hai mat 
phang (SAM) va (SAN). Hai mat phang 
do tao vdi nhau goc 45° khi va chi khi 

MAN = 45°, N G CD. 


s 


<=> BAM + DAN = 45°. 


1 = tan( BAM + DAN) 



D 


Dung cong thuc cong va c6 tan BAM = 


a - X 


a 


, tan DAN = 


a-y 


a 


thi dieu 


kien can tim la 2a^ + xy = 2a(x + y) 

Cach khac: Dung djnh ly cosin cho tarn giac AMN. 

b) Vi SA 1 MN, (SAM) 1 (ABCD) nen: 

(SAM) 1 (SMN) khi va chi khi AMN = 90° 

<=> a^ + (a - x)^ + x^ + y^ = a^ + (a — y)^ <:r> ay = x(a - x). 

Vi du 12: Cho hinh chop S.ABCD c6 day la hinh vuong canh a va SA 1 (.MiCD) 
SA = X. Xac djnh x de hai mat phang (SBC) va (SDC) tao vai nhau goc 
60°. 

c 

«iai 

Goi O la giao diem cua AC va BD. Trong mat 
phang (SAC), ha OH vuong goc voi SC, thi 
mp(BHD) vuong goc voi SC. Do do goc giira 
hai mat phang (SBC) va (SDC) bang goc giua 
hai duong thang BH va DH. 

Ta c6 OH 1 BD, OH < OC nen 011 < OB = OD, 
do do fern giac can BHD co goc H tu. 
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Khi mat phang (SIK') va (SI)C) tao vai nhau goc 60‘’ khi va chi khi: 

iTiTi) = 120" jvH?) = 00" o BO = on 


SA 


'C::> 


no = n/3 .OC.— S(’ = n/3 .SA. 

L '1 / 1 


S( 




six- +^a- = Va. 


X o x“ = a^o X = a. 


B 


> 1 

Vi du 13: Cho hai tarn giac ACT) va BCD nam trong hai mat phang vuong 
goc vai nhau, AC = AD = BC = BD = a va CD = 2x. Goi I va J Ian lirgt 
la trung diem cua AB va CD. 

a) Chinig minh IJ la doan vuong goc chung ciia AB va CD. 

b) Xac djnh x sao cho (ABC) vuong goc vai (ABD). 

Giai 

a) l am giac ACB can dinh C va lA = IB nen Cl J_ AB. 

1 uang tir DI JL AB nen AB 1{C1D) 

Do do IJ 1 AB. 

l uang tir CD i. (AJB) nen IJ ±CD 

b) J a CO goc giua (ABC) va (ABD) la CID = 2CIJ 


(BCD)l(ACD) va BJ 1 CD 
Vay BJ 1 AJ. 


BJ 1 (ACD). 


ma 





D 


Do do: AB =^I2.^Ia‘ -x^ = J2(a^ -x^)nen IJ = 


aj^Aab 


\2 




2 


2 2 
a -X 


J 


2 


Do do: (ABC) 1 (ABD) o CIJ = 45 


0 


C:> IJ = 


CD 

2 


2 2 
a -X 


= x<=> 3x^ = a^ <=> X = 


a 




3 



' Lang tru dung khi cac c^h ben vuong goc vdi mSt day. Cac mat xung 
qiianh la hinli chO: nhat. 

• Lang try dhu la lang tru dung va c6 day la da giac deu; Can phan biet 

vdi lang try day da giac deu, chi c6 day la tarn giac deu. 

' Hinh hpp chO* nhat la iSng try dung va day hinh chit nhat. Neu a, b, c la 




J. 

' Hinh lyp phuang la hinh hyp chit nhabco day la hinh vuong. Neu canh 

a thi ducmg cheo d = aVs . A 

- Hinh chop^ deu la hinh chop c6 day la da giac deu va cac canh ben bang 
nhau. Hinh chieu cua dinh len mat day la tarn cua day. Chu y ve ngugc, xac 
djnh tarn cua day roi d^g dudng vuong goc len dinh. 

. - Hinh chop cut. deu. duac tap ra.khi cat hinh. chop deu bqi mSt phang 

song song vdi day. 
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B 


D 


Vi du 1 : Hinh hop ABCD.A'B'C'D' la hinh hop gi neu thoa man mgi trong 
cac dieu kien sau? 

a) Tir dien AB'CD'co cac canh doi bang nhau. 

b) Tu dien AB'CD' c6 cac canh doi vuong goc. 

c) Tu dien AB'CD' la tu dien deu. 

Giai 

a) Tac6B'D' = BD. 

Vay AC = B'D' AC = BD, khi do ABCD 
la hinh chu nhat. Tuomg tii ta cung c6 
ABB'A' va ADD'A' la nhung hinh chu nhat. 

Vay khi tu dien AB'CD' c6 cac canh doi dien 
bang nhau thi ABCD.A'B'C'D' la hinh hop b 
chu nhat. 

Ngugc lai, khi ABCD.A'B'C'D' la hinh hop chu nhat thi de thay tu dien 
AB'CD' CO cac canh doi dien bang nhau. 

AC 1 BD. Khi do ABCD la hinh 



D' 


b) Ta CO BD // B'D'. Vay AC 1 B'D' 
thoi. Tuomg tu ta c6 ABB'A'va ADD'A' la nhung hinh thoi. Vay hinh hop 
ABCD. A'B'C'D' la hinh hop thoi (tuc sau mat cua hinh hop la hinh thoi). 
Ngugc lai neu ABCD.A'B'C'D' la hinh hop thoi thi ABCD la hinh thoi 
nen AC g BD. Theo tinh chat cua hinh hop BD // B'D', do do AC J_ B'D'. 

Tucmg tu AB' 1 CD'; AD' 1CB'. 

Do do tu dien AB'CD' c6 cac canh doi dien vuong goc. 

c) Khi AB'CD' la tu dien deu thi cac canh doi dien vua bang nhau vua 
vuong goc; ap dung ket qua cua cac cau a) va b) ta c6: Khi AB'CD' la tu 
dien deu thi hinh hop ABCD.A'B'C'D' la hinh lap phuong. 

Ngugc lai neu ABCD.A'B'C'D' la hinh lap phuong thi AB'CD' la tir dien 
deu. 


Vi du 2 : Cho hinh hop ABCD.A'B'C'D' c6 AB = a, BC = b, CC = c. Neu 


AC = BD' = B'D = 
ch& nhat khong? Vi sao? 


Giai 


Theo vi du 9 §3 Chuong II ta c6: 

AC'2 + A'C^ + BD'2 + B'D^ = 4a'^ + 4h^ + 4c^ 


ma 


nen 


+ b^ + c 


V 


+ b^ +c 


B 


tuc la bon dudng cheo cua hinh hop bang nhau. 

Do ACC'A' la hinh binh hanh va AC = A'C nen 
ACCA' 1^ hinh chu nhat, tuc la AA' _L AC. 

Tirong tg nhu tren ta c6 BB' I. BD, ma BB' // AA'. 


A' 



/ ^ 

✓ ^ 






Vv- 


/✓ 

/✓ 

// 

// 

/✓ 


B* 


C 
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Vay AA' 1 mp(ABCl)). I myng tir ta c6 AB 1 (ADD'A). 
Do do ABCD.A'Ii'C'I)' la hinh hop chir nhat. 

Vi du 3 : ChiVng minh mol hinh hop co: 

a) 6 mat la hinh chir nhat thi hinh hop la 
hinh hop chfr nhat. 

b) 6 mat la hinh vuong thi hinh hop la hinh 
lap phircmg. 






a) Thco gia thiet thi 2 day la hinh chir nhat. 

Vi hai mat ben lien tiep la hinh chir nhat nen giao tuyen la canh ben 
vuong goc vai day, do do hinh hop la hinh hop diing. Vay hinh hop da 
cho la hinh hop chir nhat. 

b) Vi hinh vuong cung la hinh chir nhat nen hinh hop cho la hinh hop chir 

% r 

nhat, han nCra cac canh hinh vuong bang nhau nen tat ca cac canh hinh 
hop deu bang nhau. Vay hinh hop la hinh lap phucmg. 

Vi du 4 : Cho hinh lap phiromg ABCD.A'B'C'D' c6 canh bang a. 

a) Chung minh AC vuong goc voi hai mat phang (A'BD) va (B'CD'). 

b) Cat hinh lap phuomg bai mat phang trung true cua AC. Chung minh 
thiet dien tao thanh la mot luc giac deu. Tinh dien tich thiet dien do. 

Giai 

a) Ta CO A va C each deu cac dinh cua 
tarn giac A'BD, B'CD' nen thuoc true 
cua 2 tarn giac do. 

V^iy AC 1 (A'BD), (B'CD'). 

b) Goi M la trung diem cua BC thi 


MA = MC (vi cung bang 


a 


75 


2 


-) nen M 



1 

thuoc mat ph^g trung true (a) cua AC. 

Tuerng tu, ta chung minh dugc N, P, Q, R, S cung c6 tinh chat do (N, P, 
Q, R, S Ian lirgt la trung diem cua CD, DD', D'A', A'B', B'B). Do do thiet 
dipn cua hinh lap phuomg bj cat bai mp(a) la MNPQRS. Thiet dien la luc 


giac deu canh bang 


a 


72 


2 


nen c6 dien tich: S = 6. 


ayf2] S SS 


2 


4 


4 


a 


\ “ 7 

f % ' 

Vi du 5; Mot hinh hop dung c6 tat ca cac canh bang a, mot dubmg cheo bang 

A y/2 . Hay tinh dien tich day cua hinh hop do. >5^==-^ 

Giai B 


Fam gi(S5^vuong ACC c6 CC = a, 

nen AC = a. 



B' 



A'j.,..V- - • 

^ ^ \ 

^ ^ ^ \ 

/ ' ^ 


D’ 


C 
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Dien ti'ch S cua day bang hai Ian dien ti'ch hinh tarn giac dcu canh i. 


S 


a 




2 


Vi du 6 : Cho hinh lang tru dimg ABC.A'B'C c6 day ABC la tarn giat vuong 
tai dinh C, CA = a, CB = b; mat ben ABB'A' la hinh vuong. (j(i (P) la 
mat phang di qua C va vuong goc voi AB'. 

a) Xac dinh thiet dien cua hinh lang try da cho khi cat bai (P). Tliet dien 
la hinh gi?. 

b) Ti'nh dien ti'ch thiet dien noi tren. 

Giai 

a) Ke duorig cao CH cua tarn giac vuong ABC thi CH J_ AB'. Vi ABB'A' la 
hinh vuong nen AB' _L A'B. Ve HK // A'B thi HK JL AB' ncn thie dien la 
tarn giac CHK. 

Do CH 1 AB, mp(ABB'A’) 1 mp(ABC) 


nen CH 1 (ABB'A'), tu do tarn giac CHK vuong tai H. 


b) Sci,k = ^CH.HK. 

Ta c6: CH.AB = CA.CB => CH = 


ab 


7 


2 1 2 
a + b 


AH.AB = a^ 


AH = 


a 


HK AH 


A'B AB 


HK = A'B. 


AB 

a^ 

AB 



IV 






a^ + 


b^.>/2.a 


a 


42 


C 


2 u2 

a + b 


4 


a^ + b 


Do do : ScHK “ 


a 


hsf2 


2ia^ + h^) 

Vi du 7 : Cho hinh lang try tarn giac deu ABC.AiBiCi vai canh da} bang a 

a \/6 


va canh ben AAi = 
• ■ 


3 


. Tinh goc giura AOi va OBi, a do O C)i Ian 


lugt la tarn cua hai tarn giac day ABC va AiB|C|. 

Giai 


AA 


7 

Goi a la goc tao bai hai duong thang AOi va OBi 


cos a = 




cos(AOi, OBi) 



AOi .OBi 


AO,.OBi 


^7. 


. Vi iSng try tarn giac deu nen : 



c 


c 
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AOf =()n/ = AAf f A,(); = 


6a “ 
9 


‘I 


+ 


a 


a 


= a 


1 


va AOi =-(AAi ( Alii +ACi) 

a 


= — (a+a + l) + a + c) = — (3a+l) + c) 

3 a 

1 


OB, =-(AB, f BB, +(:B,) 


u 


- (a + b +a f a i b - c) = — (3a + 2 b - c) 

3 3 

1 


Do do : AOi .OB, = — (3a + b + cX3a + 2b - c) 

9 


-—(9a +2b -b.c + 2b.c-c ) = — 
9 6 


Vay cosa = 


5 


6 


Vi dll 8: Chimg minh mot hinh chop la hinh chop deu khi va chi khi day la 
da giac deu va mot dieu kien: „ 

a) DiKmg cao hinh chop di qua tarn ciia day. 

b) Cac canh ben tao voi day cac goc bang nhau. 

Giai 

Gia sir hinh chop la S.AiA 2 ...An, ha SH 
vuong goc voi mp(A|A 2 ...An). 
a) Tac6SAi = SA 2 = ... = SAn 
olIA, = HA2 = ... = HAn 



-> A, 


A 


Vi AiA 2 ...An la da giac deu nen dieu do xay ra khi va chi khi H la tarn 
ciia da giac deu do. Vay, mot hinh chop la hinh chop deu khi va chi khi 
day cua no la da giac deu va duong cao cua no di qua tarn cua day. 

b) SA^H la goc giira canh ben SAk voi mat day, voi k = 1,2,.., n 

Ta CO SAi = SAj = ... = SAn <=> SA^H = SA^ = ... = SA^ . 

Vay, mot hinh chop la hinh chop deu khi va chi khi day cua no la da giac 

y* y 

deu va cac canh ben tao voi mat day nhung goc bang nhau. 

Vi dll 9 : Chimg minh; 

^ % 

a) Hinh chop tu giac c6 8 canh bang nhau la hinh chop deu. 

b) Hinh chop c6 day la da giac deu va c6 ba canh ben bang nhau thi do la 
hinh chop deu. 

Giai 

a) Gia su hinh chop S.ABCD c6 8 canh bang nhau. Day ABCD la mot hinh 
thoi. Gpi O la giao diem cua AC va BD. 

1'a c6: OA = OC; SA = SC => SO 1 AC. 
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OB = OD; SB = SD => SO 1 BD. 


Do do SO 1 mp(ABCD) va vi SA = SB = SC = SD 

Siiy ra OA = OB =. OC = OD hay ABCD la hinh vuong. Vay hinh chop 

SABCD la hinh chop deu. 

b) Gia sir hinh chop S.A|A 2 ...An co day la da giac deu, c6 ba canh ben nao 
do bang nhau: SAj = SAj = SAk. Khi do neu gpi H la hinh chicu cua S len 
day thi HAj = HAj = HAk, vay H phai trung voi tam cua day AiA 2 ...An. 
Suy ra hinh chop da cho la hinh chop deu. 

Vi du 10: Chung minh trong mot hinh chop cut deu thi cac mat xung qiianh 
la cac hinh thang can bang nhau. 

iiai 

Gia su hinh chop cut deu AiA 2 ...An.A'iA' 2 ...A'n sinh tu hinh chop deu 

S.Ai A 2 ... An. 

Do moi mat ben cua hinh chop deu S.AiA 2 ...An la cac tam giac can bang 
nhau ma mat ph^g (A'iA' 2 ...A'n) song song voi mat phang (AiA 2 ...An) nen 
A'iA '2 // A 1 A 2 , ..., A'nA'i // AnAi. Ngoai ra A'iA '2 = A' 2 A '3 = ... = A'nA'i va 

AiA'i = A2A'2 = ... = ApA'n. 

Vay cac mat ben cua hinh chop cut deu la nhung hinh thang can bang nhau. 



4 r 


O'ANG 4: T6NG HOP VUONG GOC 


- dung tong hop quan he song song va vuong goc de giai toan. 

- Khi giai b^g cong cu vecta phai chon dugc he yecta- ca so , 

- De tinh dieri tich, ngoai each dung cong thuc true tiep ta c6 dung cong 

X ^ ^ ^ A 

thuc chieu S'^= S.coscp, hoac chia cat, bu tru cac phan dien tich, ti so dong 


Vi du 1 : Tu dien ABCD c6 canh AD _L mp(ABC) va tam giac ABC vuong a 
C. 

a) Chung minh rang cac mat cua tu dien ABCD la cac tam giac vuong. 

b) Trong AABC va ADAC ve cac duoTig cao CH va AK. Chung minh 
rang ACHD, AAKB la tam giac vuong. 

c) Goi M, N va O Ian lugt la trung diem cua AC, AD, AB. Chimg minh 

rang AOMN, AKMB, AKNO la tam giac vuong. 

Giai D 

a) Theo gia thiet: AABC vuong a C, AACD vuong 
a A, AABD vuong o A. n 

Va AD _L mp(ABC) nen AD _L BC va do 
BC Jl AC nen BC _L mp(ACD) ^ 

BC JtfDC. 



vuong a C; 



n 


c 












b) CII j- AD va CHI AW => CH 1 HD. 


Vfiy AC I ID vubng all. 
D()HC±AK,CD1 AKnen: 


c) 


AK imp(BC'D)=> AKI KR. 

Vay AAKB vubng a K. 

fa c6; OM // BC => OM 1 mp(ACD) CM 1 MN. 


Vay AOMN vubng a M. 

Va ilo: KN - - AD, KM - - AC, MN 

2 2 


— CD suy ra: 
2 


AKMN ~ AACD nen AKMN vubng a K. 

Tlico chirng minh tren: OM A. mp(ACP) => OM _L NK va MK _L NK 
NK ± nip(KMO) => NK J_ OK hay AKNO vubng a K. 

Vi du 2: Cho tir dien ABCD c6 cac canh AB, AC, AD dbi mot vubng goc 
voi nhau. Chirng minh rang: 

a) Ba dirong trung binh cua tu dien bang nhau, 

b) Nbu AB = AC + AD thi ABC + CBD + DBA = 90^ 

* ‘9 • A 

Giai 

a) Goi I, J la trung diem AB. CD. 


IJ2= U =(AJ-AI) 


1 


= A(AC +AD-AB) 

4 



D 


4 


b) 


.u .hi CO 3 duong tamg binh cung btog 1 

Tren cac tia AC va AD Ian lugt lay cac diem b 
P va R sao cho: 

AP = AR = AB va ve hinh vubng APQR 
DR = AC va CP = AD. 



Khi do, ta c6: 

AABC = ARQD va AABD = APQC 
rr> ABCD = AQDC. 

Dodo: ABC + CBD + DBA = R^ + D^ + C^ =RQP = 90‘’ 

C^ach khac: Dung djnh ly cbsin. 

Vi du 3 : Hinh chop S.ABCD c6 day la hinh thang vubng ABCD vubng tai A 
\'a D, CO AB = 2a, AD = DC = a, c6 canh SA vubng goc voi mat phang 
(ABCD) va SA = a. 

a) Chimg minh (SAD) vubng goc voi (SDC), (SAC) vUbng goc voi (SCB). 

b) Ggi cp la gbc giua hai mat phang (SBC) va (ABCD), tinh tantp. 



§• 
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^ r 

c) Mat phang chua SD va vuong goc vai mat phang (SAC) cat hiih chop 
Xac dinh va tfnh dien ti'ch thiet dien. 


iiai 

a) TacoCDl AD;CD1SA=>CD1(SAI)) 

t _ 

Goi I la trung diem cua doan AB. Ta 
CO AICD la hinh vuong va IF^CD la 
hinh binh hanh. 

Vi DI // CB va DI 1 AC nen AC 1 CB. 

Do do CB 1 (SAC). Vay (SBC) 1 (SAC) 

b) Ta CO CB 1 CA, CB 1 SC 


GSC1))1(SA1)) 


s 


nen (p = SCA => tan cp = 


SA 


_ a _ \l2 

AC ~ a>/2 ~ 2 



c) DI 1 AC; DI 1 SA => DI 1 (SAC) => (SDI) 1 (SAC). 

Do do thiet dien vai hinh chop la tarn giac deii SDI c6 canh ban^ a v2 . 

Goi H la tarn hinh vuong AICD va c6 SH _L DI va SII = — ^ ~ • 

^ 2 2 


1__ 1 a\/6 r: a“>/3 


Tam giac SDI c6 dien tich: S = — SH.DI - 

^ • 2 2 2 


.a>/2 = 


2 


Vi du 4: Cho hinh vuong ABCD tarn O, canh a. Tren hai tia Bx va D\ vuong 
goc vai mat phang (ABCD) va cung nam ve mot phia cua matplhang 


a 


(ABCD) Ian lirgt lay hai diem M va N sao cho: BM.DN - —. Dat 


a) 


BOM=a, DON = p. 

a) Chung minh tana.tanp = 1. Ket luan dugc gi ve hai goc a va P? 

b) Chung minh (ACM) vuong goc vai (CAN). 

f ^ 

c) Goi H la hinh chieu cua O tren MN. Chung minh rang AH vuoig 
vai HC va mat phang (AMN) vuong goc vai (CMN). 

Giai 

BM , „ DN 

tan a = —^ , tan p = 


goc 


OB 
OB = OD = 


OD ’ 


a 


72 


2 


Theo gia thiet BM.DN = — 

^ 2 

o BM.DN , 

nen ta co: tana.tanp = -= 1 

OB.Ol) 

Do do tana = cotp => a + p = 90“. a 



1^ 


b) 


Ta CO AC ± (Bx, Dy) nen OM ± AC va ON _L AC. 

Vay goc MON la goc giua hai mat ph^ng (ACM) va (ACN). 
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c) 


I rong (l^x, I)y) ta c6; MON = 180‘’ - ((x + f^) = 90®. 

Do do; (AC^M)l(AC'N). 

Ta co: OM = — , ON = ^ - . Vi Oil la dirong cao trong tarn giac 


(•()S(X 

vuonu MON non: 


cos 0 


1 


1 


1 


+ 


OH'' OM“ ON 


C()S“ (X 4 COS' 

OB^^ 


1 


OB 


2 


nen 011 = OIT => OII = OA = OC. Do do AM IIIC. 


Vi MN 1 011 va MN 1 AC ncn MN ± HA, HC. 

Do do goc giira hai mat phang (AMN) va (CMN) bang 90®. 

Vay: (AMN)l(CMN). 

du 5: Cho tarn giac .AfK’ vuong tai A, AB = a, BC = 2a. Hai tia Bx va Cy 

^ ^ 9 1 

Cling vuong goc voi mp(ABC) va nam ve mot phia doi vai mat phang do. 
Trcn Bx, Cv Ian Iirat lav cac diem B', C sao cho BB' = a, CC = m. 

a) VcVi gia tri nao cua m thi AB'C la tarn giac vuong? 

b) Khi tarn giac AB'C vuong tai B', ha AH A. BC. Chimg minh B’C'H la 
tarn giac vuong. Tinh goc giua hai mat phang (ABC) va (AB'C). 

Giai 

a) Ta CO AC^ = 3a^, AB'^ = 2a^, 

— o_2i _ 2 / _ 


b) 


Xct 3 trirong hop: 

- T am giac vuong AB'C vuong o A: 

5a^ + — 2ma = 2a^ + 3a^ + m^ 

<=> -2ma = 0 <=> m = 0 

- Tam giac AB'C vuong o C: 

2a^ = 3a‘^ + + 4a^ + (m — a)'^ 

o - ma + 3a^ = 0 (v6 nghiem). 

- Tam giac AB'C vuong a B' 

2a^ da'^ + (m - a)'^ = 3a^ + <=> m = 2a 

Gia sir tarn giac AB'C vuong o B', tire la m = 2a 

a 



c 


Vi AH 1 BC nen BH.BC = AB^ = a"* BH = 


2 


I IZ-'i _ 3cl , r)irT2 _ 2i ^ 

lie = — va B II = a + 


2 


4 


4 


2 _ c„2 


cm' = ^ + 4r^= ; B'C" = 5a 

4 4 

2 I r^i/^i2 _ /^fT t2 


Do do B'lr + B'C" = C'lr ncn tarn giac B'CH vuong tai B'. 

Goi I la giao dicmi cua B'C va BC. Do BB' // CC, BB' = a, CC = 2a nen 
BC = BI, B'C' = B'I. 





• • 
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Ta CO tam giac AIC la hinh chieu cua tarn giac AIC. Goi (p la goc giira 
mp(ABC) va mp(AB'C') thi: 

Saic = Saic-coscp, ta c6: Saic “ 2Sabc = sl . 

Va Saic= ilC'.AB'= -.2aS.ayl2=a^sflO 

2 2 


nen coscp 


10 


^ f ^ 

Vi du 6 : Cho hai mat phang vuong goc (P) va (Q) co giao tuyen A. La/ A, B 
cung thuoc A va lay C e (P), D e (Q) sao cho AC 1 AB, BI) J_ \B va 

AB = AC = BD, Xac dinh thiet dien cua tu dien ABCD khi cat bVi mat 

• • • ^ 

phang (a) di qua diem A va vuong goc voi CD. Ti'nh dien tich thiet dien 
khi AC = AB = BD = a. 

Giai 

Goi I la trung diem cua BC thi AI ± BC. Do 
BD ± mp(ABC) nen AI ± CD (dinh If ba 
duoTjg vuong goc). Trong mp(CDB), ke IJ 
vuong goc voi CD (J e CD) thi mp(AIJ) chinh 
la mat ph^g (a) va thiet dien phai tim la tam 
giac AIJ vuong tai 1. 

Ta CO Saii = i ALU. 



c 


2 


VOI AI = — BC =- 

2 2 


U Cl 


S 


DB CD 


IJ = —.DB = - 
CD 6 


Vay Saij = 


a 


/3 


12 


Vi du 7 : Cho d la mot duong thang vuong goc voi mp(a) va cat (a) tai O. Gia sir 
A la mot diem c6 djnh tren d, B va C la hai diem di dong tren mot ducmg 
thang d' c6 djnh tren (a) va khong di qua O sao cho mp(B; d) ± m(C; d». Goi 
A', B', C1^ lugt la ch^ cac duong cao AA', BB', CC cua AABC. 

a) Chung minh rang tich A'B .A'C khong doi va true tam H cua A-\B(' 
luon CO dinh. 

b) Chung minh rang (AB^ + AC^ - BC^) khong doi; 

c) Tim tap hop cac diem B' va C. 

Giai 

a) Vi AA'1 BC nen OA’1 BC. 

Theo gia thiet (B; d) T (C; d) va do 
(a) _L (C; d) nen giao tuyen OB ± (C; d) 

OB J.OC. 


/ ^ 


7 
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Do O va d' CO dinh ncn A' co djnh. Trong tarn giac vuong BOC co: 

A'B .A’(' = OA'^ (bang hang so). 

Do O la hinh chieu cua B xuong mp(C; d) va BB' ± AC nen OB' ± AC 
AC 1 mp(OBB') => AC _L OH. Mat khac do BC ± mp(OAA') nen 
BC ± on => OH 1 mn(ABC) OH L A A'. Vi tarn giac vuong OAA' co 


=> OH 1 mp(ABC) =: 

dinh nen 11 co dinh. 

b) Ta co: AB'-" + AC^ - BC'*" = (AO'^ + OB^ + (AO'' + OC^ - (OB" + OC") = 2AO" 
: khong doi. 

c) Cac diem B', C thuoc mat phang co dinh (A; d') va deu nhin do^ thang 
AH CO djnh dirAi mot goc vuong nen chiing deu thuoc dirang tron (C) 
dumig kinh AH trong mat ph^g (A; d'). 

Do AA' 1 BC nen BA va BH khong the vuong goc vai AA' nen B' = A, H, 
tirang tir C = A. H. 

Ngugc lai, lay B' g (C) \ {A; H}. Goi C = AB’ n d' va B = HB' n d'. Ta 
phai chirng minh: mp(C; d) 1 mp(B; d). 

That vay, do AC 1 BB', AC 1 OH 
nen AC 1 mp(OBB') OB 1 AC. 


Mat khac, OB J. OA => OB ± mp(OAC) 


mp(B; d) i. mp(C; d). 

Chung minh tuoug tir doi vai C. Vay tap hop cac diem B', C la duong 
tron (C) tru hai diem A, H va trong mat phang (A; d') 

Vi du 8; Cho hinh lang tm tarn giac deu ABC.A'B'C co tat ca cac canh deu 
bang a. Goi M, N, P Ian lugt la trung diem cac canh AA', AC, A'B'. Hay 
dung va tinh dien tich cua thiet dien cua hinh hinh lang try khi cat bdi 
nip(MNP). 

Giai 

Dirong thang MN cat A'C tai I va CC tai J. 

Duang thang IP cat B'C tai Q va QJ cat BC tai R. 


Thiet dien la ngu giac NMPQR. Ta c6 A'l = A'P = 


va lAT = 120® nen A'lP = 30®. 
Do do tarn giac IQC vuong tai Q. 
Va vi vay AIQJ vuong tai Q. 


a 


JQ^ = JC'^ + C'Q" = 


^3aV f3a 


\2 


v2y 


+ 


/r» \2 


V 4 J 


= 5 




4 


y 


JQ = 


3a Vs 


4 


IQ = IC' ~ 



J 


c 


2 


4 



• * • 
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\r'' c 1 T/-\ 1 3a>/3 3a\/5 

Vay S = -JQ.IQ =-.-=- 

2 2 4 4 32 


Ta CO lam 


JRN laS, = -S 

9 


giac JRN dong dang voi AJQI voi ti so 
1 „ 


— nen dien tcdi cua 
3 


Mat khac 


IM 1 IP 2 


IJ 3 IQ 3 


= — nen neu goi S 2 la dien ti'ch lam giac Nil* thi 


82 = -.-S = -S. Goi S 3 la dien tich thiet dien thi 
3 3 9 


S =S-S -S -s ’g 2g 2 9a"x/r5 _ 3a-N/15 

^ 9 9 3 3' 32 16 ' 

Vi du 9 : Cho hinh lap phuong ABCD.A'B'C'D' c 6 canh la a. Goi F, I va M 
Ian lirgt la trung diem cua AD, AB va CC. 

a) Ti'nh goc 9 giua hai mat phang (ABCD) va (EFM). 

_ / 1 

b) Tinh dien tich cua thiet dien cua hinh lap phuong voi mat phang (EFM). 

Giai: 


a) 


Ta CO giao tuyen cua (ABCD) va (EFM) la EF vuong goc voi AC nen 
EF vuong goc IM. 


9 = MIC 


D' 


C 


a 


CM 2 n/2 

tan 9 =-= —^ 7 =^ = — 

IC 3 a >/2 3 


4 


cos“ 9 = 


1 


1 


9 


1 + tan"^ 9 


1.2 11 

9 


cos 9 = 


3 S^fu 



sfn 


11 


b) 


Goi O, O' Ian hrgt la tarn cua cac hinh vuong ABCD va A'B’C'D'.lM cat 
00 ' tai K 

Duong thang qua K song song voi BD cat BB' va DD' tai P va C 1 hict 
dien la ngu giac EFPMQ. 

Goi S la dien tich thiet dien EFPMQ va S' la dien tich hinh chieu IFBC D 
cua thiet dien. 


Taco: S' = 


7a^ 

8 


= Scos 9 nen S = 


7a“ ^/IT 7a-sfn 


8 3 


24 









































Vi dll 10 : Clio lang tru tir giac deu ABCD.AiBiCiD, 

^ % 

cd chicu cao hang nira canh day. Vdi M la mot 
dicin trcn canh AB, tim gia trj l(Vn nhal cua gdc 


I) 


c 


A,MC, . 


jiai 


Chon CO so 


AB - a , AI) - 1), AAi = c. 

(joi chicu cao la h ihi diiy hinh vuong canh 2 h 

f - - - ■ ♦ — ^ 

M € AB nen c 6 so a sao cho: AM = a AB = a a , voi 0 < a < 1. 
MAi = AAi — AM = c - (xa 



MCi =MB f BC + CCi = (l-u)a + b + c 

-* — -*2 — -*2 

MA, = (c -aa)“ = c -2aa.c + a^a =h^(l + 4a^) 

(1 - a)a + b + c 


MCr = 


= (l-a)^a +b +c = h^[4(l — a)^ + 5] 


Do do MA 1 = h + 4a^ va MC i = h>/4(l -af + 5 


MAi.MCi =(c-aa) 


cos(MAi ,MCi) = 


(1 - a)a + b + c 
( 2 a- 1 )' 


= c -a(l-a)a = h^(2a - 1) 


2 


^(1 + 4a^)[4(l-a)' 


>0 


+ 



Goc (p la goc tao bai hai dirdng thang MAi va MCi thi 0 < cp < 90”. 
Dodo cos(p= cos(^i,MC (2a-ir 


^(l + 4a)^[4(l-a) 


>0 


2 


+ 



1 


Vay (p Ion nhat o cos(p = 0 <=> a = — (thoa man) nen M la trung diem 

2 

cua AB. 


C. BAI LUYtN TAP 

1 . Cac menh de D, S ? 

a) (X , p _L / =>a //fi 


c) or Z)a, a -L p 


a 1[] 


DS: a)S b) S c) D 
2 . Cac menh de D, S ? 


h)a , P L y => a _Lp 
d) or Z) a, b; a, b i. p = 


d)D 


« ± p 


a) Hinh lang tru c 6 2 mat ben hinh chu nhat la lang tru dung 

b) Hinh lang tru c 6 cac mat ben hinh chu nhat la lang tru dung 

c) Qua^Dduong thang c 6 duy.nhat 1 mat phang vuong gpc voi 1 
r'phdng cho truoc 
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d) Hinh chop c6 day da giac dcu va 3 canh ben b^g nhaii la hinh chop deu. 
DS: a)S b)D c)S d)D 

3. Tir dien SABC c6 ABC la tarn giac vuong can tai B, AC = 2a, canh SA 
viiong goc (ABC) va SA = a. 

a) Chung minh mp(SAB) _L mp(SBC) 

b) Tmh khoang each tir A den (SBC). 

DS: b) — 

3 


4 . Cho hinh lap phuong ABCD..A’B’C’D’. Chung minh: 

a) (ABC’D’)_L (A’B’CD) b) (AA’CC’) 1(CB;D’) 

5. Chimg minh tat ca nhung mat phang di qua mot diem A cho trude va 
vuong goc vai (P) cho trude deu di qua mot dudng thang co djnh. 

DS: dudng thang qua A va vuong goc vdi mp(P). 

6. Cho tarn giac deu ABC canh a, I la trung diem cua BC, D la diem doi 

xung A qua I. Dung doan SD = a v6 /2 vuong gdc vdi (ABC). 

a) Chung minh: mp(SBC) ±mp(SAD) 

b) Chung minh: mp(SAB) _L mp(SAC). 

HD: Chung minh mat phang chua mot dudng thang vuong gdc vdi mat 
phang kia. 

7. Cho hinh lap phuong ABCD.A'B'C'D' canh bang a. Cat hinh lap phuong 

bdi mat trung true cua BD’. Xac dinh va tmh dien tich thiet dien. 


DS: 


3^/3a^ 

4 


8. Cho hinh chop S.ABCD day hinh vuong canh x, SA = a vuong goc 
(ABCD). Dinh x de (SBC) hop (SCD) gdc 60^ 

DS: X = a 

9. Cho hinh chdp S.ABCD day hinh chu nhat tarn O ma SO = h vuong gdc 
day, AB = a, BC = 2a. 

a) Tmh gdc giua (SAB), (SCD). b)Tinh h theo a de (SAB) ± (SCD). 

DS: b) h = a 

10 . Cho tu giac ABCD nam tren mat phang (P)) hop vdi mat phang (Q) mot 
gdc (p. Gpi A’B’C’D’ la hinh chieu cua ABCD len (Q). Chung minh: 

S(A’B’C’D’)= S(ABCD). cos (p . 

HD: che dien tich tu giac thanh 2 tarn giac 

11. Cho hinh hop chu nhat ABCD.A'B'C'D' tarn O, cd 3 kich thude a, b, c. 
Xet tu dien AB’CD’, tinh dien tich thiet dien cat bdi mat phang qua tarn 
O va song song (ABC). 

DS: — ab 
2 


12 . Hinh hop ABCD.A'B'C'D' cd tat ca cac canh deu bang nhau. 

a) Chungmiinh r^g AC 1 B'D', AB' 1 CD' va AD' 1 CB'. 

b) lOii nao mat phang (AA'C'C) vuong gdc vdi mat phang (BFTD'D)? 
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f)S: h) Hai mat phang (AA’C'C) va (BB'D'D) vuong goc vai nhau khi 
hinh hop AfK'I). A'B'C'I)' la hinh lap phircrng. 

13. Cho tarn giac vuong ABC c6 canh hiiyen BC thuoc mp(r^). Goi /C / la 

goc hop hoi AB, AC vai (P). l inh tang cua goc a la goc hgp bai hai mat 
phang (AFiC) va (P). 

HD: Chirng minh he thirc: sin'^ a = sin” p + sin^ y 

14. Cho hinh tir dien AF^CD c6 hai mat (ABC), (ABD) cung vuong goc voi 
day (DBC). Ve cac duerng cao BE, F31' cua tarn giac BCD; duong cao 
DK cua tarn giac ACF). 

a) Chirng minh: AB l(BCD) 

b) Chirng minh (ABE), (DFK) 1 (ADC) 

c) Goi O, F1 la Irirc tarn tarn giac F3CD va ACD. Chung minli OFd J_ (ADC). 

15. Minh chop S.ABCD c6 day ABCD la hinh thang vuong tai A va D, 
AB = 2a, AD = DC = a, SA= b va vuong goc vai day . 

a) Chirng minh-(SAF3) 1 (SDC), (SAC) 1 (SCB) 

b) Tinh dien tich thiet dien cat bai mp qua SD, vuong goc (SAC). 

HD: goi O la trung diem cua AD thi ADCO la hinh vuong va OBC la 
tarn giac ABC vuong can tai O. 

16. Hinh chop S.ABCD c6 day ia hinh vuong canh a tarn O, cac canh ben deu 
bang a.Goi (P) la mat phang qua AB va vuong goc vai (SDC) 

a) Xac djnh chan dudng vuong goc ha tu O den (SCD) 

b) Mat phang (P) cat SC, SD tai M, N. Hay tinh dien tich cua tu giac ABMN. 

17. Cho tarn giac ABC vuong can dinh B va AB = a, doan SA vuong goc vai 

(ABC) va SA = a\/3 . Goi E va F Ian lugt la trung diem cua SC va SB, 

M la mot diem tren doan AB. Dat AM = x (0<x<a). Goi (P) la mat 
phang chua EM va vuong goc vai (SAB). 

a) Chirng minh FM = vx^ - ax + a^ . 

b) Tinh dien tich thiet dien cM tu dien SABC bai (P) theo a va x. 

c) Tim tap hgp cac hinh chieu cua S len (P) khi M di dong tren AB. 

18. Vai dieu kien nao thi hinh chieu cua mot goc vuong len mat phang la 


mot goc vuong. 

DS: goc vuong da cho c6 it nhat mot canh song song hay nam tren mat 
phang chieu. 

19. Cho hinh chop cut deu A’B’C’.ABC c6 canh day nho A’B’ = a va canh 
day Ian AB = b, cac canh ben bang c.Tinh goc giua cac canh ben, cac 
mat ben vai day. 

20. Cho hinh chop cut deu A’B’C’D’.ABCD c6 canh day nho A’B’= a va 
canh day Ion AB = b, cac canh ben cung hgp vai day goc 60^. 

a) Tinh "dien tich mat cheo AA'C’C 
' • • 

b) Tinh goc giua cac mat ben vdi day 
IID: a) m|t cheo la hinh thang can 

b| goi 2 trung diem M va M’ cua AB va A’B’. Xac djnh hinh chieu cua 
^ J^MM’ len day. 
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§5. khoAnc cAch 


A. KI^NTHUCCa BAN 



I 
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- Khoang each gifra hai dirang thang cheo nhau bang khoang each giOa 
hai riiat phang song song Ian lirot chira hai dirang thang do. 

^ ^ ^ ^ t 

• Chu y: - Khoang each giCra 2 yen to diem, dirang thang, mat phang la 
klioiing each be nhat giira hai diem thuoc 2 yeu to do. 

- Cac ki hieu thuang dung: d(M; A), d(M; (P)), d(a; (P)), d(a; b), d((P); 

f f 

(Q))i tirong ling khoang each 2 yeu to. 


B. PHAN DANG TOAN 

DANG 1: KHOANG CACH TLT MOT OiIm 

d£n oifONG thAng, mat phAng 

f 


• Khoang each tir diem M den duong thing A: 

- 14 MH 1A thi d(M; A) = MH 

* y 

- Neu CO mat phang (M; A) va A, B thuoc A thi MH la duong cao cua 
tarn giac MAB. 

- De ti'nh doan MH ta c6 the dung he thuc lugng trong tarn giac, tarn giac 

% 

viiang, quan he dien tich, tarn giac dong dang, quan he song song, ... 


V 


. V. 








'f' 


M 




‘-"a- 






it 



Khoang each tir diem M den mat phing (P): - 






- Hg MH 1 (P) thi d(M; (P)) = MH. ‘ ‘' 

- Ngoai each xac djnh hinh chieu thong thuang, ta c6 the su dung quan 
he !song song, dac biet hom la phai tim mat phang (P)’chua M, viiong goc vai 
(P)' luc do H la hinh chieu tren giao tuyen d cua (P) va (Q). 



Vi du 1 : Cho tarn giac ABC vai AB = 7cm, BC = 5cm, CA = 8cm. Tren 
duang thang vuong goc vdi mat phang (ABC) tai A, lay diem O sao cho 
AO = 4cm. Tinh khoang each tu diem A va diem O den duong thang BC. 
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Giai: 

Dirng AM la duang cao cua tarn giac ABC thi: d(A, BC) 
Theo cong thirc Merong, dien ti'ch S cua o 
tarn giac ABC la: 

S = VlO.5.3.2 = 10>/3 (cm^) 


= All . 


AH = 


2S 20 V 3 


BC 


5 


= 4>/3 (cm) 


Vi AH 1 BC r:> OH 1 BC 
Do do: OH^ = OA^ + AH^ 

= 16 + 48 = 64 





B 


Vay: OH = 8 (cm) 

Vi du 2 : Tu dien SABC c6 tarn giac ABC vuong can dinh B va AC = 2a. c6 
c^h SA voiong goc voi mat ph^g (ABC) va SA = a. 

a) Tinh khoang each tu S den duang thang BC. 

b) Ha AH ± SB. Tinh khoang each tu trung diem O cua AC den (ircmg 
thang CH. 

Giai s 


Ta CO SA 1 (ABC), AB 1 BC 
nen SB 1 BC 


a) 

d(S; BC) = SB. 

Tam giac ABC vuong can tai B, 

AC = 2a nen AB = a V2 . 

Tam giac SAB vuong tai A. 

SB^ = SA^ + AB2 = + 2a2 = Sa^ => SB = a V3 . 

b) Ta c6 BC 1 (SAB) (SAB) 1 (SBC) 



c 


nen AH 1 SB thi AH 1 (SBC). 

Goi K la trung diem cua HC: OK // AH => OK _L (SBC), 
nen OK 1 CH do do d(0; CH) = OK = -^ 


B 


- Xet tarn giac vuong SAB voi duang cao AH ta c6: 

a>/6 


1 


1 


1 


1 1 

— + — 


3 


AH 


OK = 


a 




6 


AH" AS" AB" a" 2a" 2a" 3 

Vi du 3: Hinh chop tarn uiac deu S.ABC c6 canh day ban^ 3:a, canl ben 
bang 2a. Goi G la trong tarn cua tarn giac day ABC, M la trun g dierrSC. 

a) Tinh khoang each tu S tai mat phang day (ABC). 

b) Tinh khoang each tu M den mat phang (SAG). 

Giai 

a) SG la true duang tron ngoai tiep tarn giac deu ABC nen SO 1 (/"BC). 
Tam giac SAG vuong tai G nen 
SG2 = SA2-AG2 
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= {2'df- 


2 

3 




3a V3 


\ 


/ 


*) 


b) 


= - 3a'‘' = a'^ 

Vay khoang each tir S teVi mat phang (ABC) la 
SG = a. 

l a CO BC 1 AG, BC 1 SG ^ 


BC _L (SAG) tai trung diem I cua BC. 

Vi S s (SAG), M !a trung diem SC nen: 

1 1 3a 

d(M; (SAG) = - .d(C; (SAG)) = - .Cl = — 

2 2 4 



c 


B 


Vi du 4: Cho hinh chop S.ABC c6 SA = SB = SC = a, ASB = 120”, BSC = 60”, 

eSA = 90”. Tinh khoang each tir S den mat phang (ABC). 

Giai s 

Tit gia thiet suy ra AC = a-j2 

BC = a, AB = aS 
nen AB^ = AC^ + BC^. 

Vay tarn giac ABC vuong tai C. 

Ha SH 1 mp(ABC), do SA = SB = SC nen 
HA = HB = HC ma AABC vuong tai C. nen H 

t ^ 

la trung diem cua canh huyen AB. Ta c6: 


c 



B 


SH^ = SA^ - 


AB 


= a - 


3a 


a 


SH = 


a 


4 4 4 2 

Vi du 5; Cho tarn giac ABC vuong goc tai A, canh AB = a va nam trong 
mat ph^g a, canh AC = a>/2 va tao vai a mot goc 60®. Tinh g6c hop 
bori BC vai a. 


Giai: 


Taco: BC = ax/3 


0 


uoi H la hinh chieu cua C tren a thi CAH = 60 . 


CH = AC.sin60® = asl2. 


S ax/e 


2 


2 


Ta c6 CBH la g6c cua canh BC tao vai a: 
Tam giac vuong CBH : 

sinCBH = ^ = -^ = 21 

BC aS 2 



VayCMJ 


= 45". 



• * • 
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Vi du 6 : Hinh chop S.ABCD c6 day la hinh vuong ABCI) lam () unh a. 
canh SA vuong goc vai mat phang (ABCD) va SA = a. Cipi 1 I. trung 
diem cua canh SC va M la trung diem cua doan AB. 

a) Tinh khoang each tu I den mat phang (ABCD). 

_ ’ ' ^ 

b) Tinh khoang each tu diem I den duang thang CM. 

Giai 

a) Tac6SAl(ABCD)maIO//SA 


s 


do do 10 1 (ABCD) nen 
d(I; (ABCD)) = 10 = 


SA 


a 


2 2 


b) Ha IH 1 CM thi OH 1 CM 

va d(I;CM) = IH 

Goi N la trung diem cua canh CD. 

Hai tarn giac vuong MHO va MNC dong 

j . OH OM 
dang nen 


CN CM 


a a 





Do do OH = 


CN.OM 

MC 


2 2 


a 


aVs 2^/5 


nen IH^ = 10" + OH" = 


2 

2 2 
2 _ a a 


3a 


4 20 10 


IH = 


a 


n/ 3 a^/^ 


VTo 


10 


Vi du 7 : Cho goc vuong xOy va mot diem M nam ngoai mat phian c hua 

goc vuong. Khoang each tu M den dinh O cua goc vuong bang 2cir.i va 

^ \ _ 

khoang each tu M tdi hai canh Ox va Oy deu bang 17cm. Tinln hoiang 
each tu M den mat phang (xOy) chua goc vuong. 

Giai 

Ha MH 1 (Ox, Oy) thi d(M, (xOy)) = MH 
Ha MA _L Ox, MB _L Oy 
Ta CO HA 1 OA va HB 1 OB 
nen tu giac OAHB la hinh chu nhat. 

Han nua vi MA = MB nen HA = HB 
nen OAHB la hinh vuong 
MH2 = MO^ - OH^ = MA2 - AH^ 

23^ - 20A2 = 172 - OA^ => OA^ = 240 
Do do MH^ = 1 7'^ - 240 = 49 nen MH = 7cm. 

Vi du 8: Cho hinh lap phuong ABCD.A'B'C'D' canh a. Tinh: 

a) Khoang each tu A den mp(A'BD). 

b) Kho^g each tu A', B, C. D' den duang thang AC. 



/■ 


282 


I 
























iiai 


a) 


F)icm A va C caich deu ba dinh cua lam giac dcu A'BD ncn AC la true 

9 t 

cua dirang iron ngc^ai lien tarn giac ATU), do do dirang thang AC vuong 
goc voi mat phaiig (A'BD) lai tarn I cua tarn giac dcu A'BD. 
rac6d(A;(A'BD)) = A1 



AO // A’C va A'C = 2AO nCui AI = 


b) Vi AC 1 mp(A’BD) nen A'l 1 AC. 
do do: d'(A'; AC) = A'l 
l am giac A A'l vuong tai I 

. 1 it2 a * A 6 a“ 

nen AI = .AA - AI‘ =- 

9 


Vay A'l = 


aVe 


3 


Do (A'BD) // (CB'D') nen khoang 
each tir A', B, C, D' den AC deu 


bang 


a 




3 



dang 2; KHOANG CACH GIQA 2 OUONG THANG 

ch£o NHAU. 


• KJioang each giua hai duong thang cheo nhau a va b la do dai cua doan 
vuong goc chung IJ, Irong do I, J la giao diem cua duong vuong goc chung 
cua a va b voi a va b. 

Khoang each nay bing khoang each giura 1 jduong thSng va mSt song 
song chua duong thing kia, cung bing khoang each gi&a 2 mat song song 
chira Ian lirot 2 duong thang do. Bai toan dua ve tlnh khoang each tu 1 diem 
dac bi?t den m^t phing. 

• Neu yeu cau tim doan vuong goc chung thi phai xac 

• ^ ^ 

ta CO the xem xet: 

- Do^ vuong chung IJ c6 san, IJ ± a, IJ ± b. 

- Neu CO mp(P) chua b va song song voi a thi chon diem thuan Igi M 
thuoc a, ha MH X (P). Neu H thuoc b thi MH = IJ, con neu H khong thuoc b 
thi qua 11 ve duong thing a' song song a cit b tai J, tu J v6 JI // HM thi IJ la 
doan vuong goc chung can dimg, d(a; b) = d(a; (P)) = MH = IJ. 
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- Neu c6 mp(Q) chua b va song song (P) chija a thi cung chon M e a nhir 


tren. 




.i ' . 


I 


J 



/wi 

1 1 

i M 

*. ‘ ^ > : 

• » 

J- 



r • % . * ’ 

7 


H •/ 




r ^ J 

- Neu CO mat (R) chua a va vuong goc yai b thi J la giao diem cua b \’ai 




(R), ha JI ± a. 

- Neu CO ducmg thang d vuong goc chung vdi a va b thi JI va d dong 
phang. 


<r^ ' 




t •■;> 




■ ■ 



• h 


•A 



J 


f:sT: 










Vi du 1 : Cho tu dien OABC c6 OA, OB, OC doi mot vuong goc vdi nhau va 
OA = OB = OC = a. Gpi I la trung diem cua BC. Xac dinh va tinh do dai 
doan vuong goc chung cua cac cap dudng thang. 
a) OA va BC b) AI va OC. 

Giai 


a) 


Ta CO 01 ± BC, 01 ± OA nen 01 la doan vuong goc chung cua OA va BC. 

a>/2 


Ta CO 01 = 


BC 


b) 


2 2 

Goi K trung diem OB thi IK // OC nen OC // mp(AKI). 
Ta CO CO 1 (OAB) nen IK 1 (OAB), a 

do dd (OAB) 1 (AKI). 

Ha OH 1 AK thi OH 1 (AKI). 

Ve HE // OC vdi E e AI va ve EF // OH 


vdi F 6 OC thi EF la doan vuong 
chung cua AI va OC, EF = OH. 

Trong tarn giac vuong OAK: 


goc 


1 


1 


OH^ OA" OK 




1 


1 


1 


2 


-f 


5 


a 


/ \2 
‘ a 

V2y 


a 


rf 
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a 


nC*n()H‘= —-,()]] = 



5 


.) 


Vi du 2 : Cho hinh chop S.ABCI) c6 day la hinh vuong ABCD canh a, c6 
canh SA = 2a va vuong goc vai mat phang day. Dung va tinh do dai doan 
vuong goc chung cua cac dirang thang. 
a)SBvaCD b) SC va BD c)SCvaAB. 

Giai 

a) la CO BC IS A, AB ncn BC 1 (SAB) BC 1 SB. 

Ma CO BC _L CD ncn BC !a doan vuong goc chung cua SB va CD, 
d(SB;CD) = BC = a. 

b) Ta c6: BD 1 SA, AC 
nen BD 1 (SAC) lai O. Ha OH 1 SC. Ta c6 
OH 1 SC va OH 1 BD ncn OH la doan 
vudng goc chung, cua BD va SC. 

, OH SA 


1 


a co: 


OC SC 


nen OH = 


OC.SA Rsj2 


2a 


a 


s 


sc 


2 + 2a“ 


3 



c) l a CO AB // CD => AB // (SCD). 


CD 1 AD, SA nen CD 1 (SAD) => (SAD) 1 (SCD) 

Ha AK 1 SD thi AK1 (SCD). 

Ve KE // CD, E e SC, ve EF // AK, F e AB thi EF la doan vuong goc 
chung cua SC va AB. 

AS.AD a.2a 2a>/5 


I'a CO EF = AK = 


SD 


Va^ + 4a^ 


5 


Vi du 3 : Cho tu dien deu ABCD, Xac djnh va tinh doan vuong goc chung 
giua 2 dudmg thang AB va CD. 

Giai 

(ioi I Vi^ K Ian lugt la trung diem cua 
AB va CD thi IK la doan vuong goc 
chung cua AB va CD. 

Tam giac BKI vuong tai I. 

Ta c6: 1K2 = BK^-BP 




a 


73 




\ 


2 


J 


/ \2 
a 

v2y 


a 


2 


Vay IK = 


a 
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D 



2 
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Vi dll 4 : Xac dinh va ti'nh doan vuong goc chung giira hai canh AB va VI) 
cua hinh Ur dien AF^CD biel rang AC = FiC = AF) = FM) = a va AB = p, 
CF) = q. 

iiai 

Goi I va K Ian lirgt la trung diem cua AB va CD. Tam giac can ABC, 
ABD nen c6 AB 1 IC, ID => AB 1 (ICD) 


doan vuong goc cFiung cua AB va CD. 

2 

Ta c6 IK^ = BK^ - BI^ = BK^ - 

4 

va BK^ = BC^ - CK^ = a^ - ^ 


4 



I) 


B 


D 


Tvr2_ 2 +q^ 

nen IK = a- 

4 

Vay IK = i yj4a^ -(p^ + q^), vai dieu kien 4a^ - (p^ + q^) > 0 

2 

^ ■» 

Vi du 5; CFio tu dien ABCD. Goi I va J Ian lirgt la trung diem cua cac canh 
AB va CD.Gia sir AB = CD, AC = BD, AD = BC, chirng minh IJ la doan 
vuong goc chung cua AB va CD. Phan dao c6 dung khong. 

Giai: 

Cho AB = CD, AC = BD, AD = BC. 

Hai tarn giac ABC va BAD bang nhau 
(c.c.c) nen hai trung tuyen tuong ung 
la Cl ya DI bang nhau, do do tarn giac 

ICD can, nen IJ ± CD. 

Tircmg tu ta chirng minh dirge IJ ± AB. 

Vay IJ la doan vuong goc chung cua 
AB va CD. 

f 

Dao lai, neu IJ vuong goc voi AB, CD thi hai tarn 
giac ABJ, CDI can tai J, I nen AJ = BJ, Cl = DI. 

Ap dung djnh ly trung tuyen: 

j AC^ + AD^ = BC^ + BD-" 

CA^ +CB2 =DA2 + DB^ 

Do do: AC = BD, AB = CD 

Cach khac: Chieu len mat phang di qua CD va song song voi AB. 

Vi du 6 : Tir dien OABC co OA = OB = OC = a va AOB = AO?^ = 60". 
I^^ = 90". 

a) Chirng minh ABC la tarn giac vuong va OA 1 BC. 

b) Tim duong vuong goc chung va tinh khoang each giira hai dircnig 
#thang OA va BC. 



2AD2 = 2BC2 => AD = BC 
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c) Chinig minh rang hai mat phang (ABC') vii (OF^C) vuong goc vai nhau. 


iiai 

a) Vi AOIi = AOC =60", 

()A = OF^ = OC' = a ncn AF^ = AC = a. 
Suy ra AABC = AOBC. 

Vay lam giac AiiC vuong can lai A. 

(loi J la trung diem ciia BC thi 

OJ 1 BC, AJ 1 BC nen OA 1 BC. 

b) dpi 1 la Irung diem cua OA, vi OJ = AJ 
nen J1 J. OA, do do IJ la doan vuong goc 
chung cua OA va F^C. 


() 


A 



C 




IJ2 = OJ2 - OF2 = 


a 


72 




V 


2 


y 


A'" 

V2y 


a 


4 


JI = 


a 

2 


c 


c) Ta CO OJ 1 BC, AJ 1 BC, FJ = — OA nen tarn giac OAJ vuong tai J. Do 

2 

do goc giira mp(OBC) va mp(ABC) la goc OJA = 90". 

Vay mp(OBC) 1 mp(ABC). 

Vi du 7 : Clio hinh lap phuong ABCD.A'B'C'D' canh a. Tinh kFioang each 
giira hai duong thang AA' va CB', AA' va DB', AC va B'D'. 

Giai D 

- Ta CO A'B' 1 AA', A'B' 1 B'C 
-r> A'B' 1 CB' 
nen d(AA', CB') = A'B' = a. 

- Ta CO AA' // BB' => AA' // mp(BB', DD') 
nen d(AA'; DB') = d(AA', (BB', DD') 

= d(A; (BB', DD')) 

= d(A;DB)=iAC=^ 

- Ta CO AC thuoc mp(ABCD), B'D' Ihuoc mp(A'B'C'D') 

Vi (ABCD) // (A'B'C'D') va c6 AA' vuong goc chung nen: 

d(AC; B'D') = d((ABCD); (A'B'C'D')) = AA' = a. 

Vi du 8 : Cho hinh lap phuong ABCD.A'B'C'D' c6 canh bang a. Tinh khoang 
each giua hai duong thang BC va CD'. 

Giai 

Ta CO CD' nam trong mp(ACD') va BC nam 
trong mp(A'BC'). Vi D va B' each deu cac dinh 
cua 2 tarn giac deu ACD', A'BC nen: 



"i 


DB' X (ACD'), (A'BC) do do (ACD') //(A'BC). 
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Ta CO B'D cat hai mat phang (ACD') va (A'BC) Ian krai tai G (}' thi 
DG = GG' = G'B'. 

Vay d(CI)'; BC) = — = — . 

3 3 

Chu y: Neu yen can tim doan vuong goc chung IJ cua BC va CI»' ihi ta 
tim hinh chieu cua trung diem E cua BC len mp(ACD') hoac de )DB' la 
duong vuong goc chung nen IJ va DB' dong phang, do do DI vaB'J cSt 
nhau tai trung diem cua CC. 

Vi du 9: Cho hinh chu nhat ABCD.A'B'CD' c6 3 kick thuac AB = M’ = a, 
AC = 2a. 

a) Ti'nh khoang each tu diem D den mat phang (ACD'). 

_ ^ 

b) Tim doan vuong goc chung va tinh khoang each giua hai dirdn; thang 
AC va CD'. 

Giai 

a) Xet tu dien DACD' c6 DA, DC, DD' doi mot vuong goc nen khoaig each 
DH tu D den mat phang (ACD') vai H la true tarn tarn giac ACD, dugc 
tinh bai he thuc: a 


1 


1 1 

4--- -I- 


1 


DH^ DA‘ DC‘^ DD 


i2 


Ta c6: DC = a, DD' = a, 

AC" = AC^ + CC'2 

= DA^ + DC^ + CC'2 

nen 4a^ = DA^ + =:> DA^ = 2a^. 



D 


D' 


Do do 


1 


1 


DH" 2a 


+ 


1 1 


5 


+ 


2a 


DH = 


a 


sflO 


5 


a a 

b) Vi CD = DD' = a nen CD' 1 CD. 

Mat khac AD 1 (CDD'C) nen CD' 1 AD va CD' 1 mp(AC'D). 
Goi giao diem cua CD' vai mp(AC'D) la I. Ha IJ X AC thi 
IJ la doan vuong goc chung cua AC va CD'. 


D 


Ta c6 


IJ IC 


U = AD. 


CD 


= a\/2. 


a 


72 


a 



AD AC 2 AC 2.2a 2 

Vi du 10 : Hinh chop S.ABCD c6 day la hinh vuong ABCD tarn O c* canh 
AB = a. Duang cao SO la hinh chop vuong goc vai mat day (AB(D) va 

_ f 

CO SO = a. Tinh khoang each giua hai duang thang ; 
a)ACvaSD b) SCvaAB. 

Giai 

a) Taco ACIBD, AClSO=> ACl(SOD). 


Ha OE 1 SD thi d(AC; SD) = OE 
Tam giac SOD vuong tai O 



St 
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1 


1 1 

+ — 


1 


2 3 


OE" OS" OD 


-h 


OE = 


a 


73 


a 


a 


a 


8 
































b Vi AFW/CDncn AB//(SCI)). 

^ *> 

(loi 1. K Ian linrt la triing diem cua 
-AH, ( I) thi la c6 () la trung diem 
cua IK. Do do: 

d(SC. AB) = d(AH. (SC'I))) 

= d(l:(SCI))) 

= 2d((); (SCI))) 

Ta eo Cl) 1 SO, OK nen CD 1 (SOK) 
=>(SCD)l(SOK) » 

I la 011 1 SK thi 011 1 (SCD) nen d(0; (SCI))) = OH 


s 





l a CO 


1 


1 1 

—- + — 


1 4 


5 


0H“ OS- OK- 


+ 


a 


a 


a 


2 


OH = 



5 


Vay d(SC; AB) = 



5 


I) 



• Khoang each giua 2 yeu to song song 

- a // b, M e a thi d(a; b) = d(M; b) 

- a // (P), M e a thi d(a; (P)) = d(M; (P)) 

^ (Q) // (P), M e (Q) thi d((Q); (P)) = d(M; (P)) 




• Noi chung khoang each giua diem, duong thang, mSt phang deu dua ve 
laoang each giua 2 diem. Thong thuong truac khi tinh toan, ta phai xac dinh 

f f \ 

\ tri cac yeu to can tim va ti'nh khoang each. 


<du 1 : Cho hinh lap phuang ABCD.A'B'C'D' canh a. Tinh khoang each 
giua 

a) AA' va mat phang song song (BB', DD') 

b) 2 mat phang song song (A'BD) va (CB'D'). 

Giai 

3 Ta c6 AAV/ (BB'; DD') nen 

d(AA'; (BB', DD')) = d(A; (BB', DD')) 

AC a42 


= d(A; BD) = AO = 



2 


2 



i 
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b) Ta CO hinh chicu cua AC Icn (ABCD) la AC ± BD ncn AC -L BI). hinh 
chicHi cua AC Icn (AA\ BB') la AB' 1 BA' ncn AC 1 BA'. 

Do do AC 1 (A'BD), tircmg tir AC 1 (CB'I)') ncn (A'BD) // (CB'D'i. lion 
nira () va O' la tarn cua 2 day ncn AC cat mat phang (A'BD), (CB'*)') tai 
I,J vaAI = IJ = JC. 


Vay d((ABD), (CB'D')) = IJ = 


AC ay/3 


3 3 

Vi du 2: Cho hinh hop chu: nhat ABCD.A'B'CD' c6 AB = a, AD = h, AA' = c. 
a) Ti'nh khoang each tu diem B den mat phang (ACCA'). 
h) Tinh khoang each giura hai duorng thang BB' va AC. 

Giai A 

a) HaBHlAC,viBHlAA' 
ncn BH 1 (ACCA') 

Vay d(B; (ACCA)) = BH. 

Ta c6: BH.AC = BA.BC 



hay BH = 


ab 


B' 


A' 


b) BB' va AC cheo nhau ma BB' // (ACCA') ncn: 

d(BB'; AC) = d(BB'; (ACCA') = d(B; (ACCA')) = 


^ \ 


I)' 


c 


ab 


+ b^ 


Vi du 3; Cho hinh lane tru ABC.A'B'C c6 tat ca cac canh deu bane a. Goc 
tao hai canh ben va mat phang day bang 30 . Hinh chicu H cua ditm A 
tren mat phang (A'B'C) thupc dirong thang B'C. 

a) Tinh khoang each giua hai mat phang day. 

b) Chumg minh rang hai dirang thang AA' va B'C vuong goc, tinh 
khoang each giua chung. 

Giai 

Do AH 1 (A’B'C) nen AA^ la goc giua AA' va mp(A’B’C’). 

Theo gia thiet thi AA'H = 30”. 


O __ B 


AH = AA'sin30” = 


b) A’H = n/AA'^-AH^ = 


w 

2 

ayfS 

2 


Vi A'B'C la tarn giac deu canh a, H 
thuoc duong thang B'C nen A'H _L B'C a 
va H la trung diem cua B'C. Mat khac 
AH 1 B'C nen A A' ± B’C. Ha HK 1 A A' 
thi HK chinh la khoang each giua AA' va 

B'C.. 



M 





>90 
























a a 



Do AAMIK - All.A'll non: UK = 


2 


a 




a 4 

Vi Ju 4: Cho hinh hop thoi ABCD.A'B'CD' c6 cac canh deu bang a va 


B' 


C 


BAD = BAA' = DAA' = 60 . Ti'nh khoang each giira hai mat phang day 
(AB('D) va(A'B'C’D'). 

yiai 

'fir gia ihiet suy ra cac tarn giac 
A'AD, BAD, A'AB la cac tarn giac 
can Cling c6 goc a dinh hang 60“ nen 
chung la cac tarn giac dcii. Do do tir 
dien A'ABD la tir dien deu canh a, 

• • • 7 

hinh chieu cua A' tren mp(ABCD) 
chinh la tarn H cua tarn giac deu 
ABD. Khoang each giua hai day la 
A'H. Ta co: 





A'H2 = AA'2-AH2 = a2- 


a 




\ 


V 


3 


/ 


9 a 
= a" - 


3 


2a 

~3 


Vay A'H = 


a 


s 


i 


3 


Vi du 5 : Cho hinh chop S.ABCD c6 day la hinh chu nhat va AB = 2a, BC = a. 

Cac canh ben cua hinh chop bSng nhau va bing a ^f2 . 

a) Ti'nh khoang each tir S den mat phang day (ABCD). 

b) Goi E va F Ian lirgt la trung diem cua cac canh AB va CD; K la diem 

f ^ y 

bat ki thuoc duong thang AD. Chung minh rang khoang each giua hai 
duang thing EF va SK khong phu thuoc vao K, hay ti'nh khoang each 
do theo a. 

Giai 

a) HaSHl(ABCD) 

Vi SA = SB = SC = SD = a>/2 nen HA = HB 
= HC = HD. Do ABCD la hinh chu nhat nen 

A 


H chinh la ^iao diem cua AC va BD. Khoang 
each tir S den mp(ABCD) bang SH. 

r ■ C.U2 ca2 AC^ AB“ + BC' 

la co: SH^ = SA'^ -= 2a^ - 


= 2a2- 


4 

^2 2 
4a + a 


3a 


4 


SH = 



4 4 2 

b) Vi EF /^D nen EF // mp(SAD), mat khac SK nim trong mp(SAP) nen 

<^ch giua EF va SK chinh la khoang each gifl’a EF va mp(SAD). 
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Vay khoang each giira EF va SK khong phu thuoc vao \ i In' ciia diC'in K 
tren dirang thang AD. 

Ta CO d(EF; SK) = d(FF; (SAD)) = d(H; (SAD)) 

Goi 1 la trung diem cua AD, ha HJ ± SI thi IIJ 1 mp(SAD), do do 
d(H; (SAD)) = HJ. Ta c6: 

2 ^7 2 
a 7a 


HJ.SI = SH.HI va SE = SA' - AP = 2a^ - 


4 


4 


Vay: HJ = 


SH.HI 


SI 7 

Vi du 6; Hinh chop S.ABCD c6 day la hinh vuong ABCD canh a va c6 mat 

_ \ ^ ^ 

ben SAD la tarn giac deu nam trong mat phang vuong goc vai day. Goi I, 
M, F Ian lugt la trung diem ciia AD, AB, SB va goi K la giao diem cua 
BIvaCM. 

a) Chung minh rang mat phang (CMF) vuong goc vai mat phang (SIB). 

b) Tinh BK va KF va suy ra tarn giac BKF can tai dinh K. 

c) Dung va tinh do dai doan vnong goc chung cua AB va SD. 

d) Tinh khoang each giua hai duong thang SA va CM. 

Giai 

a) AIAB = AMBC (e.g.c) nen goc ABI = BCM ma AB -L BC. 


b) 


nen CM 1 BI va c6 CM 1 SI, do do CM 1 (SIB). 
Vay (CMF) 1 (SIB) 

Xet tarn giac vuong BCM c6 

aVs 


CM = 


2 


va BK.CM = BM.BC 


BK = 


BM.BC aS 


CM 5 

Xet 2 tarn giac vuong SIB, BKF: 

Sa^ 5a=^ 


SB^ = SI^ + IB" = 


2 _ 


4 


+ 


4 


= 2a^ 


nen FK^ = BF^ + BK^ - 2BF.BK.cosB = 


Do do FK = — = BK (dpcm). 

5 


a 



c 


5 


c) Vi CD 1 (SAD) nen (SCD) 1 (SDA) 

Ha AE 1 SD thi E la trung diem SD, doan vuong goc chung cua SD va 

aS 


AB la AE = 


2 


d) Vi SA /^(CMF) nen d(SA; CM) = d(SA; (CMF)) 

thi SH 1 (CMF). Do do (SA, CM) = SH, ta co: 
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Sll= SF.sinSFH = SF.sinKFF^ = SF.sinSBI = SF. 


SI a\/3 


SB I 

(III 7 : Cho hinh chop S.ABCl) c6 day la ni'ra luc giac deii ABCI) noi tiep 
ironj: din'yng iron dirong ki'nh AD = 2a va c6 canh SA vuong goc vai mat 

phang day, SA = aVh . 

a) Tinh cac khoang each tir A va B den mat phang (SCD). 

b) Tinh khoiing each giira dircmg thang AD va mat phang song song (SBC). 

fiai 

% f 

a) Vi aBCD la nda luc giac dcu noi tiep treng 
dirmig trdn dircrng kinh 
AD = 2a nen ta co; 

AD 7 BC va AB = BC = CD = a, dong thai 
AC I CD, AB 1BD, AC = BD = a ^/3 . 

Do cio CD 1 (SAC) 

Ha AH 1 SC ma AH 1 CD nen AH _L (SCD) 


b) 


A 


J(A, (SCD)) = AH 
Tam giac SAC vuong tai A; 

-J_ ^ 

AH^ " SA'^ ^ AC 
2 _ 


1 


1 



D 


+ 


(a\/6)^ {a.yjsf' 2a 


E B 


AH^ = 2a^ AH = a ^/2 . 

Goi I la trung diem ciia AD ta c6 BI // CD nen BI song song voi 
phang (SCD). 

Tudo suy ra d(B; (SCD)) = d(I; (SCD)) 

= - d(A;(SCD)) = - .a>/2 = — 

2 2 2 

Taco AD // BC nen AD // (SBC). 

Ha AH 1 BC => SE1 BC => BC 1 (SAE) rz> (SAE) 1 (SBC). 


mat 


Ha AF i SF thi AF 1 (SBC). Ta c6: 

d(AD; (SBC)) = d(A; (SBC)) = d(A; SE) = AF. 

Xd tarn giac vuong AEB, SAE: AE = asin60‘’ = 


2 


1 


AF-^ SA" AE" 6a 


1 1 
+ — 


9 


A 2 


AF = 


a 


s 


3 


Vi c<u8; Hinh chop S.ABCD c6 day la hinh vuong ABCD canh a, cac canh 
bei dcu bang a V3 . 

a) Tinh khoang each tu S den mat phang (ABCD). 

b) Xac djnh va tinh thiet dien cua hinh chop vai mat phang (P) qua A, 
vuong goc vai SC. 

^^c)GQi (p la goc giua AB va (P). Tinh sinep. 

4 


• • • 


» • 


293 






















a) 


>iai 

Goi O la tarn cua hinh vuong ABCD thi SO la khoang 
each tu S den (ABCD) 

2a^ lOa"^ 

Ta c6: SO^ = SC^ - OC^ = - 


s 


4 


4 


Vay SO = 


a 


x/Io 



2 



c 


B,-* 



b) Vi BD 1 (SAC) nen BD 1 SC. 

Ha AC X SC, AC cat SO tai H va cat 

SC tai C. Troing (SBD), dirang thang 

qua H va song song vai BD cat SB va a 

SD Ian lirol tai B' va D'. 

• • 

Ta c6: B'D' X SC nen SC X mp(AB'CD') va thiet dien can tim latu giac 
AB'CD'. 

BD 1 (SAC) => BD 1 AC => B'D' 1 AC nen S = i AC.B'D'. 


2 


a 


VTo 


T' , A /-ii _ so.AC 2 

Ta co: AC-- —— r- 

SC a>/3 
SC^ = SA2 - AC^ = 3a2 - 


a^/5 


a 


a/i5 


V3 


3 


5a^ 4a^ 


3 


3 


SH = = 4L . Vi B'D' // BD nen: 


SO Jio 


B'D' SH 4a 


2 


4 


4 


BD SO VIo ' aVIo 5 

„ 1 a>/5 4 2a.^.yl^ 

Vay S = —. —pr-. — av2 =- . 

2 73 5 15 


B'D' = -a72 


5 


c) Ha OK X (P) thi K thupc AC 


Ha BFX(P) .thi BF = OK = 


CC aTs 


2 


6 


a 


73 


Ta CO sin(p = sin BAF = 


BF 


6 


s 


BA a 6 

Vi dll 9: Cho hai tia Ax va By vuong goc voi nhau va nhan AB 1^ doan 
vuong goc chung. Goi M va N la hai diem di dong Ian lugl tren Axva By 
sao cho AM + BN = MN.Dat AB = 2a, goi O la tning diem ciia AI. 11 la 
hinh chieu cua O tren MN. 

inh rang OH = a, HM = AM, HN = BN. 
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b) Goi B'x la tia song song va cung chieu vai Ax va K la hinh chicu cua 
H tren (B'x, By). Chung minh FiK la phan giac cua goc x'By va M a 

p 

tren mot duang Iron co djnli. 


iiai: 


a 


Kco dai MA doan AP = BN 
ta CO MP = MN va OP = ON. 
Do do; AOMP = AOMN (c.c.c) 
OA = OH => OH = a 


HM = am, HN = BN 
b Cjoi M' la hinh chieu cua M tren 


(Bx', By) ihi HK // MM'. 
Xet tarn giac BNM; 

KM' HM BM' 

KN " HN " BN 



nen BK la phan giac cua goc x'By . 


Goi (3 la mat phang (AB, Bt) 

Vi HK // AB nen HK nam trong (3 va do do H thuoc p 

Trong p, ta c6 OH = a. Vay H 6 tren duang tron c6 dinh duang kinh AB 

\ "9 P 

va nam trong mat phang (AB, Bt) c6 djnh. 

V du 10; ABC.AiBiCi la mot hinh lang tru tarn giac deu c6 tat ca cac canh 
cJai bang a. Xet cac doan thang c6 hai dau Ian lugt nam tren hai duang 
cheo BC| va CAi cua hai mat ben lang tru va song song vai mat phang 

_ ^ 7 r / 

((ABBiAi). Tinh chieu dai ciia doan thang ngSn nhat trong cac doan 

7 f 

tihang nhu the. 

Giai 


Chon he ca sa; AB = a 
• • 

Cpi N thuoc do^ BCi 
Va M thuoc doan CAi 


AA 


Taco MAi = aCAi =a(c - b) 

vai 0 ^ a ^ 1 . 


CiN = pCiB = p(-b-c + a) 
vai 0 < P ^ 1 


MN = MAi + A,C, +C,N 

= a(c - b) + b +P(a - b - c) 
= Pa + (l-a-p)b + (a- p)c 



MN 


AB, MN, 


• ^7 f 

CCi la dong phang. Do do c6 cap so (p, q) sao cho; 
MN ^ p AB +qCCi =pa +qc 

+ (1 - a-P)b +(a^P)c = pa -t-qc 
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l-a-P = 0 <=> 

a-p = q 


V. 


a = 1 - p 
q = 1 - 2p 


Do do MN = Pa +0.b + (1— 2P)c nen 


Misr-' = 


P^a^ +(l-2p)2j^ + 2P(l-2p)a.^ 


= P^a^ + (1 - 2p)"a" + 0 

= (5p2-4p+ l)a2 = 5(P- -)V+ -a2> J-a^ 

5 5 5 

MN nho nhat <=> MN^ nho nhat <=> p = — . 

5 

aJK 

Vay MN = - la gia tri nho nhat cua cac doan MN. 

5 


2„2 


C. BAILUYEN TAP 


^ ^ r •» 

1. Cho mat phang a . Mot duong thang AB cat a tai diem O sao chcO la 

^ \ 

trung diem cua doan AB. Chung minh A va B each deu a 

2. Cho hinh lap phuong ABCD.A’B’C’D’ canh a. 

a) Tinh khoang each tu A den mp(A’B’C’D’). 

b) Tinh khoang each tu B den duong thang A’C’. 


DS: a) AA’ = a b) 


a 


75 


2 


3. Cho hinh lap phuong ABCD.A’B’C’D’ canh a. Xac djnh va tinh d) dai 
doan vuong goc chung cua hai duong thang AB’ va BC’. 

HD: duong cheo A’C vuong goc chung voi AB’ va BC'. 

4. Hinh chop S.ABCD c6 ABCD la hinh vuong canh a va 

SA = SB = SC = SD = aN/2 . Goj I, J la trung diem cua AD va BC. 

a) Chung minh mp(SIJ) vuong goc voi mp(SBC) 

b) Tinh khoang each giua hai duong thang AD va SB. 

f \ 

5. Cho hinh lang tru ABC.A'B'C c6 tat ca cac canh bang a, goc tao boijanh 

ben va day 60^, hinh chieu cua A len (A’B’C’) la trung diem cua B'T. 

a) Tinh khoang each 2 day 

b) diung minh AA’ X B’C’. 


r» 

29^ 


c) Tinh khoang each giua 2 duong thang A A’ va B’C’. 









•* ■» 

HI): VC ngirgc hinh, lir Irung diem H ciia B'C' dirng dirang thang vuong 

^ *> 

goc veVi day, lay diem A. 

6. C!hung minh vai tir dien gan deu thi 4 dmVng cao bang nhau. 

7. (!h() tarn giac AIK" vai AF^ = c, BC = a, CA = b. Tren dirang thang vuong 

9 ■» 

g()C \ ai mp(ArK) tai A, lay diem O sao cho AO = d. Tinh khoang each 
111 diem O den dirang thang BC. 

HI): dung cong thirc Ilerong de tinh dircmg cao AH cua tarn giac ABC 

7. Iir dicn ABCD c6 hai mat (ABC) va (ADC) nam trong hai mat phang 
vuong goc nhau, tarn giac ABC vuong tai A, AB = a va AC = b, tarn giac 
ADC vuong tai D, CD = a. 

a) Chirng minh cac tarn giac BAD va BDC deu vuong 

b) Chimg minh doan noi trung diem la doan vuong goc chung cua AD, BC. 

8. Cho hinh lang tru ABC.A’B’C’ c6 ABC la tarn giac deu canh a, AA’ 
vuong goc voi mp(ABC) va AA’= a\/2 /2. Goi O va O’ Ian lugt la trung 


diem cua AB va A’B’. 

a) Chimg minh AB vuong goc (COO’) 

b) Tinh khoang each giua AB va CB’; giira A’B va B’C. 

Cho mat phang a va mot diem O ngoai «. A la mot diem c6 djnh thuoc 
a sao cho OA khong vuong goc voi a, d la mot dubng thang liru dong 
trong a nhirng luon luon qua A. Goi M la hinh chieu cua O tren d. 

a) Tim tap hop cac diem M thoa cac tinh chat tren 
h) Tim vi tri cua d de do dai OM la Idn nhat 

10. Cho tarn giac deu ABC canh a va mot diem S ngoai mat phang (ABC) 
sao cho SA = SB = SC = b 

a) Tinh khoang each tir S den (ABC) 

b) Tinh cosin cua goc hop boi duong thang SA va mp(ABC). 

HD: hinh chieu cua S len day la tarn cua tarn giac ABC 

11. Cho 3 tia khong dong phang Ox, Oy, Oz ma goc xOy = 90^ , 


goc yOz = zOx = 60^. Tinh goc giua 2 mat phang (xOz) va (yOz). 
HD: lay A, B, C tren 3 tia Ox, Oy, Oz ma OA = OB = OC = 1 
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12. Tu dien ABCD c6 c^h AD vuong goc vai (ABC), AC = 3cm, BC = 5cni, 
AB =AD = 4cm. 




a) Ti'nh khoang each tu A den mp(BCD). 

b) Tinh goc giua AB va mat phang (BCD), 

c) Tinh goc giua 2 mSt phang (ABC) va (BCD). 

13. Cho tu dien OABC c6 OA = 5, OB = 6, OC = 7 doi mot vuong goc. I hi 
OH vuong goc (ABC). 

a) Tinh OH 

b) Tinh cosin cua goc giua (OBC) va (ABC) 

HD: H la true tarn cua tarn giac ABC 

14. Cho hinh chop S.ABCD c6 SA= x va cac canh con lai bSng a. 

a) Chung minh tarn giac SAC la tarn giac vuong 

b) Tinh goc giua 2 mat phSng (SAC) va (BCD). 

c) Tinh khoang each tir S den day. 

9 \ 

HD: a) tarn giac c6 trung tuyen bang nua canh tuorng ung 

15. Cho tu dien deu ABCD canh a, ha AH vuong goc (BCD). Goi 1 trung 
diem AH. 

a) Chung minh tu dien IBCD c6 3 canh IB, IC, ID doi mot vuong goc. 

b) Tinh goc horp boi IB va mp(BCD). 

c) Tinh khoang each giua BC va lA 

9 ^ 

'.6. Cat hinh lap phuong canh a boi mSt phSng qua 1 duong cheo. Tim dien 
tich thiet dien be nhat 

HD: nua thiet dien la tarn giac, chon dudng cheo do lam canh day co dp 
dai khong doi. 


'k'k'k'k'k'k'k'k'k'k'kit'k’k'k'k'k'k'k'k'k’k'k'k'k 


MUC LUC 


^ ^ ■» 
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§3. :lai mat phang song song. : .125 

Pang 1 : Chung minh song song.127 

Pang 2: Tang tru va hinh hop.132 

Pang 3; Yeli to co dinh - tap hop diem.140 

Pang 4: Tong hop song song. , . 144 

§4. ^hep chieu song song.155 































Chirong III: Vecto trong khong gian. Quan he vuong goc . 161 

§1. Vecta trong khong gian. Su dong phSng cua vecto. 161 

Datig 1: Toan chirng minh . 162 

Dang 2: Tinh toan va bieu dien . 169 

Dang 3: Quan he dong phang . 173 

7 

Dang 4: Song song, thang hang . 182 

7 

§2. Hai dubng thang vuong goc . 196 

Dang 1: Chung minh vuong goc . 196 

t 

Dang 2: Tinh goc giCra 2 dudng thang . 201 

Dang 3: Toan tong hop.206 

^7 7 

§3. Duong thang vuong goc voi mat phang . 216 

Dang 1: Chung minh vuong goc.217 

Dang 2: Goc giua duong thang va mat phang . 224 

Dang 3: Thiet dien vuong goc.227 

Dang 4: Toan tong hop.236 

§4. Hai mat phang vuong goc.250 

Dang 2: Chung minh vuong goc.251 

Dang 2: Goc giua 2 mat phang. 255 

Dang 3: Lang tru - h'lnh chop.263 

Dang 4: Tong hop vuong goc.268 

§5. Khoang each. 278 

Dang 1: Kho^g each tu mot diem den duong thang, mat phang279 

Dang 2: Khoang each giua 2 duong thang cheo nhau.283 

Dang 3: Tong hop khoang each.289 

























